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Preface 

The subject of this book is Padé-type Approximation to Fourier series. 

The text begins with definition and properties of Padé and Padé-type approximation to 

analytic functions. Padé approximants are rational functions whose expansion in ascending 

powers of the variable coincides with the Taylor power series expansion of analytic functions into 

a disk as far as possible, that is up to the sum of the degrees of the numerator and denominator. 

The numerator and denominator of a Padé approximant are completely determined by this 

condition and no freedom is left. Padé-type approximants are rational functions with an arbitrary 

denominator, whose numerator is determined by the condition that the expansion of the Padé-type 

approximant matches the Taylor power series expansions of analytic functions into a disk as far 

as possible, that is up to the degree of the numerator. The great advantage of Padé-type 

approximants over Padé approximants lies in the free choice of the poles which may lead to a 

better approximation.  

One would like to adapt the proofs of one variable to the several variable case, however 

major obstacles and cumbersome formulas present themselves, making the applications almost 

unattainable. Indeed, many arguments in one variable use the Taylor power series expansion of 

analytic functions into the open disks. In several variables, the open polydisks do not enjoy a very 

elevated status and the domains of convergence of the power series representations exhibit a 

much greater variety than in one variable. In other words, the polydisk does not qualify to be the 

general target domain because of the failure of the property to be the maximal domain of 

convergence of a multiple power series. On the other hand, if 1>n , the ring P(Cn) of complex 

analytic polynomials in Cn is not principal and henceforth it is not an Euclidean ring. This means 

that when 1>n  there is no division process in  P(Cn), which, in particular, implies that the 

cherished notion of continued fraction is absent from the theory of functions of several complex 

variables. Furthermore, in contrast to the one variable setting, there is no facility in the 
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management of a logical connection between two apparently related mathematical entities: the 

polynomial of Cn  and its degree. Finally, the singularities of rational functions of two or more 

complex variables are never isolated. 

Since, because of all these reasons, many of the most highly appreciated theorems on 

rational approximation have no obvious analogue in several complex variables, one might expect 

that the theory of Padé and Padé-type approximants in Cn  lacks the appeal of the classical one 

variable theory.  

However, since 1976, there has been a great deal of work to determine the correct 

analogue and the properties of Padé and Padé-type approximants in dimensions exceeding two. In 

1978, C. Brezinski was able to formulate the first definition of Padé-type approximants for double 

series, and from that time most other definitions dealing with homogeneous sub-expressions in a 

series extension were given. The papers “Padé-type approximants in multivariables” (by S. 

Arioka in Appl.Numer.Math.3(1987)497-511),  “Padé-type approximants for double power 

series” (by C. Brezinski in J. Indian Math.Soc.42(1978)267-282), “Padé and Padé-type 

approximants in several variables”(by S. Kida in Appl.Numer.Math.6(1989/90)371-391) and “A 

new family of Padé-type approximants in  Rk”  (by P. Sablonnière in 

J.Comput.Appl.Math.9(1983)347-359) give an overview of some of this work. In the paper 

“Multivariate partial Newton-Padé and Newton-Padé-type approximants” (by J. Abouir and A. 

Cuyt in J. Approx. Theory 72(1993)301-316), a general order definition was introduced that 

contained all the previous ones as special cases and was inspired on the definition of a general 

order multivariate Padé approximant as given by A. Cuyt in “Multivariate Padé approximants 

revisited” (BIT 26(1986)71-79). In all these definitions, the corresponding multivariate Padé-type 

approximation theory is based on Taylor series expansions on polydisks and leads to extremely 

complicated computations, at least for 2>n . 

           It would be reasonable to guess that the outlet lies with the consideration of another type of 

series representation for analytic functions. So, the principal aim of the present book is to propose 
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a generalization of Padé and Padé-type approximation theory in one and several variables and to 

show how the proofs of a multidimensional Padé and Padé-type approximation theory can be 

cleared of their dependence on Taylor series and reconnected to original ideas of rational 

approximation by means of the Fourier series theory. 

For this purpose, in Chapter 1, we shall first recall basic facts on rational approximation 

to the Taylor series representation of analytic functions. Then, by using the fundamental property 

of real harmonic functions to be real parts of analytic functions, we will define Padé and Padé-

type approximants to the Fourier series expansion of a real-valued function u  that is harmonic in 

the open unit disk D . These approximants are real parts of rational functions of type ( )1, +mm , 

that is, of rational functions with numerator of degree at most m  and denominator with degree at 

most 1+m . The crucial property is that the numerator and denominator of a Padé approximant  

[ ]umm 1/Re +  

are uniquely determined by the condition that the Fourier series expansion of its restriction to any 

circle rC  of radius 1<r  matches the Fourier series expansion of the restriction of u  to rC  up to 

the ( ) −+± thm 12 order’s Fourier term. On the other hand, the numerator of a Padé-type 

approximant  

( )umm 1/Re +  

is determined by the condition that the Fourier series expansion of its restriction to any circle rC  

of radius 1<r  matches the Fourier series expansion of the restriction of u  to rC  up to the 

−± thm order’s Fourier term. Several numerical examples showing the efficiency of these 

approximants will be given, and convergence results will be established. 

Next, we shall construct Padé and Padé-type approximants to the Fourier series 

representation of a complex-valued harmonic function in the open unit disk. The construction 
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follows from a coordinate procedure, named composed approximation, and generalizes classical 

rational approximation to analytic functions, in the sense that any classical Padé-type or Padé 

approximant to an analytic function on the unit disk coincides with a composed Padé-type or Padé 

approximant to this function.  

With this background, we shall be in position to use the solution of the Dirichlet problem 

in order to discuss the numerical evaluation of a −π2 periodic −pL function f on [ ]ππ ,− , or 

on the unit circle C , by using (composed) Padé-type approximants. The idea is to take 

(composed) Padé-type approximation to the Poisson integral of the periodic function, and then 

consider radial limits to approximate its Fourier series representation. Several numerical 

examples will confirm the expectation that these radial limits –named (composed) Padé-type 

approximants to the periodic function− may lead to satisfactory approximations. The 

fundamental result is that the Fourier series expansion of a (composed) Padé-type approximant to 

f  matches the Fourier series expansion of f  up to the −± thm order’s Fourier term.  

The problem of convergence for a sequence of (composed) Padé-type approximants to a 

−π2 periodic −pL function is of considerable interest, and will therefore be extensively studied. 

Especially, for 2=p , we shall describe how this problem of convergence is connected with 

Schur and Szegö’s classical theories on orthogonal polynomials. 

As an application, we shall see how Padé-type approximants to continuous −π2 periodic 

real-valued functions may accelerate the convergence of functional sequences. More precisely, 

we shall investigate the assumptions under which, for every sequence of functions converging to 

a real-valued continuous −π2 periodic function on [ ]ππ ,− , there is always a Padé-type 

approximation sequence converging point-wise to that function faster than the first sequence. This 

property permits us to construct better and better approximations to continuous functions.  
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Finally, by using Padé-type approximants, we shall propose an alternative and direct 

method for the numerical computation of derivatives and definite integrals. 

In Chapter 2, we shall first consider interpolation methods for the numerical evaluation 

of a −π2 periodic finite Baire measure μ  on [ ]ππ ,−  or on the unit circle C . The idea will 

again be to take (composed) Padé-type approximants to the Poisson integral of μ , and then 

consider radial limits –the so-called (composed) Padé-type approximants to −μ  to approximate 

the Fourier series representation of μ . The main property is that the Fourier series expansion of a 

(composed) Padé-type approximant to μ  matches the Fourier series expansion of μ  up to the 

−± thm order’s Fourier term.  

Evidently, a serious and strong criterion for the successful application of such an 

interpolation method is determined by the convergence behavior of the corresponding (composed) 

Padé-type approximation sequence to the −π2 periodic finite Baire measure. So, the next main 

purpose of this Chapter will be to prove concrete convergence results confirming the 

computational efficiency of these interpolation methods. 

We shall also obtain integral representation formulas for (composed) Padé-type 

approximants to the Fourier series expansion of harmonic, analytic or −pL functions, and, in this 

connection, we shall define and study (composed) Padé-type operators on the spaces of harmonic, 

analytic or −pL functions. Application of these operators will furnish additional theoretical 

convergence results. 

Chapter 3 is devoted to multidimensional and abstract Padé-type approximation.  

As in the one variable case, for complex dimensions greater than one, any rational 

approximant depends on the choice of polynomials interpolating the Cauchy kernel. However, 

from the point of view of integral representations, a major difference between both cases is 

displayed. The difference is due to the fact that, in the one variable setting, there is essentially 
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only one kernel –the Cauchy kernel− , while, in several variables, one has great freedom to 

modify, by a basically algebraic procedure, the original potential theoretic kernels. 

In 1950, S. Bergman introduced new integral representation for analytic functions. The 

roots of his representation are based on abstract Hilbert space theory. The relevant abstract kernel 

–the so-called Bergman kernel– can be defined quite easily for arbitrary domains, but it is 

difficult to obtain concrete representations for it, except in special cases.  

The first aim of Chapter 3 will be to define Padé-type approximation to functions that are 

analytic and of class 2L  in Ω , by interpolating the Bergman kernel function  

( ) ( )nn xxzzKxzK ,...,,,...,, 11ΩΩ =  

into an arbitrary open bounded open set Ω  in Cn, instead of the Cauchy kernel  

( ) ( ) 11
11 1...1 −− −− nn zxzx  

into an open polydisk centered at the origin.  

           The Bergman kernel function ( )xzK ,Ω  belongs to the Hilbert space  

O ( )Ω2L  

of all functions that are analytic and of class 2L  in Ω . For any orthonormal basis  

{ },...1,0: =jjϕ  

of O ( )Ω2L , the idea will be to replace the kernel ( )xzK ,Ω  by simpler interpolating expressions 

consisting of generalized polynomials 

( ) ( ) ( ) ( )xzczxg j

m

j

m
jm ϕ∑

=

=
0

, , 
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such that  

( ) ( )zKzg kmkmm ,, ,, ππ Ω=  

for any km,π  in a finite set of pair-wise distinct points  

{ } Ω⊂=Μ + mmmmm ,1,0,1 ,...,, πππ  

with  

=∩Μ
≤≤

+ U
mj

jm Ker
0

1 ϕ Ø. 

Then, by using appropriate approximate formulas, we shall define generalized Padé-type 

approximation to any f ∈O ( )Ω2L : the function  

( ) ( ) ( )∈∑
=

zca m
j

m

j

f
j

0
O ( )Ω2L  

will be a generalized Padé-type approximant to f , with generating system  

{ }.,...,, ,1,0,1 mmmmm πππ=Μ +  

Here, ( )f
ja  is the −thj order’s Fourier coefficient of f  with respect to the basis 

{ },...2,1,0: =jjϕ :  

( ) .Vdfa j
f

j ∫
Ω

= ϕ  
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Indicative numerical examples involving generalized Padé-type approximants to analytic 

−2L functions of two complex variables will be produced to show the efficiency of these 

approximations. 

As we shall see, under certain strong algebraic presuppositions on the generating system 

choice, one can also define Padé-type approximation to the function f . In analogy with the one 

variable setting, the crucial property is that the Fourier series expansion of a Padé-type 

approximant to f  matches the Fourier series expansion of f  up to the −± thm order’s Fourier 

term. In fact, as we shall show, if  

( ) ( )zb j
j

fm
j ϕ∑

∞

=0

,  

is the Fourier expansion of the Padé-type approximant to f ∈O ( )Ω2L  with respect to the basis  

{ },...2,1,0: =jjϕ , 

then  

( ) ( )f
j

fm
j ab =,  for any .,...,2,1,0 mj =  

 

We shall also consider the natural extension of these ideas, based on abstract Hilbert 

space theory, to the context of continuous functions on a compact subset of  Rn,  and, more 

generally, to the elements of an arbitrary functional Hilbert space. 

To do so, we shall first prove that a −∞C function f  on a compact subset E  of Rn 

satisfying Markov’s classical inequality ( )∞Μ , or Markov’s inequality ( )2Μ  with respect to 
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some positive measure, has a Fourier series representation with respect to a Schauder basis 

consisting of orthogonal polynomials. This will permit us to give the definition of a generalized 

Padé-type approximant to the Fourier series representation of f . Error and global convergence 

results for the asymptotic behaviour of a sequence of generalized Padé-type approximants to the 

Fourier series of f  will be demonstrated. Further, under certain strong algebraic presuppositions 

on the generating system’s choice, one will can also define Padé-type approximants to the 

function f . The crucial property will again be that the Fourier series expansion of a Padé-type 

approximant to f  matches the Fourier series expansion of f  up to the −± thm order’s Fourier 

term. 

Next, we shall propose an extension of these ideas into every functional Hilbert space H  

consisting of functions defined into an arbitrary topological space X and with values into the 

extended complex plane. Let H⋅〉〈⋅ /  be the inner product of H . For any complete self-

summable orthonormal family  

{ },...2,1: ==Ν je j  

in H , the function  

( ) →Χ⋅Χ :,zK C: ( ) ( ) ( )∑
∞

=
Χ =

0

,
j

jj xezexzKx a  

belongs to H ( Χ∈z ), and each Hu∈  has the Fourier expansion 

( ) ( ) ( )./
0

Χ∈〉〈=∑
∞

=

zzeeuxu jH
j

j  

Since 
( ) ( )( ) ,, xzKTzu u Χ=  

where uT  is the linear functional →ETu : C defined on the complex vector space E  that is 

generated by all finite complex combinations of je ’s by  
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( )( ) Hjju euxeT 〉〈= /: , 

the function ( )xzK ,Χ  has to be replaced by a simpler expression 

( ) ( ) ( ) ( ),,
0

xezzxG j

m

j

m
jm ∑

=

= σ  

fulfilling 

( ) ( )kmm zKzxG ,,, πΧ= for any mk ≤  

in a finite set of pair-wise distinct points  

{ } ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⊂=Μ

≤≤
+ j

mj
mmmmm eKerX U

0
,1,0,1 ,...,, πππ  

( jeKer  is the kernel of je ). Any function 

( )( ) ( ) ( )zeuzxGT m
j

m

j
Hjmu σ∑

=

〉〈=
0

/,  

is a generalized Padé-type approximant of Hu∈  with generating system 1+Μ m .  

           As we shall show, under certain strong algebraic presuppositions on the generating system 

choice, one can also define Padé-type approximation to the function f . The characteristic 

property of such an approximation is that the Fourier expansion of a Padé-type approximant to u  

matches the Fourier expansion of u  up to the −± thm order’s Fourier term, in the sense that 

( )( ) ,//, HjHjmu euexGT >=<>⋅< for any .,...,1,0 mj =  

Finally, after introducing representation for the generalized Padé-type approximants to 

elements of H , we shall conclude with the definition and convergence investigation of 

generalized Padé-type approximation to any linear operator  

HH → . 
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As an application, we will then use generalized Padé-type approximants to the Bergman 

projection operator to prove an extension of Painlevé’ s classical Theorem on the continuous 

extension of analytic functions to the boundary of an arbitrary bounded open subset of Cn. Finally, 

we shall consider some indicative numerical examples involving generalized Padé-type 

approximants. 

It gives me great pleasure to express my gratitude to the two persons who have had the 

most significant and lasting impact on my training as a mathematician. First, I want to mention 

Claude Brezinski. His important work on rational approximation introduced me to the subject and 

provided the stimulus to study it further. His early support and his continued interest in my 

mathematical development, even after I left the University of Sciences and Techniques of Lille in 

France, is deeply appreciated. I discussed my plans for this book with him, and his 

encouragement contributed to getting the project started. Once I came to the France, I was 

fortunate to study under Gerard Cœuré. His lectures, which I was privileged to hear while a 

student at the University of Sciences and Techniques of Lille, introduced me to the theory of 
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Chapter 1 

On the Numerical Evaluation of 
Harmonic and 2π-Periodic Lp-
Functions by a few of their  

Fourier Coefficients 

Summary 
The numerical evaluation of a harmonic or 2π-periodic Lp-function by its Fourier series representation may 

become a difficult task whenever only a few coefficients of this series expansion are known or it converges too slowly. 
In this Chapter, we will propose a general method to evaluate such any function by means of composed Padé and Padé-
type approximants. The definition and properties of these rational approximants will be given. After having done this 
successfully, we will consider several concrete examples and will give theoretical applications to the convergence 
acceleration problem of functional sequences. Finally, an alternative method for the numerical computation of 
derivatives and definite integrals will be defined. 

Introduction 

 In this Chapter we present Padé  and  Padé-type approximation to harmonic or 

−π2 periodic −pL functions. The text begins with a review of standard local results, followed 

by a discussion of classical concepts on rational approximation related to the extension properties 
of analytic functions in one complex variable. It then continues with a natural generalization to 

the context of harmonic and −pL functions, and concludes with several applications.  
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 Padé-type approximation is the rational-function analogue of the Taylor polynomial 

approximation to a power series. Before proceeding to a formal definition, let us recall a few facts 

from elementary calculus and interpret these as results in approximation theory.  

One of the strong motivations for studying rational approximations is the per- 

ennial and concrete problem of representing functions efficiently by easily computed expressions. 
In this capacity the rational functions 

m
m

n
n

xbxbb
xaxaa

xR
+++
+++

=
...
...

)(
10

10
 

have been found to be extremely effective. In a loose manner of speaking, one may say that the 

curve-fitting ability of ( )xR  is roughly equal to that of a polynomial of degree mn + . However, 

we shall see that in competing with the polynomial of degree mn + , ( )xR  has an unsuspected 

advantage in that the computation of ( )xR  for a given x does not require mn +  additions, 

1−+ mn  multiplications, and one division as might be surmised at first. By transforming ( )xR  

into a continued fraction 

( )CF   

)()(
)(

)()(

3

3
2

2
1

xP
cxP

cxP
cxPxR

k

k++
+

+=

O

 

(in which each jP  denotes a certain polynomial), we achieve the significant reduction in the 

number of «long» arithmetic operations (multiplications and divisions) to n  or m . 

 

Theorem. Any rational function ( )xR  can be put into the continued fraction form ( )CF , and 
from this it can be evaluated for any x  with at most { }mn,max  long operations. 
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Proof. Let the numerator and denominator be denoted by 0R  and 1R , respectively. Let ( )⋅deg  

stand for degree of, and assume first that ( ) ( )10 degdeg RR ≥ . By successive division (of 1−jR  

by jR ) we obtain quotients jQ  and remainders 1+jR  as follows: 

( ) ( )( ) ( ) ( )( ),degdeg,degdeg 233221122110 RRRQRRRRRQRR <+=<+= etc. 

Since the degrees ( )jRdeg  form a decreasing sequence of nonnegative integers, we eventually 

reach a step in which ( ) :0deg =kR  

( )( )0deg112 =+= −−− kkkkk RRQRR and .1 kkk QRR =−  

From this schema, we have 

 

⋅

+
++

+
+==+==

−
k

k QQ
Q

Q
Q

RR
Q

R
R

R

1
1

1
1...1

1
3

2
1

21
1

1

0

O  

This can also be written in the equivalent form ( )CF , each jP  except 1P  being a monic 

polynomial (i.e., jP  has leading coefficient unity). The numerical evaluation of such a 

polynomial requires no more than ( ) 1deg −P  multiplications, since it can be expressed in the 
form 

02101
1

1 )...))(...((... AxAxAxAxAxAx +++=++++ −−
−

− νν
ν

ν
ν  . 

 The long operations necessary to calculate ( )xR  from equation ( )CF  are then the 
multiplications for jP  and 1−k  divisions. The total number of these operations is 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]
( ) .deg

degdeg...degdegdegdeg
deg...degdegdeg...degdeg

0

12110

2121

nR
RRRRRR

QQQPPP

kk

kk

≤=
−++−+−=

+++=+++

− H

ere we have used the inequalities ( ) ( )jj RR degdeg 1 <+  to conclude that 
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( ) ( ) ( ) .degdegdeg 11 ++ += jjj QRR  Note that if 1Q  is monic, then the number of operations is at 

most .1−n  

 Now, in the case that ( ) ( )10 degdeg RR < , we write 

011

1

RRc
c

R = , 

where 1c  is selected so that 11Rc  and 0R  have the same leading coefficient. The preceding 

discussion now shows that 011 / RRc  may be expressed as a continued fraction, any value of 
which may be computed with no more than ( ) 1deg 1 −R  long operations. Hence, in this case the 
evaluation of R  requires at most ( ) mR ≤1deg  long operations.  

 

 

 A few historical comments might now help to put matters in perspective. Our principal 

sources of information are Brezinski’s precious papers: The long history of continued fractions 

and Padé approximants (in “Padé approximation and its applications. Amsterdam 1980”, M.G. de 

Bruin and H. Van Rossum eds., Lectures Notes in Mathematics 888, Springer Verlag, Heidelberg, 

1981), and The birth and early developments of Padé approximants (presented at the 86th summer 

meeting of the American Mathematical Society, Toronto, August 23-27, 1982). 

 The first use of continued fractions goes back to the algorithm of Euclid (c.306 B.C.-c. 

283 B.C.) for computing the g. c. d. of two positive integers which leads to a terminating 

continued fraction. Euclid’s algorithm is related to the approximate simplification of ratios as it 

was practiced by Archimedes (287 B.C.-212 B.C.) and Aristarchus of Samos (c.310 B.C.-c.230 

B.C.). Continued fractions were also implicitly used by Greek mathematicians, such as Theon of 

Alexandria (c.365 B. C.), in methods for computing the side of a square with a given area. 

Another very ancient problem which also leads to the early use of continued fractions is the 

problem of the diophantine equations in honor to Diophantus (c.250 A.D.) who found a rational 
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solution of the equation cbyax =± , where a ,b  and c  are given positive integers. This 

problem has been completely solved by the Indian mathematician Aryabhata (475-550), who 

wrote down explicitly the continued fraction for ba . Around 1150, one of the most important 

Indian mathematicians, Bhascara, wrote a book “Lilavati”, where he treated the 

equation cbyax =− . He proved that the solution can be obtained from the continued fraction 

for ba . He also showed that the convergents kkk BAC = of this continued fraction satisfy: 

21 −− += kkkk AAqA , 21 −− += kkkk BBqB    and   1
11 )1( −
−− −=− k

kkkk BABA . 

Then the solution is given by btcBx n += −1m  and atcAy n += −1m , according as a 

111 ±=− −− nn bAB . 

 In Europe, the birth place of continued fractions is the north of Italy. The first attempt for 

a general definition of a continued fraction was made by Leonardo Fibonacci (c.1170-c. 1250). In 

his book “Liber Abaci” (written in 1202, revised in 1228 but only published in 1857), he 

introduced a kind of ascending continued fraction which is not of great interest. The first 

mathematician who really used our modern infinite continued fractions was Rafael Bombielli 

(1526-1572) the discoverer of imaginary numbers. In his book “L’ Algebra Opera”, published in 

1579 in Bologna, he gave a recursive algorithm for extracting the square root of 13 which is 

completely equivalent to the infinite continued fraction 

...
6
4

6
4

313 +++=  

(The notation ...
2

2

1

1
0 +++

b
a

b
a

b for the continued fraction 
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O++
+

2

2
1

1
0

b
ab

ab  

has been introduced in 1898 by Alfred Pringsheim (1850-1941)). The next and most important 

contribution to the theory of continued fractions is by Pietro Antonio Cataldi (1548-1626) who 

can be considered as the real founded of the theory. In his book “Trattato del modo brevissimo di 

trovare la radice quadra delli numeri...” published in Bologna in 1613, he followed the same 

method as Bombielli for extracting the square root and he was the first to introduce a symbolism 

for continued fractions. He computed the continued fraction for 18  up to the 15th convergent 

and proved that the convergents are alternatively greater and smaller than 18  and that they 

converge to it. The words “continued fractions” were invented in 1655, by the English 

mathematician John Wallis (1616-1703), in his book “Arithmetica Infinitorum”, where the author 

gave for the first time our modern recurrence relationship for the convergents of a continued 

fraction. We also mention the Dutch mathematician and astronomer Christiaan Huygens (1629-

1695) who built, in 1682, an automatic planetarium. He used continued fractions for this purpose 

as described in his book “Descriptio automati planetari” published after his death.  

 The major contribution to the theory of continued fractions is due to Leonhard Euler 

(1707-1783). In his first paper on the subject, dated 1737, he proved that every rational number 

can be developed into a terminating continued fraction, that an irrational number gives rise to an 

infinite continued fraction and that a periodic continued fraction is the root of a quadratic 

equation. He also gave the continued fractions for 
2

1,
1
1, −

−
+ e

e
ee  by integrating the Riccatti 

equation by two different methods. Apart from the convergence of these continued fractions 

which he did not treated, Euler proved the irrationality of e  and 2e . Euler’s celebrated book 

“Introductio in analysis infinitorum”, published in Lausanne in 1748, contains the first extensive 

and systematic exposition of the theory of continued fractions. In chapter 18, he gives the 
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recurrence relationship for the convergents 
k

k
k B

A
C =  of the continued fraction 

...
2

2

1

1
0 +++

b
a

b
a

b  and then shows how to transform a continued fraction into a series  

n

nn
nn BB

aa
CC

1

11
1

...
)1( −

− −=− . 

This leads to the relation 

nn

n

n

n

BB
aa

bC
1

1

1
0

...
)1(

−

∞

=
∑ −+= . 

Reciprocally, Euler shows that an infinite series can be transformed into a continued fraction 

...
1

)1(

1

2
21

2

1

1

1

+−++−
+

=−

−

−

∞

=

−∑

nn

nn

n
n

n

CC
CCCC

C
CC

O

 

After some examples, he treats the case of a power series. Then, he comes to the problem of 

convergence showing how to compute the value of the periodic continued fraction 

...
2
1

2
1

++=C  by writing 
C

C
+

=
2

1
which gives 122 =+ CC  and thus 12 −=C . From 

this example he derives Bombielli’ s method for the continued fraction expansion of the square 

root and a general method for the solution of a quadratic equation. The chapter ends with Euclid’s 

algorithm and the simplification of fractions with examples. 

 Euler published some papers where he applied continued fractions to the solution of 

Riccatti’ s differential equation and to the calculation of integrals. He also showed that certain 



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

23 

 

continued fractions derived from power series can converge outside the domain of convergence of 

the series. In a letter dated 1743 and in a paper published in 1762, Euler investigated the problem 

of finding the integers a for which 12 +a  is divisible by a given prime of the form 4n+1=p2+q2. 

Its solution involves the penultimate convergence of the continued fraction for
q
p

. In 1765, Euler 

studied the Pellian equation .122 += yDx  He developed D  into a continued fraction. In 

1771, Euler applied continued fractions to the approximate determination of the geometric mean 

of two numbers whose ratio is as
x
1

. The method can be used to get approximate values of q
p

x . 

In 1773, Euler used continued fractions to find x and y making 22 ynxm −  minimum, and in 

1780 for seeking f  and g  such that .22 xsgrf =−  In 1783, Euler proved that the value of 

the continued fraction  

O+
++

+

3
22

1
m

m  

is a rational number, when m  is an integer not smaller than 2 . 

 Thus, Euler was the first mathematician not only to give a clear exposition of continued 

fractions but also to use them extensively to solve various problems. He was quite familiar to the 

process of transforming a power series into a continued fraction. His method for performing this 

transformation is simply the division process which is quite similar to Euclid’s algorithm for 

obtaining the g. c. d. of two positive integers. He used this technique in, at least, two papers (: one 

in 1775 and another in 1776), and he was led to use rational approximations to power series 

which are, in fact, Padé approximants. In a letter to Christian Goldbach (1690-1764), dated 

October 17, 1730, Euler considers the series 
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...
7642

531
542

31
32

1)( 6

7

4

5

2

3

+
×××

××
+

××
×

+
×

+=
b
x

b
x

b
xxxS , 

where b  is the diameter of a circle, x is the chord and S  the corresponding arc. He gives, without 

any explanations, the following approximations of ( )xS  

  22

32

2760
1760

xb
xxb

−
−

  and  ⋅
−

−
+

)2542(120
122840

222

532

xbb
xxbx  

It is easy to check that the first approximation satisfies ( ) ( )7xxS Ο+  and thus is identified with 

the Padé approximant [ ] ( ) .2/3 xS The second approximation satisfies ( ) ( )9xxS Ο+  and thus is 

identified with [ ] ( ) .2/5 xS  Another important source about Euler’s work on rational 

approximation is its correspondence with the German astronomer Tobias Mayer (1723-1762). On 

July 27, 1751, Euler answered to Mayer’s question on the solvability of the differential equation 

dx
x

dy
log

1
=  by showing that the series 

...]!)1(...3212111[)( 32 +×−++×××−××+×−−= ννν UUUUUxxy  

(with Ux =log ) satisfies this equation. In order to determine the values of this series, Euler 

wrote that the series 

                       ...!)1(...3212111)( 32 +×−++×××−××+×−= ννν UUUUUS  

is equal to the following continuous fraction 
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+
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+
=

1
31

31

21

21
1

1

1)(

U
U

U
U

U
U

US . 

This fraction always closely determines the limits of ( )US ’s value, and thus one can 

approximate to the value of ( )US  as closely as one will. Then the values approximating to ( )US  

are: 

,...
2436121
626111

,
61891

1181,
661
251,

241
31,

21
1,

1
1,1

32

32

32

2

2

2

2

UUU
UUU

UUU
UU

UU
UU

UU
U

U
U

U

+++
+++

+++
++

++
++

++
+

+
+

+  

of which every alternate one is greater than S . It is easy to check that the rational fractions given 

by Euler are the Padé approximants 

[ ] ( ) [ ] ( ) [ ] ( ) [ ] ( ),2/1,1/1,1/0,0/0 UUUU SSSS [ ] ( ) [ ] ( ) [ ] ( ),3/3,3/2,2/2 UUU SSS etc. 

 It must be noticed that Padé approximants can also be found in a letter, dated September 

16/27, 1740, of an unknown English mathematician Georges Anderson to William Jones (1675-

1749), where Anderson considered Padé approximants to ( )x+1log  and he went one step farther 

that Euler since he gave the first term of the error. About the same time, Daniel Bernoulli (1700-

1782) used similar rational fractions in order to invert the power series 

...32 +++= bxaxxy  
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He wants to express x  in terms of y . He first writes x  as a power series in y . The method of 

indeterminate coefficients gives 

...)2( 322 +−+−= ybaayyx  

On the other hand, one has 

...11 32 +++= x
y
bx

y
ax

y
 

By using his famous method of finding the smallest zero of an infinite power series (published in 

two memoirs in 1730) applied to difference equations of infinite order, he obtains the sequence 

,...21,1,1,1,0,0..., 232 y
b

y
a

yy
a

yy
+++  

The ratio of two consecutive terms of this sequence gives an approximate value for x . For 

example, he has  

⋅
++++++

++++
= 4322

4322

)2()(341
)2(3

dyycabybaay
cyybaayyx  

Thus, x  is approximated by a rational fraction in y . If this rational fraction is developed into an 

ascending power series in y (by effecting the division), it matches the series obtained from the 

indeterminate coefficients method up to the term whose degree equals the degree of the 

numerator. This kind of approximation is weaker than Padé approximation whose degree of 

approximation is equal to the sum of the degrees of the numerator and the denominator of the 

rational fraction. Such approximations are now called Padé-type approximations. 

 However, neither Euler nor Anderson and D. Bernoulli and Johann Heinrich Lambert 

(1728-1777) (who also gave a direct approach to Padé approximants in his paper “Observationes 
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variae in Mathesin puram”, published in 1758 in Acta Helvetica) can be credited with the 

discovery of Padé approximants (or of Padé-type approximants), since they were not aware of 

their fundamental property of matching the series up to the term whose degree is equal to the sum 

of the degrees of the numerator and of the denominator (or respectively, of their fundamental 

property of matching the series up to the term whose degree equals the degree of the numerator). 

 The first mathematician to be conscious of this property was Joseph Louis Lagrange 

(1736-1813) in a paper dated 1776 and dealing with the solution of differential equations by 

means of continued fractions. Transforming the convergents of these continued fractions into 

rational fractions by using their recurrence relationship he claims that they match the series “up to 

the power of x inclusively which is the sum of the highest powers of x in the numerator and in the 

denominator”. As it is noticed by Brezinski, this paper is really the birth-certificate of Padé 

approximants. 

 Many other important contributions to the theory of continued fractions are due to 

Lagrange. In 1766, he gave the first proof that 122 += yDx  has integral solutions with 0≠y , 

if D  is a given positive integer not a square. The proof makes use of the continued fraction 

for D . In 1767, Lagrange published a “Mémoire sur la résolution des équations numériques”, 

where he gave a method for approximating the real roots of an equation by continued fractions. 

One year later he wrote an “Addition” to the preceding “Mémoire”, where he proved the converse 

of Euler’s result. He showed that the continued fraction for D  is periodic and that the period 

can only take two different forms which he exhibited. He related his results to the solution 

of 122 ±= yDx . In the same paper he extended Huygens’ method for solving 

.rxqyp =− An interesting problem treated by Lagrange in 1772 is the solution of linear 

difference equations with constant coefficients. In 1774, in an addition to Euler’s Algebra, 

Lagrange proved that if a  is a given positive real number then relatively prime integers p and q 

can be found such that sarqap −<−  for pr <  and qs <  by taking qp  as any convergent 
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of the continued fraction for a  in which all the terms are positive. He also gave a method, using 

continued fractions, to solve 12 22 =+− zCzyByA  in integers and he proved that Pell’s 

equation cannot be solved by use of a continued fraction for D  in which the signs of the partial 

denominators are arbitrarily chosen.  

 Following these predecessors many mathematicians of the nineteenth century became 

interested by continued fractions. All those who worked on the transformation of a formal power 

series into a continued fraction, by using for example the division process, have in fact obtained 

Padé approximants since, in most of the cases, the division process leads to the continued fraction 

corresponding to the power series whose successive convergents are  

[ ] [ ] [ ] [ ] [ ],...2/2,2/1,1/1,1/0,0/0  

 As the history of Padé approximants is very much interlaced with that of continued 

fractions we shall not follow that way and we shall only look now at the direct approaches to 

Padé approximants that do not make use of continued fractions. However we would like to 

mention one more contribution of that type since it opened a very important new chapter in 

mathematics. In his very celebrated paper on Gaussian quadrature methods, presented to the 

Göttingen Society on September 16, 1814, Carl Friedrich Gauss (1777-1855) proved that 

O−
××−

××−
−

=

+++=
−
+

−
−

−

−

1
1

1

1

53

7533
5322

31
1
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531

1log

xx
x

x

xxx
x
x

 

The convergents of this continued fraction are the Padé approximants of the series. The 

denominators of the convergents are the Legendre orthogonal polynomials as proved by Pafnouty 

Lvovitch Tchebycheff (1821-1894). 
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 In a paper published in 1837, but dating from November 1834, Ernst Eduard Kummer 

(1810-1893) made use of Padé approximants for summing slowly convergent series. Kummer 

writes exactly the equations defining the [ ]1/ +nn  Padé approximant, he gives several examples, 

but he does not prove any theoretical result.  

 In 1845, Carl Gustav Jacobi (1804-1851) proved his celebrated formula for Padé 

approximants. In the same paper, he gives several representations for the numerators and the 

denominators of Padé approximants, all derived as special cases of interpolating rational fractions 

studied by Augustin Louis Cauchy (1789-1857). Jacobi’s representations are based on the 

systems of linear equations defining the Padé approximants. 

 Georg Friedrich Bernhard Riemann (1826-1866) proved in October 1863 the 

convergence of the corresponding continued fraction given by Gauss for the ratio of two 

hypergeometric series. The proof was found in Riemann’s papers after his death. It uses 

integration in the complex domain, and it was completed and edited by Hermann Amandus 

Schwarz (1843-1921). According to Henri Eugène Padé (1863-1953), this is the first proof of 

convergence for Padé approximants. 

 In his thesis dated 1870, Georg Ferdinand Frobenius (1849-1917) showed that the 

numerators, the denominators and the errors of the convergents of the continued fraction 

O−−
−

=

xaxa
xa

xC

2
1

0 1
1

1)(  

are related by three terms recurrence relationships. These results were extended in a paper 

published in 1881 where he gave the relations linking the numerators and the denominators of 

three adjacent approximants in the Padé table. Some of these identities, now known as the 

Frobenius identities, are connected with Jacobi’s determinant formulas for the coefficients of the 

continued fraction 
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O++
+

+

3
2

1
0

a
xa

xa
xa . 

The successive convergents of this fraction form the main diagonal of the Padé table. A recursive 

method for computing ,...,, 210 aaa is given by Frobenius who, in fact, gave the first systematic 

study of Padé approximants and placed their theory on a rigorous basis. 

 Numerous contributions to Padé approximants are also due to Edmond Nicolas Laguerre 

(1843-1886). In his first paper of 1876, he treats the cases 

mm bxaxx )()(,)1( 2
12 ++−

−
and )(xpe ) where ( )xp  is a polynomial. In his second note of 

1876, he studies ( )1tanexp −xArc  and in 1879, he works out the case of the series  

...!3!2!11
432 +−+−

xxxx
 

He shows the convergence of the sequence [ ] ∈kkk :/{ N0} to dttee
x

tx 1−
∞

−∫ , and he also treats 

the case  

∫
∞

−

x

t dte
2

. 

 In 1881, Leopold Krönecker (1823-1891) considered the problem of finding a rational 

fraction ( ) ( )xqxp /  having the same derivative at a given point that a given function ( )xf . He 

used two techniques for solving this problem. The first one is the Euclidean division algorithm for 

finding the continued fraction expansion of ( ) ( )xfxg / . The second method is to solve the 
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system of linear equations obtained by imposing that the first coefficients of the power series 

expansion of pgqf −  vanish. 

 At the same year (1881), in his Inaugural Dissertation, Karl Heun presented the 

connection between orthogonal polynomials, continued fractions and Padé approximants. Let 

( ) ∈νν :{ xp N0} be a family of orthogonal polynomials on the closed interval [ ]ba,  with respect 

to a measure μd  that is  

∫ =
β

α
ν μ 0)()()( xdxpxp k     (if k≠ν ). 

These polynomials satisfy a tree terms recurrence relationship 

)()()( 21 xpCxpBxAp −− −+= νννννν ,ν 0≥ . 

Let us consider the continued fraction 

O−+−+
−+

−+

44

4
33

3
22

2
11

1

BxA
CBxA

CBxA
CBxA

. 

The convergents 
)(
)(

xS
xR

ν

ν  of this fraction are the Padé approximants [ ] [ ],...2/1,1/0 .Then 

,)()( 0 xpCxS νν = where ∫=
b

a

k
k xdxC )(μ . 

It has been proved in 1896 by Andrei Andrevitch Markov (1856-1922) that if x is an arbitrary 

point in the complex plane cut along [ ]ba, , then 
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a tx
tdCCC

CxS
xR )(1
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1202

0
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ν

ν
ν , 

and that the convergence is uniform on every compact set in the complex plane having no point in 

common with [ ]ba,  . Markov’s result is a consequence of Stieltjes’ s Theorem on the convergence 

of Gaussian quadrature methods. 

 Another important contribution I would like to mention is that of Charles Hermite (1822-

1901). The first reason for that choice is that he was Padé’ s advisor, the second reason is that he 

defined the approximants which are now called the Padé -Hermite approximants. The third reason 

is that he proved the fundamental result that the number e is a transcendental number and that the 

proof used Padé approximants. Hermite’ s Proof is a follows. e is assumed to be an algebraic 

number, that is satisfying 0...10 =+++ n
neaeaa for some integers .,...,, 10 naaa  Hermite looks 

for the polynomials ( ) ( ) ( )xPxPxQ n,...,, 0 , of degree k , such  that 

( ) ( ) ( )( )11 ++Ο=− kn
j

xj xxPxQe  for .,...,2,1,0 nj =  Then 

)()()()( 1)1(

0 0

++

= =

Ο=−= ∑ ∑ knjx
n

j

n

j
jjj xeaxQxPaxT . 

Since 1)1( <T  and is an integer for k  sufficiently large, it follows that 

0)1()1(
0

== ∑
=

j

n

j
j PaT . 

Giving to k the values ,,...,1, nkkk ++  Hermite proves that 0...10 ≠+++ n
neaeaa  which 

contradicts the assumption. This last part of the proof was quite long and difficult and, in a letter 

to C.A. Borchardt, Hermite declines to enter on a similar research for the number π. This last step 

was to be passed by Carl Louis Ferdinand von Lindemann (1852-1939), who, in 1882, proved 
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that π  is a transcendental number thus ending by a negative answer a question opened for more 

than 2000 years! The idea of the proof, which uses Padé approximants, is as follows. If 

ztsr ,...,,,  are distinct real or complex algebraic numbers and if ncba ,...,,, , are real or complex 

algebraic numbers, at least one of which differing from zero, then  

0... ≠++++ ztsr necebeae . But, 01 =+πie  and in the preceding result 1== ba  and 

0... === nc ; 0=s  is algebraic; πir =   is the only cause why 01 =+πie . Since i  is 

algebraic, thus πi  is transcendental and it follows that π  is also transcendental.  

 In his thesis “Sur la représentation approchée d’ une fonction par des fractions 

rationelles”, which was presented at the Sorbonne in Paris on June 21, 1892 with the jury: 

Charles Hermite (Chairman and Advisor), Paul Appell (1855-1930) and Charles Emile Picard 

(1856-1941), Henri Padé (1863-1953) gave a systematical study of the Padé approximants. He 

classified them, arranged them in the Padé table and investigated the different types of continued 

fractions whose convergents form a descending staircase or a diagonal in the table. He studied the 

exponential function in details and showed that its Padé approximants are identical with the 

rational approximants obtained by Gaston Jean Darboux (1842-1917) in 1876 for the same 

function. He showed that 

[ ] [ ] )()(
1

0

tmnttctmkn g
kj

k

j
jf +=+ ∑

−

=

, 

where ( ) ...2
210 +++= tctcctf  and ( ) ...2

21 +++= ++ tctcctg kkk , and studied the 

connection between the two halves of the table. Padé also investigated quite carefully what is now 

called the block structure of the Padé table.  

 Using a result given by Jacques Hadamard (1865-1963) in his thesis, Robert Fernand 

Bernard Viscount de Montessus de Ballore (1870-1937) gave, in 1902, his celebrated result on 

the convergence of the sequence { [ ] ∈nkn f :/ N0} where f  is a series having k  poles and no 
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other singularities in a given circle C . Hadamard’s results were extended in 1905 by Paul Dienes 

(1882-1952). This allowed R. Wilson to investigate in 1927 the behavior of { [ ] ∈nkn f :/ N0} 

upon the circle C  and at the included poles. 

 In 1903, Edward Burr Van Vleck (1863-1943) undertook to extend Stieltjes’ theory to 

continued fractions 

O−+−+
−+

3

2
2

1
1

1

bx
abx

abx
, 

where the ka ’s are arbitrary positive numbers and the kb ’s are arbitrary real numbers. He 

connected these continued fractions with Stieltjes’ type definite integrals with the range of 

integration taken over the entire real axis. He also extended Stieltjes’ theory to Padé table. The 

name Padé table has been used for the first time by Van Vleck. In 1914, Hilbert’s theory of 

infinite matrices and bounded quadratic forms in infinitely many variables was used by Ernst 

Hellinger (1883-1950) and Otto Toeplitz (1881-1940) to connect integrals of the form 

∫ −

b

a tx
td )(μ

   −∞( <a<b<+∞ ) 

with the continued fractions considered by Van Vleck. The same year J. Grommer extended these 

results to more general cases where the range of integration is the entire real axis. The complete 

theory was obtained by Hellinger in 1922 using Hilbert’s theory of infinite linear systems. The 

same goal was reached by several other mathematicians (Rolf Hermann Nevanlinna, Torsten 

Carleman and Marcel Riesz) at about the same time by different methods. Using the results by 

Van Vleck, Hubert Stanley Wall (1902-1971), in his thesis dated 1927 under Van Vleck’s 

direction, gave a complete analysis of the convergence behavior of the forward diagonal 

sequences of the Padé table derived from a Stieltjes series, i.e. whose coefficients are given by 
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∫
∞

=
0

)(tdtc j
j μ , 

with μ  bounded and non-decreasing in [ ].,0 +∞  In 1931 and 1932 he extended these results to 

the cases where the range of integration is [ ]ba,  with +∞<<≤∞− ba  or with 

+∞<<<∞− ba . 

 The researches on rational approximations during the second part of the twentieth century 

are mostly devoted to their connection with the theory of orthogonal polynomials and 

convergence acceleration methods. Since 1965, a growing interest for Padé approximants 

appeared in theoretical physics, chemistry, electronics, numerical analysis, ... Several 

international conferences were organized (for example DE BRUIN, M.G. and VAN ROSSUM, 

H.: Padé approximation and its applications. Amsterdam 1980, Lectures Notes in Mathematics 

888, Springer Verlag, Heidelberg, 1981; SAFF, E.B. and VARGA, R.S.: Padé  and rational 

approximation, Academic Press, New-York, 1977; WUYTACK, L.: Padé approximation and its 

applications, Lectures Notes in Mathematics 765, Springer Verlag, Heidelberg, 1979) and several 

books were written (for example: BAKER, G.A.jr.: Essentials of Padé approximants, Academic 

Press, New York, 1975; BAKER, G.A. jr. and GRAVES-MORRIS, P.R.: Padé aprpoximants, 

Vols 1 and 2, Encyclopedia of Mathematics and its Applications, Vols. 13 and 14, Addison 

Wesley, Reading, Mass., 1981; BREZINSKI, C.: Padé-type approximation and general 

orthogonal polynomials, ISNM, Vol. 50, Birskhäuser Verglag, Basel, 1980). 

 Surely, one the most fundamental and inspired contemporary programs about rational 

approximation has been that initiated by Claude Brezinski, who was able to extend the notion of 

Padé approximation by inventing the general theory of Padé-type approximants. Before entering 

into an explicit outline of his theory in Section 1.1, let us understand Brezinski’ s motivation. Let 

f  be a formal power series. Padé approximants are rational functions whose expansion in 

ascending powers of the variable coincides with f  as far as possible, that is, up to the sum of the 
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degrees of the numerator and denominator. The numerator and the denominator of a Padé 

approximant are completely determined by this condition and thus, no freedom is left. If some 

poles of f  are known, it can be interesting to use this information. Padé-type approximants are 

rational functions with an arbitrary denominator, whose numerator is determined by the condition 

that the expansion of the Padé-type approximant matches the series f  as far as possible, that is, 

up to the degree of the numerator. It is also possible to choose some of the zeros of the 

denominator of the Padé-type approximants (instead of all) and then determine the others and the 

numerator in order to match the series f as far as possible. Such approximants, intermediate 

between Padé and Padé-type approximants, have been called higher order Padé-type 

approximants. Padé approximants are a particular case of Padé-type approximants. The great 

advantage of Padé-type approximants over Padé approximants lies in the free choice of the poles 

which may lead to a better approximation. 

 The main open question on Padé-type approximants is the “best” choice of the poles. 

Some attempts to solve this difficult problem for some particular cases have been made by 

Alphonse Magnus. Recently, the problem is mostly solved  in  [49]. Another question connected 

with the choice of the poles is the convergence of Padé-type approximants. A sufficient answer to 

this question was given by Michael Eiermann. Several extensions of Brezinski’ s ideas are of 

interest and they are proposed by J. Van Iseghem, A. Draux and M. Prévost. 

 One would like to adapt the simple proofs of one variable to the several variables case, 

however major obstacles present themselves. First, the local representation of a function analytic 

into a domain in Cn by its Taylor series may lead to extremely complicated and difficult 

computations. Second, the polydisk does not qualify to be the general target domain because of 

the failure of the property to be the maximal domain of convergence of a multiple power series. 

Finally, there is no division process in P(Cn), when 1>n . 



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

37 

 

 It is reasonable to suspect that the outlet lies with the consideration of another type of 

series representation for functions. So, the first Chapter of the present book deals with Padé-type 

(and Padé) approximation to the Fourier series expansion of a harmonic function on the open unit 

disk D  and to the Fourier series expansion of a −π2 periodic −pL function on [ ]ππ ,−  or on 

the unit circle C . 

 To give an introductory and brief sketch for the central idea of the Chapter, suppose, for 

instance, ( )tf  is a −π2 periodic real-valued −pL function in [ ]ππ ,− , with a sequence of 

Fourier coefficients 

{ }.,...2,1,0: ±±=ννc  

It is clear that ( )tf can be identified with a real-valued function ( )zu  in pL  of the unit circle C , 

by setting ( ) ( ).tfeu ti =  Define the Poisson integral of ( )tieu  by  

( )ππθθ
π

π

π

θ ≤≤−<≤−== ∫
−

trdtPeureutu r
iit

r ,10)()(
2
1)()( , 

where ( ){ }⋅rP  is the Poisson kernel in the unit disk. From the solution of the Dirichlet problem in 

the unit disk D , it follows that the extended real-valued function ( ) ( )tieruzu =  is harmonic in 

the open unit disk and such that  

0)()(lim 1 =−→ p

it
rr eutu . 

Further, the Fourier series expansion of the restriction ( )tur  of ( )tieru  to any circle rC  of 

radius 1<r  is given by  
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.tierc νν

ν
ν∑

∞

−∞=

 

As we shall show in Section 1.2, the Padé-type approximants ( ) ( )zmm u1/Re +  to the harmonic 

function ( )zu  exist and are harmonic real-valued functions in D , such that if the Fourier series 

expansion of the restriction ( ) ( )tmm
ru1/Re +  of such a Padé-type approximant 

( ) ( )ti
u ermm 1/Re +  to the circle of radius 1<r  is 

,)( tim erd νν

ν
ν∑

∞

−∞=

 

then, for any m±±±= ,...,2,1,0ν , it holds νν cd m =)( . Since the radial limit 

)()1/Re(lim 1 tmm
rur +→  

is uniform on [ ]ππ ,− , the function  

)()1/Re( zmm u+  

is the Poisson integral of a continuous function on the unit circle. This function 

( )ππ ≤≤−+=+ → ttmmemm
rur

it
u )()1/Re(lim)()1/Re( 1  

is a Padé-type approximant to ( )tf , in the sense that its Fourier series representation 

tim ed ν

ν
ν∑

∞

−∞=

)(  
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matches the Fourier series expansion of ( )tf  up to the −± thm order’s Fourier term.   One 

can also define the Padé approximants [ ] )(1/Re tmm f+  to ( )tf , with Fourier series 

representation of [ ] )(1/Re tmm f+  matching the Fourier series expansion of ( )tf  up to the 

−+± thm )12( order’s Fourier term.  

  The theoretical study and efficiency of all these approximants constitutes the main 

purpose of Section 1.3. Paragraph 1.3.1 deals with preparatory material about Dirichlet’s 

problem. The detailed definition and properties for Padé-type and Padé approximants to 

−π2 periodic real- or complex-valued −pL functions on the interval [ ]ππ ,−  or on the unit 

circle C  are presented in Paragraph 1.3.2. Paragraph 1.3.3 investigates the convergence 

behavior of a sequence of Padé-type approximants, as well as their connection with Schur and 

Szegö’s theories.  

 Previously, Section 1.1, recalls basic properties of Padé-type and Padé approximation to 

analytic functions of D , while Section 1.2 is devoted to the definition, study and examples of 

Padé-type and Padé approximants to harmonic functions in D . 

 In Paragraph 1.4.1 of Section 1.4, several numerical examples are considered making use 

of Padé-type approximants to −π2 periodic −pL functions in [ ]ππ ,− , In Paragraph 1.4.2, we 

study the assumptions under which, for every sequence of functions converging to a real-valued 

continuous −π2 periodic function on [ ]ππ ,− , there is a Padé-type approximation sequence 

converging point-wise to that function faster than the first sequence. Finally, in Paragraph 1.4.3, 

we propose an approximate direct method for the numerical computation of derivatives and 

definite integrals. 
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1.1. Rational Approximation to Analytic Functions 

1.1.1 Linearized Rational Ιnterpolation and Padé-type Approximants 

 Interpolating and approximating an analytic function by polynomials or rational functions 
with prescribed poles is rather well understood and has been studied in great detail by Walsh in 
[144]. Interpolation by rational functions with pre-assigned poles leads to a theory very similar to 
that of polynomial interpolation. A rather different situation arises if one considers interpolation 
by rational functions with free poles. The theoretical background of rational interpolation with 
free poles is very similar to that of Padé approximants. Actually, Padé approximants are a special 
type of rational interpolators with all its interpolation points identical. 

 By f  we denote the function which will be interpolated. In the sequel, it is assumed that 

this function is analytic into the open unit disk D . By Pn(C) and Rm,n(C) we denote the sets of all 

complex polynomials of degree at most n  and the set of rational functions of numerator and 

denominator degree at most m  and n , respectively. 

 Let an infinite triangular matrix of interpolation points Dkm ∈,π  (called interpolation 

scheme) be given:  

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

=Μ

OMMM
2,21,20,2

1,10,1

0,0

πππ
ππ

π

 . 

Each row 

{ }mmmmm ,1,0, ,...,, πππ=Μ   



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

41 

 

of the matrix Μ  defines an interpolation set with 1+m  interpolation points.  It is not excluded 

that some or all points are identical. With each interpolation set mΜ  a polynomial 

)()(
0

,1 ∏
=

+ −=
m

k
kmm xxV πγ    ( ∈γ C { }0− ) 

is associated.  

 

Definition 1.1.1.(a). A rational function ∈nmr , Rm,n(C) is called rational interpolator of type 

( )nm,  to the function f  at the 1++ nm  interpolation points of the set nm+Μ ,if 

( )nmnm Vrf +Ο=− ,   at each ., nmknm ++ Μ∈π  

(b). A rational function 

∈=
n

m
nm q

pr ,  Rm,n(C), with pm ∈Pm(C), ∈nq Pn(C) and ,0≠nq  

is called a linearized rational interpolator (or multi-point Padé approximant) of type ( )nm,  to 

the function f  at the 1++ nm  interpolation points of the set nm+Μ , if 

( )nmmn Vpfq +Ο=− at  each ., nmknm ++ Μ∈π  

 

 Definition 1.1.1.(a) implies that at each zero of the polynomial ( )xV nm+  the interpolation 

error nmrf ,−  has a zero of at least the same order. Thus, the interpolator nmr ,  and its derivatives 

( )( )j
nmr ,  coincide with the function f  and its derivatives ( )jf  at the point nmz +Μ∈  up to an 
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order determined by the frequency of z  in nm+Μ . Definition 1.1.1.(a) therefore defines 

interpolation in the Hermite’s sense. Further, the linearized version in Definition 1.1.1.(b) of a 

rational interpolator nmr ,  always exists. Indeed, relation ( )nmmn Vpfq +Ο=−  is equivalent to a 

system of 1++ nm  linear homogenous equations for the 2++ nm  unknown parameters 

(coefficients) in the two polynomials mp  and nq . Hence, a non-trivial solution always exists, and 

it is not difficult to verify that for such a solution nq ≡0 is impossible.  

 However, as the next example will show, the existence of a rational interpolator is in 

general not guaranteed. If, for ∈m N, ∈n N, a rational function nmr ,  exists that interpolates f , 

then one says that the Cauchy interpolation problem is solvable ([104). It is easily verified by 
comparing two potential candidates that if the interpolation problem is solvable, then the solution 
is unique.  

Example. We choose { }1,0,1,1 2 −=Μ== nm , and as function to be interpolated ( ) 2zzf = . 

Any rational function ∈1,1r R1,1(C) is either a Möebius transform or a constant. If 1,1r  is a Möebius 

transform, then it is univalent in C  and therefore cannot interpolate the value 1 at the two 

different points 1−  and 1. If 1,1r  is a constant function, then it cannot interpolate the two 

different values 0 and 1. Hence, already in this very simple situation, a rational interpolator to the 

function ( ) 2zzf =  does not exist. 

 

 Comparison of rational interpolation with interpolation by polynomials shows that the 

main reason for the non-existence in case of rational interpolators is caused by the non-linearity 

of the interpolators’ parametrization. The first one who mentioned the possibility of non-existence 

of rational interpolators was Krönecker ([88]). An excellent survey about the solvability of the 

Cauchy interpolation problem is contained in [104]. There a unified approach to the analysis of 
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the problem is given, which includes elements from the theory of continued fractions, and special 

matrices and determinants which have been introduced in connection with the interpolation 

problem, are discussed there. Efficient numerical algorithms that can be applied also in the 

presence of interpolation defects are discussed in [73]. 

 In what follows, we will give the precise form for rational interpolators of type 

( )1, +mm . 

 As already mentioned earlier, Padé approximants are a special type of rational 

interpolators with all its interpolation points identical, that is .... ,0, nmnmnm +++ == ππ  If, in 

particular, the 1++ mm  interpolation points in Definition 1.1.1 are equal to the origin, that is if 

,0... ,0, === +++ nmnmnm ππ  then a Padé approximant [ ]fnm /  to f  is a rational fraction whose 

numerator has the exact degree m  and whose denominator has the exact degree n  such that its 

power series agrees with that of f  as far as possible: 

( ) [ ] ( ) ( )1/ ++Ο=− nm
f zznmzf  at 0. 

If [ ]fnm /   exists, then it is unique (apart from a multiplying factor). We shall look for a natural 

generalization of Padé approximation.  

 

Definition  1.1.3. A rational function ( ) ( )∈znm f/ Rm,n(C) is called a Padé-type approximant to 

the function f  if 

( ) ( ) ( ) ( )1/ +Ο=− m
f zznmzf  at 0. 
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 There is a good reason for this somewhat strange terminology. According to Definition 
1.1.3, Padé-type approximants are rational functions with an arbitrary denominator, whose 
numerator is determined by the condition that the expansion of the Padé-type approximant 
matches the power series expansion of f as far as possible that is up to the degree of the 
numerator. On the other hand, Padé approximants are also rational functions whose expansion in 
ascending powers of the variable coincides with the Taylor expansion of f up to the sum of the 
degrees of the numerator and denominator. Thus, numerator and denominator of a Padé 
approximant are completely determined by this condition and no freedom is left. The great 
advantage of Padé-type approximants over Padé approximants lies in the free choice of the 
denominator which may lead to a better approximation. 

 The chief reference on Padé-type approximation is Brezinski’ s book [21]. One may also 
consult [19], [20], [22], [23] and [24].  

 Let us now see how to construct Padé-type approximants. 

 We denote the power series expansion of the analytic function f  around 0 by 

( ) ∑
∞

=

=
0

)(

ν

ν
να zzf f    ( )1<⇔∈ zDz . 

If P(C) is the vector space of all complex analytic polynomials with coefficients in C, we define 

the linear functional fT :P(C)→C associated with f , which satisfies  

)()( f
f xT ν

ν α=     ( ,...2,1,0=ν ). 

For the set of all functions complex analytic in an open neighborhood of a given planar set Ω  we 

shall make use of the notation O(Ω ). The following result is a consequence of Cauchy’s integral 

formula. Two versions of this result in the case of several variables can be found in [38] and [40]. 

The proof is similar except for the fact that here we also need to consider the Fréchet space O(C). 

This consideration is essential and its consequences will be appearing in the sequel. 
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Theorem 1.1.4.(a). There is a linear continuous extension of fT  on O(C).  

(b).There is a linear continuous extension of fT  on O ( D ). 

Proof. Let { },...2,1,0: =nrn  be a sequence of positive numbers such that 1<nr  and let 

∈= zKn { C: }1−≤ nrz  If  

∈= ∑
=

ν

ν
νβ xxp

j

0
)( P (C) 

then there holds 
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for any n . In the last equality we have used the maximum modulus principle for analytic 

functions.  

(a). If the sequence { },...2,1,0: =nrn  is strictly decreasing with ,0lim =∞→ nn r  it is clear that 

the sets nK  form an exhaustive sequence of compacts in C and then the Hahn-Banach Τheorem 

extends fT to a linear continuous functional of O (C) when considered with the usual topology of 

uniform convergence on the compact subsets of C. 

(b). By density, if ,1lim =∞→ nn r  then, there is a continuous linear extension of fT on O( D ). 
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 The first consequence of this Theorem is described in the following 

Corollary 1.1.5. For every Dz ∈ , the number ( )( )11 −− xzTf  is well defined and equals  ( ).zf  

Proof. Let Dz ∈ . By Theorem 1.1.4, the number  

( )( )11 −− xzTf  

is well defined (: fT  acts on the variable Dx∈  and Dz ∈  is regarded as a parameter). The 

continuity of fT  implies  

( ) .)1()()()()( 1

0000

)( −
∞

=

∞

=

∞

=

∞

=

−===== ∑∑∑∑ xzTzxTzxTzxTzazf ffff
f

ν

νννν

ν

νν

ν

ν

ν
ν  

 A second consequence of Theorem 1.1.4 is that the functional fT  has a linear continuous 

extension into the space M(C) of meromorphic functions in C. In fact, we have M(C)= C (C, S2), 

where C (C, S2) is the space of continuous mappings from C into the Riemann sphere S2. Since S2 

is a metric space with respect to the chordal distance, we can consider in C (C,S2) the topology of 

uniform convergence on compact subsets of C. When restricted to the subspace O(C) of C (C, S2), 

this topology actually coincides with the usual topology of O(C). More precisely, a sequence 

{ },...2,1,0: =nfn ∈ C (C, S2) is said to converge normally to a function F : C→S2 if 

( ) 0, →Ffnσ  as ∞→n  uniformly on compact subsets of C, where σ is the chordal distance in 

S2. The crucial property is that C (C,S2) is a Fréchet space when considered with the topology of 

normal convergence. Moreover, if all the nf  are analytic and ∞≠F , then ∈F O(C) and 
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Ffn →  in the topology of O(C). The Hahn-Banach Τheorem combined now with Theorem 

1.1.4.(a) shows immediately that 

Corollary 1.1.6. There is a continuous linear extension of fT  into C (C, S2). 

 Next, suppose again 

( )
mkmkm ≤≤≥

=Μ
0,0,π  

is an infinite triangular interpolation matrix with ., Dkm ∈π  With each row  

{ }mmmmm ,1,0, ,...,, πππ=Μ  

a polynomial  

)()(
0

,1 ∑
=

+ −=
m

k
kmm xxV πγ     ( ∈γ C { }0− ) 

is associated.  

 Let 0≥m  be fixed. For any fixed ∈z C },...,1,0:{ 1
, mkkm =− −π , let ( )zxQm ,  denote the 

unique polynomial of degree at most m  which interpolates ( ) 11 −− xz  in the 1+m  nodes of the 

thm row mΜ  of Μ , i.e. 

( ) ( ) ( ).,...,2,1,01, 1
,, mkzzQ kmkmm =−= −ππ  

If some of the nodes km,π  coincide the interpolation has to be understood in the Hermite sense. 

Obviously, the expression 
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⎟
⎠
⎞

⎜
⎝
⎛

−
−

= ++

zx
zVxVTzW mm

fm
)()()( 11  

is a polynomial in z  of degree at most m  (here the functional fT  acts on the variable x  and z  

is taken as a parameter. By using the partial fraction decomposition of  

( ) ( )zV
zWz

m

m

1+
, 

one obtains 

( ) ,
)(
)(),( *

1

*

zV
zWzxQT

m

m
mf

+

=  

with  

)(:)( 1* −= zWzzW m
m

m  and )(: 1
1

1*
1

−
+

+
+ = zVzV m

m
m . 

Since )(* zWm  and )(*
1 zVm+  are two polynomials in z with degrees at most m  and  1+m  , 

respectively, we see that ( )( )zxQT mf ,  is a rational function in z  of type ( )1, +mm , which 

means that it has a numerator with degree at most m  and a denominator with degree at most 

1+m . The basic property is that 

Theorem 1.1.7.  

( ) ( )( ) ( ),, 1+Ο=− m
mf zzxQTzf  

for any Dz ∈ , and therefore 

.
)(
)()),(()()1/( *

1

*

zV
zWzxQTzmm

m

m
mff

+

==+  
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 One can also construct Padé-type approximants with various degrees in numerators. For 

all ,...3,2,1=n , the Taylor power series expansion of ( )zf  can be rewritten as 

ν

ν
ν

ν

ν
ν

ν

ν
ν ααα zzzzfzzzf f

k
n

n
f

n
n

n
f ∑∑∑

∞

=
+

−

=

−

=

+=+=
0

)(
1

0

)(
1

0

)( )()(  ,  Dz ∈ . 

Clearly, the rational function 

( )),(
1

0

)( zxQTz mf

n
f

n
+∑

−

=ν

ν
να  

is the type ( )1, ++ mnm . Its denominator is again given by )()( 1
1

1*
1

−
+

+
+ = zVzzV m

m
m  and 

therefore, it has poles in the inverse nodes ( ).,...2,1,01
, mkkm =−π  As before, it can be shown 

that 

Theorem 1.1.8.  

( ) ),(}),({)( 1
1

0

)( +
−

=

Ο=+− ∑ m
mf

n
f zzxQTzzf

n

ν

ν
να  for Dz ∈ , 

and therefore 

( )}.),({)()1/(
1

0

)( zxQTzzmnm mf

n
f

f n
+=++ ∑

−

=

ν

ν
να  

 For later use, we shall say that ( ) fmm 1/ +   and ( ) fmnm 1/ ++  are two Padé-type 

approximants to f  with generating polynomial Vm+1(x).  
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The main open question on Padé-type approximants is the “best” choice of the poles that 

is the “best” choice of the generating polynomials’ roots km,π . Some attempts to solve this 

difficult problem for some particular cases have been made by Magnus in [103]. Ιn [49], we have 

determined the “best” choice of points )(),...,(),( *
,

*
,

*
1,

*
1,

*
0,

*
0, zzz mmmmmmmm ππππππ ===  for the 

interpolation system ,,..., ,1,0, mmmm πππ in the sense that the corresponding Hermite polynomial 

),(* zxQm  minimizes point-wise in z the absolute error 

,)()1/()( zmmzf f+− ( ∈f O(D) ) 

into the ring 10 << z ,and, on the other hand, we have showed that if m =even, the same as 

above choice constitutes also the “best” −2L choice, in the sense that it minimizes the −2L norm 

21
2,

2
)()1/()()()1/()(

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+−=+− ∫

<≤ εδ

εδ

z
ff dzzmmzfzmmzf  

of the error into an arbitrary half-open ring ( ) { ∈=Δ z:,;0 εδ C: }εδ <≤ z ,with 

,10 <<< εδ  over the subset of all Hermite polynomials ( )zxQm , , that is 

∈+−=+− fzmmzfzmmzf ff mmmm
,)()1/()(min)()1/()(

,

2,...,,

,

2 ,1,0,

εδ

πππ

εδ
O(D) 

In both cases, the interpolation polynomial ),(* zxQm has the form: 

m
m

m xxzzxQ += ∑
−

=

1

0

* ),(
ν

νν   ∈≠ xz ,0( C), 

and the interpolation points )(),...,( *
,

*
,

*
0,

*
0, zz mmmmmm ππππ ==  are the ( )1+m  roots of the 

generating polynomial  
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.)1(1:)()( 1*
1)(

*
1

mmm
mzm xz

z
xxVxV −+=≡ +

++  

Further, if evenm = , the Hermite polynomial ),(* zxQm is the unique interpolation polynomial 

of degree at most m  which minimizes the number 

21

1

2

),(
1

1

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−∫∫

=<≤
r

s

m
z

dsdzzsQ
szεδ

 

and satisfies 

0),(
1

1

1

* =⎟
⎠
⎞

⎜
⎝
⎛ −
−∫ ∫

<≤ =

dsdzzsQ
szz

r
s

m
εδ

( 10 <<<< rεδ ). 

Ιn spite of these results, there is no analogous possibility to determine a “best” uniform choice for 

the interpolation system ,,...,, ,1,0, mmmm πππ since a minimum for the uniform norm 

)()1/()(sup:)()1/()(
,

zmmzfzmmzf fzf +−=+− ≤≤∞ εδ

εδ
  ( ∈f O(D) ) 

of the error  on a compact ring ),;0( εδΔ  is obtained at the limit points 

),...,1,0( imkk −=∞=π    and   ),...,1(0 mim +−== νπν  

for any .1,...,2,1,0 += mi  In particular, among these choice, the only feasible optimal 

interpolation system is given by 

.0...10 ==== mπππ  
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 Let us now turn to the investigation of a precise form for rational interpolators of type 

( ) .1/ fmm +  

Theorem 1.1.9. Suppose 

.0... 12,122,121,12 ==== ++++++ mmmmmm πππ  

Set 

)(:)(
0

,121 ∏
=

++ −=
m

k
kmm xxu π    and    )(:)( 1

1
1*

1
−

+
+

+ = zuzzu m
m

m  . 

(a). If  

∈=
+

+ *
1

1,
m

m
mm u

qr  Rm,m+1(C) 

is a linearized rational interpolator to the analytic function f at the 2m+2 interpolation points of 

the set ,12 +Μ m  then 1, +mmr  is a Padé-type approximant ( ) fmm 1/ +  to f  with generating 

polynomial )(1 xum+ . 

(b). Conversely, a Padé-type approximant ( ) fmm 1/ +  to f  with generating polynomial 

um+1(x) is a linearized rational interpolator 1, +mmr ∈Rm,m+1(C) to f  at the 22 +m  interpolation 

points of the set ,12 +Μ m  if 

( )mjdss
s

sf m

jkk
km

rs
m ,...,2,1,00)1()(

)(0
,32 ==−∏∫

≠==
+ π  

for some .1<r  

Proof. (a). Since each of the functions 
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z
z

,12

,12

1 +

+

−
−
π
π

 

is of modulus 1 on the unit circle, we see that 

kmkm
km

km zzz
z

z
,12,12

1

,12

,12 )(1
1 ++

−

+

+ −≥−⇔≤
−
−

ππ
π
π

 

for any Dz ∈  and .,...,2,1,0 mk =  It follows that 

( ) ( ) .
12

0
,12

0
,12

122 ∏∏
+

=
+

=
+

−+ −≥−
m

k
km

m

k
km

m zzz ππ  

If ∈=
+

+ *
1

1,
m

m
mm u

qr Rm,m+1(C)  is a linearized rational interpolator to f  at the 22 +m  points of 

,12 +Μ m  then 

 ( ) ( )

,)()(
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−

∏∏
m
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m

m
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m

k
km

m

mm
m

k
km

mm

zCzrzfC
zuz

zqzfzu

C
zz

zqzfzuC
z

zqzfzu

ππ  

for any Dz ∈  and some constant C . By Definition 1.1.3, the rational function 1, +nmr  is a Padé-

type approximant to f  with generating polynomial ( )xum 1+ . 

(b).The error of the Padé-type approximation to f  with generating polynomial  
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for some .1<r  Obviously, for any ,12,...,2,1 +++= mmmk  there holds  

( ) ( ) ( ),1/ ,12,12 kmfkm mmf ++ += ππ  

and ( ) fmm 1/ +  interpolates f  at mmmm ,121,120,12 ,...,, +++ πππ , if  
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 for any mj ,...,1,0=  

 ⇔ ( ) 01)(
)(0

,1232 =−∏∫
≠=

+
=

+ dss
s

sf m

jkk
km

rs
m π  for any mj ,...,1,0= , 

which completes the Proof of the Theorem. 

 A more general result is still missing. However, because of the above Theorem, in the 

present work we are not really concerned with properties of rational interpolators; our primary 

interest in this Section will be the definition of Padé and Padé-type approximants to harmonic 

functions in the unit disk D  and to −pL functions on the unit circle C  (or on the 

interval [ ]ππ ,− ). The convergence behavior of these approximants will also be of our interest, 

and, in this direction, the ingredient key will be the understanding of the solution to the 

corresponding problem in the analytic function case.  
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1.1.2. The Convergence Problem 

 If the numerator and denominator’s degrees of the Padé-type approximants grow, then the 

questions arise whether and where the approximants converge to the function that has been 

approximated. Orientation for answers can be obtained from convergence results proved for Padé 

approximants. There compact (i.e., locally uniform) convergence has been proved for certain 

classes of functions. In the present Paragraph, we first discuss corresponding results for rational 

interpolation. In comparison to later topics, we shall do this in a rather compressed and 

summarizing form. The discussion is followed by a study of the convergence problem of Padé-

type approximants. In all cases our interest is restricted to diagonal or close-to-diagonal 

sequences of interpolators and approximants, i.e., interpolators and approximants with numerator 

degree m  equal or almost equal to the denominator’s degree.  

 In the convergence theory of Padé-type approximants functions of the form  

∫ −
=

zx
xdzF )()( μ

μ  

with μ  a positive measure supported on R play a prominent role. They are known as Markov, 

Stieltjes, or Hamburger functions, depending on whether ( )μpsup  is compact, contained in one 

of the two half-axis ( ]0,∞−  or [ ),,0 +∞  or unbounded and intersecting with both sets ( ]0,∞−  

and [ ),,0 +∞  respectively. Diagonal Padé approximants developed at infinity to functions ( )zFμ  

converge compactly (,i.e., locally uniformly) in the domain ).(sup μp−C  In case of Stieltjes or 

Hamburger functions it is necessary in addition that the moment problem associated with the 

measure μ  is determinate ([4]). 

 Analogous results for rational interpolators to functions ( )zFμ  have been proved in [66], 

[67], [98], [99], [100], [101] and [135]. 
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 If mq  is the denominator polynomial of the Padé approximant [ ]
mFmm /  to a function μF  

developed at infinity, then the polynomial mq  is orthogonal with respect to the measure μ  

([135]). The denominator polynomial mq  is characterized by this orthogonality property up to a 

constant factor. A similar characterization of the denominator holds in case of a rational 

interpolator ( )zr mm,  to ( )zFμ , however, now the denominator polynomial is orthogonal with 

respect to a weighted orthogonality relation: 

0
)(
)()(

2

=∫ xV
xdxqx

m
m

μν   for ,1,...,2,1,0 −= mν  

where ( )xV m2  is the polynomial  

( )∏
−

=
−−

12

0
,12

m

k
kmx π  ([135]). 

Thus, mq  is orthogonal with respect to the weighted measure μdV m
1

2
− . In nearly all respects the 

convergence theory of rational interpolators to functions μF  is a direct generalization of that of 

Padé approximants. In both cases, the convergence domain is )(sup μp−C , and for the 

interpolation error the asymptotic estimate 

( ∫−≤−∞→ exp)()(suplim
21

,
m

mmm zrzFμ ( ))xdxzg p Μ−
α

μ
),(

)(supC
   ([135]) 

holds for ),(sup μpz −∈ C  where ),(
)(sup

xzg p μ−C
 is the Green function of the domain 

)(sup μp−C  and where ( )⋅Μαd  is the asymptotic distribution of the matrix Μ , that is the 

probability measure which satisfies 
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Μ
=

∞→ =⎟
⎠

⎞
⎜
⎝

⎛
+ ∑ αδπ

m

k
m kmm 0

,1
1lim  

with respect to the weak topology in the space of Borel measures (
km ,πδ is the Dirac measure at 

km,π ). Under certain conditions the above estimate is sharp. 

 Another class of functions, for which compact convergence of Padé approximants has 

been proved, are the Pölya frequency functions 

( )
( )∏

∏
+

+
=

j j

j jz

z

z
ezG

β

α
γ

1

1
)(  

where 0,, ≥jj βαγ  and  

( ) ∞<+∑ j jj βα . 

It has been shown in [3] that diagonal Padé approximants to these functions converge compactly 

in ,...},,....,.,{ 21
1

2
1

1 ββαα −− −−−C  In [6] this result has been extended to rational interpolators 

with interpolation matrices that contain only real entries km,π  and the functions G  can have only 

finitely many factors in their definition. The general problem is still open. 

 From counterexamples involving Padé approximants, we know that the analyticity of the 

function f  is not sufficient for guaranteeing compact convergence of rational interpolators. In 

[142] it has been shown that it is possible to construct an entire function such that the diagonal 

sequence of its Padé approximants developed at the origin diverges at each point of C { }.0−  

Thus, this counterexample underlines that in the convergence results for the classes of functions 

jF  and G  the special structure of these functions is crucial.  
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 Having the difficulties with compact convergence in mind, it is certainly interesting to 

realize that convergence can be proved for large classes of functions, which are defined mainly by 

analyticity properties, if a weaker type of convergence is considered. Especially successful has 

proved convergence in capacity.  

 By ( )⋅cap  we denote the (logarithmic) capacity of (capacitable) subsets of C (for a 

definition see [90], [135] and [139]). For any Borel set ⊆B C, we have ( ) ( ),2 BcapBd πλ ≤  

where ( )⋅λd  denotes the planar Lebesgue measure. This inequality shows that sets that are small 

in capacity are also small in planar Lebesgue measure. A sequence of 

functions ( ),...2,1,0=mfm  is said to converge in capacity to f  in the disk D , if for every 

0>ε  and every compact set DE ⊂  we have 

( ) .0})()(:{lim =>−∈∞→ εzfzfEzcap mm  

 The first result about convergence in capacity and Padé approximation was proved in 

[120] after preparations in [112]. In [143] the Nuttall-Pommerenke Τheorem has been extended to 

rational interpolators: 

Theorem 1.1.10. Let the function f  be analytic (and single-valued) in the domain KD −  with 

K  a compact set of ( ) 0=Kcap  and such that  

{ } ,,: ∅=∈Μ∈∈∩ NC mzzK m   

and let mmr ,  be the linearized rational interpolator to the function f  in the points of the set 

.2mΜ  Then,  for every compact set DE ⊂  and every 0>ε , we have 

.0})()(:{lim , =>−∈∞→
m

mmm zfzrEzcap ε  
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It follows that the sequence of rational interpolators ( ),...2,1, =mr mm  converges in 

capacity to f  in D . (But even more, we see that the convergence speed is faster than geometric 

with possible exceptions on sets that become small in capacity as ∞→m .) 

 In [143], the Nuttall-Pommerenke Τheorem has been proved not only for the diagonal 

sequence { mr mm :, ∈N}, but also for arbitrary sectorial sequences, i.e., for sequences 

{ :,nmr ∈m N, ∈n N} with a  0>λ  such that 

λ
λ 1

≤≤
n
m

 as ., ∞→nm . 

 The assumption ( ) 0=Kcap  is essential for the Proof of Theorem 1.1.10. In [102] and 

[122] it has been shown by counterexamples that if the function f has a set of singularity of 

positive capacity, then convergence in capacity can no longer be guaranteed for diagonal Padé 

approximants in any sub-domain of D . 

 All meromorphic functions f  satisfy the assumptions of Theorem 1.1.10, but the 

functions covered by the theorem form a much larger class. For instance, the functions f  may 

have essential singularities as long as there are not too many of them. Of course, any entire 

function is covered by Theorem 1.1.10. 

 In [105] it has been shown that convergence in capacity implies point-wise convergence 

quasi everywhere for appropriately chosen infinite subsequences. In analogy to the notion “almost 

everywhere”, a property is said to hold “quasi everywhere” on a set S if it holds for every ∈z S 

with possible exceptions on sets of outer capacity zero. 

 Especially for rational interpolators which are Padé-type approximants to a function 

∈f O ( D ), there are some general and sufficient conditions determining the compact 

convergence in D . 
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 The first result in this direction can be viewed as a consequence of results due to Wimp 

[145] by using Newton’s relations between the coefficients and the zeroes of a polynomial: 

Proposition 1.1.11. Let  { },...2,1,0: =kkπ  be a sequence of numbers in D  and let  

)()(
0

1 ∏
=

+ −=
m

k
km xxV πγ  

be the generating polynomial of the Padé-type approximant ( ) ( )zmnm f1/ ++  to a function 

∈f O ( D ). 

 A sufficient condition to hold  

)()()1/(lim zfzmnm fm =++∞→   in ( ),...2,1=nD  

is the convergence of the series 

∑
∞

= −0 1k k

k

z
z
π

π
  in D . 

 Let us give a second particular result: 

Proposition 1.1.12. ([145]) Let { },...2,1,0: =kkπ  be a sequence of negative numbers in D  

converging to 0  and let  

)()(
0

1 ∏
=

+ −=
m

k
km xxV πγ  

be the generating polynomial of the Padé-type approximant ( ) ( )zmnm f1/ ++  to a function 

∈f O( D ). 

 For any [ ],1,0∩∈ Dz  there holds 

 )()()1/(lim zfzmnm fm =++∞→  ( ).,...2,1=n  
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 The application of summability methods is a classical tool of analytic continuation and in 

this connection we are going to prove a very general result: 

Theorem 1.1.13. If the generating polynomials  

( )∏
=

+ −=
m

k
kmm xxV

0
,1 )( πγ  

satisfy  

0
)(

)(lim 1
1

1 =−
+

+
∞→ zV

xV

m

m
m  

compactly in an open set ⊂ω C2 containing C×{0}, then 
)()()1/(lim zfzmm fm =+∞→  

compactly in forzDz ,),(:{ ωζ ∈∈ any }.1≤ζ  

 This result was first proved by Eiermann in [55] and in case of several complex variables 

in [38]. 

 Suppose we start with a sequence 

( ) ( )
mkmkm zz

≤≤≥
=Ν

0,0, )(σ  

of complex-valued functions in D , and let 

Dzzzzt
m

k

k
f

km
f

m ∈= ∑ ∑
= =

:)()({
0 0

)(
,

)(

ν

ν
νασ  and ,...}2,1,0=m  

be the ( )−Ν z transform of the sequence of the partial sums of f  around 0 . Consider the 

sequence of functions of two complex variables: 

∈= ∑∑
==

),(:)(),(
00

, zxzxzzxd
km

k
kmm

ν

ν

νσ C2 and  ,...}2,1,0=m , 

and define ( )Νω  to be an open subset of C2 into which this sequence converges compactly to 

( ) .1 1−− xz  
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 With these definitions we can state the following: 

Theorem 1.1.14. If ( )Νω ⊂C×{0}, then for any ∈f O( D ) the ( )−Ν z transform of the 

sequence of the partial sums of f  around 0  converges to ( )zf  compactly on  

( ) ),(),(:{:)(( Ν∈∈=Ν ωζω zDzzg for any }.1≤ζ  

 This Τheorem constitutes a generalized form of Okada Τheorem (see [55], [62], [37], 

[38], [19] and [51].  

 As a consequence, we can immediately prove Theorem 1.1.13. Indeed, if we choose the 

sequence ( )zΝ  in such a way to have ( ) ( )zxQzxd mm ,, =  for any m , then  

( ) ( ) )()1/(),(),()( zmmzxQTzxdTzt fmfmf
f

m +===  

and it is enough to show that the open set ⊂ω C2, into which the sequence 

,...}2,1,0:)()({ 1
11 =−
++ mzVxV mm  converges compactly to 0 , is contained in ( )Νω ⊂C2, the set 

into which the sequence ( ){ },...2,01:, =mzxQm  converges compactly to ( ) .1 1−− xz  Since  

,
)(

)(
1

1),(
1

1
1

1

1
−

+

+

−
=−

− zV
xV

xz
zxQ

xz m

m
m  

the assumption that 

0
)(

)(lim 1
1

1 =−
+

+
∞→ zV

xV

m

m
m  

compactly guarantees that 
1)1(),(lim −

∞→ −= xzzxQmm  

(and conversely). This proves Theorem 1.1.13. 
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 The Proof of Theorem 1.1.14 requires the following Lemma. 

Lemma 1.1.15. Let rD  be open disk centered at 0 and with radius r  and let .DDK r ⊂⊂⊂⊂  

Suppose the functions ( )zxdm ,  are continuous in the set  

( ) }.,:,{:][ 11 KzrxzxKbDr ∈==× −−  

If ∈f O( D ), then for all m  there holds 

( ) ≤−∈ ),()(sup zxdTzf mfKz Lf   ,),()1(sup 1
]{),( 1 ztdtz mKbDzt r

−− −
×∈ −  

where the constant Lf  depends only on f  and r , but is independent of m  and K . 

 Assuming the Lemma for a moment, let us prove Theorem 1.1.14. 

Proof of Theorem 1.1.14. Let ∈f O( D ). It is sufficient to show that for every ( )( )Ν∈ ωgzo  

there exists a closed disk ( )°°Δ pz ,  centered at °z and with radius °p such that 

),( °°Δ pz ))(( Ν⊂ ωg  

and 

)()),((lim zfzxdT mfm =∞→   uniformly on ),( °°Δ pz )).(( Ν⊂ ωg  

We must distinguish two cases: 

0≠°z and .0=°z  
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 Let .0≠°z  Since ))(( Ng ω  is open, one can find  a 0>°p  such that 

( )( ) .),( Ν⊂°°Δ ωgpz  By the definition of ))(( Ng ω , the compact set 

∈),{( zx C2: ),(,1 °°Δ∈≤ pzzx } 

is contained in the open set ( ).Νω  It follows that there is a 0>ε  with  

∈),{( zx C2: ),(,1 °°Δ∈≤ pzzx } ).(Ν⊂ ω  

Since ),( °°Δ pz ,))(( Dg ⊂Ν⊂ ω  there holds 

[ ] .0]},sup,1max[:{: >−=∈=′ °≤°− bDzDdist pzzεξξε  

By defining '1 ε−=r , we see that the Lemma 1.1.15 can be applied to the disk rD  and the 

compact set ),( °°Δ= pzK ; and thus the desired conclusion follows. 

 Let now .0=°z  Choose 0>r  so that the closed disk rD , with center 0 and radius r , 

is contained in D . By assumption, the compact set 

∈)0,{(x C2: }rx ≤  

is contained in the open set ).(Νω  Hence, 

∈),{( zx C2: }, τ≤≤ zrx  

for a suitably small chosen .0>τ  It is obvious that the Lemma 1.1.15 can be applied to the open 

disk rD  and the compact set ),0( °Δ= pK ,  where 

{ }rp ,min0 τ<< o  

and the Proof of Theorem 1.1.14  is complete. 
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Proof of Lemma 1.1.15. The Proof is a direct consequence of Cauchy’s Integral Formula. If 

∈f O ( D ), then, by Corollary 1.1.5, we have 

        ( )),()1()),(()( 1 zxdxzTzxdTzf mfmf −−=− −  

   
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−
−

−
−

= ∫∫
−−

−

11 ][

1

][

),(
2
1)1(

2
1

bD

m

bD
f ds

xs
zsd

i
ds

xs
sz

i
T

r
ππ

  

   ∫
−

⎥⎦
⎤

⎢⎣
⎡ −
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

= −

−

1][
1

1

),(
1

1
12

1

rbD
mf dszsd

szxs
sT

iπ
 

   ≤Lf* ( ) ),()1(supsup 1
][

11
][ 11 zsdszsfs mbDsbDs rr

−− −
∈

−−
∈ −−  

   ≤Lf* .),()1(sup 1
][ 1 zsdsz mbDs r

−− −
∈ −  

Consequently, 

( ) ≤−∈ ),()(sup zxdTzf mfKz Lf* ),()1(sup 1
][),( 1 zsdsz mKbDzs r

−− −
×∈ −  

which completes the Proof of the Lemma. 

Remark 1.1.16. In the Proof of Theorem 1.1.14, we have used the property that ))(( Νωg  is an 

open subset of D . To see this, we may proceed as follows: Since )(Νω ⊃ C×{0}, the set 

))(( Νωg  contains 0  and therefore it is not empty. Now, fix ))(( Ν∈° ωgz . Since )(Νω  is a 

not void open set in C2, for any D∈ζ  there are ( ) 0>ζε  and ( ) 0>ζδ  with )(),( Ν∈ωξ z  
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whenever )(ζεζξ <−  and )(ζδ<°− zz . The set D  being compact, we can choose 

DJ ∈ξξξ ,...,, 21  such that  

D ⊂ )).(,(
1
U

J

j
jj

=

Δ ξεξ  

By defining 

},...,2,1:)(min{: Jjs j == ξδ , 

we get ))((),( Ν⊂°Δ ωgsz , and hence we have proved that ))(( Νωg  is an open subset of .D  

1.2. Approximate Quadrature Formulas for Harmonic  
Functions 

1.2.1. Composed Padé-type Approximation 

We begin with the definition of composed Padé-type approximants to a harmonic 

function 21 uiuu +=  in the unit disk D . Without loss of generality, we shall always assume 

that ( ) .00 =u  

Suppose the restriction to the circle of radius 1<r  of each real-valued harmonic 

function ju has the Fourier representation  

( ) ⎟
⎠

⎞
⎜
⎝

⎛
= ∑

∞

=0

)(Re2
ν

νν
νσ

tijit
j erreu   ),2,1,,( =≤≤−= jtrez it ππ  

and define the linear functionals  

:
juT P(C)→C; ( ),2,1)( =jx j

ν
ν σa  

where P(C) is the vector space of all complex analytic polynomials. 
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Lemma 1.2.1. Each functional 
juT  extends to a linear continuous functional on the vector space 

O( )D of all functions analytic in an open neighborhood of D  Moreover, there holds 

( ) ( )( )11Re2 −−= xzTzu
juj     ).2,1,1( =< jz  

Proof. Each ju  is the real part of an analytic function, or jjj ffu +=  where jf is analytic in 

D . If 

∑
∞

=

=
0

)()(
ν

ν
να zzf f

j , 

then  

( ) .Re2)(Re2)(
0

)( ⎟
⎠

⎞
⎜
⎝

⎛
== ∑

∞

=ν

ν
να zzfzu j

jj  

 Of course, )()( jj
νν ασ =  for ≥ν 0. Application of Cauchy’s Integral Formula shows 

now that  

)(sup)(sup)2())(( 1
1 spsfxpT

rsjrsu j −==
−≤ π  

for every ( )∈xp P(C) and .1<r  By density, there is a continuous extension of 
juT into O( )D .In 

particular, for every fixed point Dz ∈ , the number ( )1)1( −− xzT
ju  is well defined and equals 

∑
∞

=0

)(

ν

ν
νσ zj . 

Hence, 

( )1)1(Re2Re2)( 1

0

)( −−=⎟
⎠

⎞
⎜
⎝

⎛
= −

∞

=
∑ xzTzzu

ju
j

j
ν

ν
νσ  

for any Dz ∈ . The Proof is complete. 
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 If the function ( ) 11 −− xz  is replaced by a polynomial ( )zxp j , , then ( )zu j  is 

approximated by )),((Re2 zxpT ju j
, and therefore the function ( )zu  is approximated by the 

expression  

( ) ( )),(Re2),(Re2 21 2
zxpTizxpT uu j

+ . 

This is an approximate quadrature formula and leads to a composed Padé-type approximant to the 

harmonic function ( )zu . 

 More precisely, suppose, for each ,2,1=j  

( )
mkm

j
km

j
≤≤≥

=Μ
0,0

)(
,

)( π  

is any infinite triangular interpolation matrix with .)(
, Dj
km ∈π  If ),()( zxQ j

m  denotes the unique 

Lagrange-Hermite polynomial of degree at most m  that interpolates ( ) 11 −− xz  in the ( )1+m  

nodes of the thm  row of )( jΜ  (i.e., ( ) ( ) 1)(
,

)(
,

)( 1, −
−= zzQ j

km
j
km

j
m ππ , for mk ,...,2,1,0= ), then 

Definition 1.2.2. The complex-valued function 

( ) ( )),(Re2),(Re2)()1/( )2()1(
21

zxQTizxQTzmm mumuu +=+  

is called a composed Padé-type approximant to ( )zu . The polynomials  

( )∏
=

+ −=
m

k
kmm xxV

0

)1(
,1

)1(
1 )( πγ  and ( )∏

=
+ −=

m

k
kmm xxV

0

)2(
,2

)2(
1 )( πγ   ( ∈21,γγ C { }0− ) 

are called the generating polynomials of this approximation. 
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Remark 1.2.3. If ( ) ,00 ≠u  then 

( ) ( ) ).0(),(Re2).(Re2)()1/( )2()1(
21

uzxQTizxQTzmm mumuu −=+  

Now, put 
[ ] [ ]( )zxzVxVTWzVzzV j

m
j

mu
j

m
j

m
mj

m j
−−== ++

−
+

+
+ /)()(:),(:)(* )(

1
)(
1

)(1)(
1

1)(
1  

and  
)(:)(* 1)()( −= zWzzW j

m
mj

m  

( 2,1=j ). It is readily seen that 

Theorem 1.2.4.(a). )()1/( zmm u+  is a complex-valued harmonic function in D , with 

coordinates the real parts of rational functions of type ( )1, +mm : 

.)(
)(*Re2)(*

)(*Re2)()1/( )2(
1

)2(

)1(
1

)1(

21
⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛=+

++ zV
zWTizV

zWTzmm
m

m
u

m

m
uu  

(b). The error of such an approximation equals 

 ( )zuzmm u −+ )()1/(  

.
1
)(

)(
1Re2

1
)(

)(
1Re2

)2(
1

1)2(
1

)1(
1

1)1(
1

21 ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

= +
−

+

+
−

+ xz
xVT

zV
i

xz
xVT

zV
m

u
m

m
u

m

 

Proof. It is well known that the general Hermite interpolation polynomial can be deduced from 

the Lagrange polynomial by continuity arguments when some points coincide. We can therefore 

assume that the points )(
,

)(
1,

)(
0, ,...,, j

mm
j

m
j

m πππ  are distinct and that ),()( zxQ j
m  is the Lagrange 

polynomial of degree at most m  which interpolates ( ) 11 −− xz  in the ( )1+m  distinct nodes of the 
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thm  row of ( )jΜ . We remind that the Lagrange polynomial of ( ) 11 −− xz  at 

)(
,

)(
1,

)(
0, ,....,, j

mm
j

m
j

mx πππ=  is given by  

[ ] [ ]
( )

.
1

1

)(

)()(
),(

0
)(

,)(
,

)(
1

)(
,

)(
1

)(
1)( ∑

=
+

++

−′
−−

=
m

k
j
kmj

km
j

m

j
km

j
m

j
mj

m zV

zxVxV
zxQ

ππ

π
 

By using the definition of ( ) ,j
mW  we obtain 

( )
( ) ( )

.1

)(

)(
1

1

)(

)(
),( )(

,
1

0 )(
,

)(
1

)(
,

)(
1

)(
,0 )(

,
)(
1

)(
,

)(
)(

j
km

m

k j
km

j
m

j
km

j
m

j
km

m

k j
km

j
m

j
km

j
mj

mu zV

W
z

zV

W
zxQT

j ππ

π
ππ

π
−′=

−′= −
=

+

−

=
+

∑∑  

This is the partial fraction decomposition of  

.)(
)(

1)(
1

1)(
1

−
+

−
−

zV
zWz j

m

j
m  

Hence 

( ) ,)(
)(*Re2)(

)(Re2),(Re2 )(
1

)(

1)(
1

1)(
1)( ⎟

⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛=

+
−

+

−
−

zV
zW

zV
zWzzxQT j

m

j
m

j
m

j
mj

mu j
 

which completes the Proof of (a). To prove(b) it suffices to observe that, for any Dz ∈ , we have 

( ) ( )1
)(
1

)(
)( )1(Re2)(*

)(*Re2)(),(Re2 −

+

−−⎟
⎠
⎞

⎜
⎝
⎛=− xzTzV

zWzuzxQT
jj uj

m

j
m

j
j

mu  

     = ( ) ( )⎟⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

−−−
−

+

−
+−

−
+

−
+

111
1)(

1

1)(
11

1

)(
1

1)(
1

)1()(
)(
)()(

)(
1Re2 xzTzxT

zV
zVz

zx
xVT

zV jjj uuj
m

j
m

j
m

uj
m

 

     = .
1
)(

)(
1Re2

)(
1

1)(
1

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+
−

+ xz
xVT

zV

j
m

uj
m

u
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 Let now  

( ) ( )⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
′=Α

+
)(

,
)(
1

)(
,

)(
),( )(

j
km

j
m

j
km

j
mmj

k
V

W

π

π
 

for any .mk ≤  From the Proof of (a) in the above Theorem, it follows that the Newton-Côtes 

approximate quadrature formula is  

( ) ( ) ( )[ ]...11),( 22)(
,

)(
,

0

),(1)(
,

0

),()( +++Α=−Α= ∑∑
=

−

=

zzzzxQT j
km

j
km

m

k

mj
k

j
km

m

k

mj
k

j
mu j

πππ , 

that is 

( ) ∑
∞

=

=
0

),()( ),(
ν

ν
ν zdzxQT mjj

mu j
with [ ] .)(

,
0

),(),( ν
ν π j

km

m

k

mj
k

mjd ∑
=

Α=  

This implies that for any 1<r , the Fourier series expansion of the restriction ( ) ( )tmm
ru1/ +  of 

)()1/( zmm u+  to the circle of radius r  is 

( ) ( ) timmtimm
u eridderiddtmm

r

νν

ν
νν

νν

ν
νν

−
∞

=

∞

=
∑∑ +++=+

0

),2(),1(

0

),2(),1()()1/(  

⎟
⎠

⎞
⎜
⎝

⎛
+⎟

⎠

⎞
⎜
⎝

⎛
= ∑∑

∞

=

∞

= 0

),2(

0

),1( Re2Re2
ν

νν
ν

ν

νν
ν

timtim erdierd      ).(, ππ ≤≤− t  

From the exactitude of the Newton-Cotes quadrature formula for polynomials of degree less than 

m , it follows that  

)(),( jmjd νν σ=   for any ( ).2,1,...,2,1,0 == jmν  

This property justifies the notation composed Padé-type approximant to ( ).zu  Summarizing, we 

have proved the following crucial property for the composed Padé-type approximation: 
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Theorem 1.2.5. The Fourier series expansion of the restriction )()1/( tmm
ru+  of 

)()1/( zmm u+  to any circle of radius 1<r  matches the Fourier series expansion of the 

restriction  ( )tur  of ( )zu  to that circle up to the −± thm order’s Fourier term. 

 Similarly, we obtain the following more general result: 

Theorem 1.2.6. If  

cj
km ≤)(

,π  for 2,1=j   and any ,,...,2,1,0 mk =  

with  1≥c , the composed Padé-type approximant  

)()1/( zmm u+  

to the harmonic complex-valued function ( ) ( ) ( )zuizuzu 21 +=  is a harmonic function in the 

open disk cD1  that is centered at 0  and has radius .1
c  This harmonic function has coordinates 

the real parts of two rational functions with denominators )(*)1(
1 zVm+  and )(*)2(

1 zVm+  

and whose numerators 

)(*)1( zWm  and )(*)2( zWm  

are determined by the condition that the Fourier series expansion of the restriction 

)()1/( tmm
ru+  of )()1/( zmm u+  to any circle of radius cr 1<  matches the Fourier series 

expansion of the restriction ( )tur  of ( )zu  to that circle up to the −± thm order’s Fourier term. 
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 Composed Padé-type approximation is a coordinate procedure. If, instead of a complex-

valued harmonic function ( )zu , we have to approximate in the Padé-type sense a real-valued 

harmonic function ( )zh  of D , then there is nothing to change. For emphasis and since in such a 

case the composed Padé-type approximants are exactly real parts of rational functions of type 

( )1, +mm , we note  

)()1/Re( zmm h+  

(instead of  )()1/( zmm u+ ), and we say that )()1/Re( zmm h+  is a Padé-type approximant to 

the real-valued harmonic function ( )zh . With this notation, we have  

( ) ( ) ( ) ( ) ( ) ( ) .1/Re1/Re1/
21

zmmizmmzmm uuu +++=+  

Remark 1.2.7. If 21 fiff +=  is an analytic function in the disk, with real and imaginary parts 

the harmonic real-valued functions 1f  and 2f  respectively, then one can show that any Padé-type 

approximant to f  in the classical sense is a composed Padé-type approximant of the form  

( ) ( ) ( ) ( ) .1/Re1/Re
21

zmmizmm ff +++  

(For a Proof see below Theorem 1.2.15.) 

 Let us now turn to Gaussian methods. It is well known that, in Gaussian approximate 
quadrature formulas, the interpolation points are chosen so that the quadrature formula is exact 

for polynomials of degree less than 22 +m . It is also well known that these interpolation points 

are the roots of orthogonal polynomials.  

 Let us consider the family of orthogonal polynomials 

,...}2,1,0:)({ )(
1 =+ mxq j

m  
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with respect to the functional 
juT , that is  

( ) 0)()(
1 =+ xqxT j

mu j

ν  for any ( ).2,1,...,2,1,0 == jmν  

The exact degree of each )()(
1 xq j

m+  is .1+m  The orthogonality relations are still satisfied if 

)()(
1 xq j

m+  is multiplied by a constant different from zero. Thus, )()(
1 xq j

m+ is defined apart a 

multiplying factor. In the sequel, we shall always assume that )()(
1 xq j

m+  is a monic polynomial. A 

necessary and sufficient condition that )()(
1 xq j

m+  exists uniquely is that the Hankel determinant 

( )
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

++

+

+

+

)(
2

)(
2

)(
1

)(

)(
2

)(
4

)(
3

)(
2

)(
1

)(
3

)(
2

)(
1

)()(
2

)(
1

)(
0

)(
0

)(
1 det

j
m

j
m

j
m

j
m

j
m

jjj

j
m

jjj

j
m

jjj

ju
m

jH

σσσσ

σσσσ
σσσσ
σσσσ

σ

L

MMMMM

L

L

L

 

is different from zero. In what follows, we suppose all these determinants are different from zero, 

that is ( ) 0)(
0

)(
1 ≠+

ju
m

jH σ  for any 0≠m . In that case the functional 
juT  is said to be definite and 

the orthogonal monic polynomials are given by 

( ) ,1

det

)( )(
0

)(
1

12

)(
12

)(
2

)(
1

)(

)(
2

)(
3

)(
2

)(
1

)(
1

)(
2

)(
1

)(
0

)(
1 ju

m

m

j
m

j
m

j
m

j
m

j
m

jjj

j
m

jjj

j
m jH

xxxxq
σ

σσσσ

σσσσ
σσσσ

+

+
+++

+

+

+

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

= L

L

MMMMM

L

L

  ,...2,1,0=m  

 Let us choose the infinite triangular interpolation matrix  

( )
mkm

j
km

j
≤≤≥

=Μ
0,0

)(
,

)( π  
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in such a manner that for any m  the points )(
,

)(
1,

)(
0. ,...,, j

mm
j

m
j

m πππ  are the roots of  ).()(
1 xq j

m+  We can 

of course consider the Padé-type approximation to ( )zu j  with generating polynomial  

( )∏
=

+ −=
m

k

j
km

j
m xxq

0

)(
,

)(
1 )( π . 

Setting 

   ⎟
⎠
⎞

⎜
⎝
⎛

−
−== ++−

+
+

+ ][
)]()([:)(),(:)(*

)(
1

)(
1)(1)(

1
1)(

1 zx
zqxqTzwxqxxq

j
m

j
m

u
j

m
j

m
mj

m j
, 

and 

   ( ),:)(* 1)()( −= zwzzw j
m

mj
m   

we are convinced that the function  

( )),(Re2)(*
)(*Re2 )(

)(
1

)(

zxQTzq
zw j

muj
m

j
m

j
=⎟

⎠
⎞

⎜
⎝
⎛

+

 

is a Padé-type approximant to ( )zu j . This approximant has the following strong property: 

Theorem 1.2.8. Assume that all the roots )(
,
j
kmπ  of )()(

1 xq j
m+  are such that  

cj
km ≤)(

,π  for any ,,...,2,1,0 mk =  

with 1≥c . If the Fourier series representation of ( ))(*)(*Re2 )(
1

)( θθ ij
m

ij
m reqrew +  is 

⎟
⎠

⎞
⎜
⎝

⎛∑
∞

=0

),(Re2
ν

νθν
ν

imj erd   )10,(
c

r <≤≤≤− πθπ , 

then there holds  

)(),( jmjd νν σ=  

for any .12,...,2,1,0 += mν  
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Proof. Let  

( ) ( ) ( )⎥⎦
⎤

⎢⎣
⎡ ′

= +
)(

,
)(
1

)(
,

)(),( j
km

j
m

j
km

j
m

mj
k qwB ππ  

for any .mk ≤  From the Proof of Theorem 1.2.4.(a), it follows that  

( ) ,),(
0

),()( ν

ν
ν zdzxQT mjj

mu j ∑
∞

=

=  

with 

.][
0

)(
,

),(),( ν
ν π∑

=

=
m

k

j
km

mj
k

mj Bd  

This implies that, for any 
c

r 1
< , the Fourier series expansion of the restriction  

)()1/Re( )( tmm
rju+  

of Re(m/m+1)u(z) to the circle of radius r  is  

)()1/Re( )( tmm
rju+ = ⎟

⎠

⎞
⎜
⎝

⎛∑
∞

=0

),(Re2
ν

νν
ν

timj erd . 

From the exactitude of the Gauss quadrature formula for polynomials of degree less than or equal 

to 12 +m , it follows that  

)(),( jmjd νν σ=  

for any .12,...,2,1,0 += mν  
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Corollary 1.2.9. Assume that, whenever ,2,1=j  all the roots )(
,
j
kmπ  of )()(

1 xq j
m+   are such that  

cj
km ≤)(

,π  for any   mk ,...,2,1,0=  

and some constant 1≥c . The Fourier series expansion of the restriction )()1/( tmm
ru+  of 

)()1/( zmm u+  to any circle of radius 
c

r 1
<  matches the Fourier series expansion of the 

restriction ( )tur  of ( )zu  to that circle up to the ( )thm 12 +±  Fourier term. 

 Motivated by these exactitude results, we give the second basic Definition of this 

Paragraph.  

Definition 1.2.10. The function  

( ) ( )),(Re2)(*)(*Re2 )()(
1

)( zxQTzqzw j
mu

j
m

j
m j

=+  

is called a Padé approximant to the harmonic real-valued function ( )zu j . It will be denoted by  

)(]1/Re[ zmm
ju+ . 

The function  

)(]1/Re[)(]1/Re[
21

zmmizmm uu +++  

is called a composed Padé approximant to the harmonic complex-valued function 

( ) ( ) ( )zuizuzu 21 += . It will be denoted by  

[ ] ( ).1/ zmm u+  
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 We have the following result characterizing Padé approximation to harmonic real-valued 
functions: 

Theorem 1.2.11.([42])  (a). If 

( ) 0)(
0

)(
1 ≠+

ju
m cH j , 

the Padé approximant )(]1/Re[ zmm
ju+  to the harmonic real-valued function ( )zu j  is 

uniquely determined, in the sense that there is no other real part of complex rational function 

with the property described in Theorem 1.2.8. 

(b). If all the roots )(
,
j
kmπ  of  )()(

1 xq j
m+  are such that  

cj
km ≤)(

,π  for any mk ≤ , 

with 1≥c , then the error of the Padé approximation to ( )zu j  )1( <z  is given by  

)()(]1/Re[ zuzmm ju j
−+  

( )
( )

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
=⎥

⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

= +

+

+
+

+

+

+

1
)(

)(*
Re2

1
)(

)(*
Re2

2)(
1

2)(
1

22)(
1

1

)(
1

22

xz
xqT

zq
z

xz
xqxT

zq
z j

m
uj

m

mj
m

m

uj
m

m

jj
. 

 Of course, this Theorem generalizes immediately to the context of composed Padé 

approximation. 
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 Let us finally turn to the construction of Padé or Padé -type approximants to ( )zu j  as real 

parts of rational functions with arbitrary degrees in the numerator and denominator. For any 

1≥n , ( )zu j  is rewritten as  

⎟
⎠

⎞
⎜
⎝

⎛
+=⎟

⎠

⎞
⎜
⎝

⎛
+= ∑ ∑∑

−

=

∞

=
+

−

=

1

0 0

)()(
1

0

)()( Re2)(Re2)(
n

j
n

nj
n

n
j

nj
j zzzzuzzzu

ν ν

ν
ν

ν
ν

ν

ν
ν σσσ . 

If ),()( zxQ j
m  is the interpolation polynomial of 1)1( −− xz  at the ( )1+m  zeroes 

)(
,

)(
1,

)(
0, ,...,, j

mm
j

m
j

m πππ  of the polynomial )()(
1 xq j

m+  (respectively, of the generating 

polynomial )()(
1 xV j

m+ ), the function  

( )⎟
⎠

⎞
⎜
⎝

⎛
+∑

−

=

1

0

)()( ),(Re2 )(

n
j

mu
nj zxQTzz n

j
ν

ν
νσ  

is the real part of a rational fraction of type ( )1, ++ mnm . If cj
km ≤)(

,π for any mk ≤ , with 

1≥c , and if z  is replaced by 

,1, ⎟
⎠
⎞

⎜
⎝
⎛ <

c
rreiθ  

then the Fourier series expansion of this function, with respect to the variable ],[ ππθ −∈ , 

matches the Fourier representation of ( )θij reu up to the ( )thnm 12 ++±  Fourier term 

(respectively, up to the ( )thnm +± Fourier term). This function is said to be a Padé approximant 

to ( )zu  of higher order and it is denoted by  

)(]1/Re[ zmnm
ju++ . 



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

81 

 

(Respectively, this function is said to be a Padé-type approximant to ( )zu  of higher order and it 

is denoted by 

)()1/Re( zmnm
ju++ ). 

The function  

)(]1/Re[)(]1/Re[
21

zmnmizmnm uu +++++  

is called a composed Padé approximant to ( ) ( ) ( )zuizuzu 21 +=  of higher order and is denoted 

by  

[ ] ( ).1/ zmnm u++  

Similarly, the function 

)()1/Re()()1/Re(
21

zmnmizmnm uu +++++ , 

is a composed Padé -type approximant to ( ) ( ) ( )zuizuzu 21 +=  of higher order and is simply 

denoted by  

( ) ( ).1/ zmnm u++  

1.2.2 Convergence Results 

 In studying Padé-type approximation to analytic functions in the disk, one problem of 
considerable interest were that of describing the suitable choice of the generating polynomials in 
order to establish the convergence of the corresponding sequence of Padé-type approximants. The 
purpose of this Paragraph is to study the same question about Padé-type approximants to 
harmonic functions. The techniques used are similar to those proposed by Eiermann in [55]. 
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 First, suppose u is a harmonic real-valued function in the open unit disk with ( ) .00 =u  

(Otherwise, we consider the difference ( ).0uuU −= ) Then ( )zu  can be written as  

⎟
⎠

⎞
⎜
⎝

⎛
= ∑

∞

=0
Re2)(

ν

ν
νσ zzu    )1( <z . 

As we have seen, if   uT : P(C)→C is the linear functional defined by νν σ=)(xTu  (ν =0,1,2,...) 

then the function ( )zu  can be rewritten in the form  

( )1)1(Re2)( −−= xzTzu u    )1( <z . 

 Given now an infinite triangular interpolation matrix  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

with complex entries 1, ≤kmπ , for any ∈z C },...,1,0:{ 1
, mkkm =− −π  let ( )zxQm ,  denotes the 

unique polynomial of degree at most m  which interpolates 1)1( −− xz  in the ( )1+m  nodes of the 
thm row of Μ . If some of the nodes km,π  coincide, the interpolation has to be understood in the 

Hermite sense. It is obvious that each polynomial ( )zxQm ,  can be expressed in the form  

ν

ν

νβ zxzzxQ
km

k
kmm ∑∑

==

=
00

, )(),( , 

where )(, zkmβ  are complex-valued functions in ∈z C }.,...,1,0:{ 1
, mkkm =− −π  Thus, if  

( )
mkmkm zz

≤≤≥
=Ν

0,0, )()( β  

then the summability method to the function 

⎟
⎠

⎞
⎜
⎝

⎛
= ∑

∞

=0
Re2)(

ν

ν
νσ zzu  
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induced by )(zΝ  is a sequence of Padé-type approximants to ( )zu : 

( ) :)(Re2),(Re2)()1/{Re(
0 0

, ⎟
⎠

⎞
⎜
⎝

⎛
==+ ∑ ∑

= =

m

k

k

kmmuu zzzxQTzmm
ν

ν
νσβ  

∈z C ,...}2,1,0},:{ 1
, =≤− − mmkkmπ . 

 With this notation, the convergence behaviour of the sequence  

( ) ( ) ( ){ },...2,1,0:1/Re =+− mzmmzu u  

depends on the convergence of the sequence  

∑ ∑
= =

− =−−
m

k

k

km mzxzxz
0 0

,
1 :,...}2,1,0:)()1{(

ν

ννβ  

the generalized version of Okada’s Theorem as given by Eiermann in [55] implies that if C×{0} 

is contained into an open set ⊂Ν)(ω  C2 into which the sequence  

,...}2,1,0:)({
0 0

, =∑ ∑
= =

mzxz
m

k

k

km
ν

ννβ  

converges compactly to 1)1( −− xz , then  

)()()1/Re(lim zuzmm um =+∞→  

compactly on  

( ) }.1),(),(:{)( ≤Ν∈∈=Ν ζωζω zDzg  

Since  

),,()1()()1( 1

00
,

1 zxQxzzxzxz m

km

k
km −−=−− −

==

− ∑∑
ν

ννβ  

and since the interpolation polynomial of 1)1( −− xz  satisfies 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−= −

+

+−

)(
)(1)1(),( 1

1

11

zV
xVxzzxQ

m

m
m   ([23]), 

we have proved the 
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Theorem 1.2.12. If the generating polynomials 

∏
=

+ −=
m

k
kmm xxV

0
,1 )()( πγ  

satisfy  

0
)(

)(lim 1
1

1 =−
+

+
∞↔ zV

xV

m

m
m  

compactly in an open set ⊂ω C2 containing C×{0}, then there holds 

)()()1/Re(lim zuzmm um =+∞→  

compactly in }1,),(:{ ≤∈∈ ζωζ zDz , for any ( )zu  harmonic real-valued function in the 

disk.  

 Just as we did for the Proof of Theorem 1.2.12, we can verify the following convergence 

result for a sequence of composed Padé-type approximants. 

Theorem 1.2.13. Let ( )zu  be a harmonic complex-valued function in the open unit disk D . If the 

generating polynomials  

( )∏
=

+ −=
m

k
kmm xxV

0

)1(
,1

)1(
1 )( πγ  and ( )∏

=
+ −=

m

k
kmm xxV

0

)2(
,2

)2(
1 )( πγ  

satisfy 

0
)(

)(lim
)(

)(lim 1)2(
1

)2(
1

1)1(
1

)1(
1 == −

+

+
∞→−

+

+
∞→ zV

xV
zV
xV

m

m
m

m

m
m  

compactly into an open subset ω  of C2 containing C×{0}, then  

)()()1/Re(lim zuzmm um =+∞→  

compactly in }.1,),(:{ ≤∈∈ ζωζ zDz  
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 Let us mention three direct and interesting applications of Theorem 1.2.13. 

Corollary 1.2.14. Let ( )zu  be a harmonic complex-valued function of  D .  

(a). If the generating polynomials are 

1)1(
1 )()( +

+ −= m
m xxV α   and  1)2(

1 )()( +
+ −= m

m xxV β    ( ∈βα , C, ,...2,1,0=m ), 

then the corresponding sequence ( ) ( ){ },...2,1,0:1/ =+ mzmm u  of composed Padé-type 

approximants to u  converges to ( )zu  compactly in the open set 

αξα ξ −>−∈=Ω <
−

1
1 sup:{ zDz  and }.sup 1

1 βξβ ξ −>− <
−z  

(b). If the generating polynomials are 

( )∏
=

+ −=
m

k
km xxV

0

)1()1(
1 )( π  and ( )∏

=
+ −=

m

k
km xxV

0

)2()2(
1 )( π   

( ,...2,1,0=m ), where each sequence ,...}2,1,0:{ )( =kj
kπ  has ( )jN  limit points 

)(
1

)(
1

)(
0 )(,...,, j

N
jj

jLLL
−

 approached cyclically (i.e. )()(
,lim j

k
j

kNnn L=+∞→ π ), then the corresponding 

sequence ( ) ( ){ },...2,1,0:1/ =+ mzmm u  of composed Padé-type approximants to u  converges 

to ( )zu  compactly on 

( ) ( )},:{ )2()1(1
21 U ppzDz ΘΘ∉∈=Λ −  

where )( j
p j

Θ  is the lemniscate with focci )(
1

)(
1

)(
0 )(,...,, j

N
jj

jLLL
−

 and radius 
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( ) .sup
1

0

)(
1

)(

∏
−

=
≤ −=

jN

k

j
kj Lp ξξ  

(c). If the generating polynomials )()(
1 xV j

m+  are the Tchebycheff polynomials 

∏
=

++ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥⎦
⎤

⎢⎣
⎡

+
+

−==
m

k
mm m

kxxVxV
0

)2(
1

)1(
1 12

12cos)()( π    ( ),...2,1,0=m , 

then the corresponding sequence ( ) ( ){ },...2,1,0:1/ =+ mzmm u   of composed Padé-type 

approximants to u  converges to ( )zu  compactly into the open set 

  ( )}.11sup11:{ 1
11 −++>−++∈=Λ ≤
−− ξξξzzDz  

1.2.3. Connection with the Classical Theory 

 To confirm the coherence of our theory on Padé-type approximation to Fourier series, we 

are indented to explain its consistency with the classical one about Padé-type approximation to 

analytic functions. The aim of this Paragraph is to certify this coherence, by showing that 

classical Padé-type approximants are a special case of composed Padé-type approximants: if 

21 fiff +=  is any analytic function in the disk, with respective real and imaginary parts the 

harmonic real-valued functions 1f  and 2f , then every Padé-type approximant ( ) fmm 1/ +  to 

f  is a composed Padé-type approximant to f  of the form  

( ) ( ) .1/Re1/Re
21 ff mmimm +++  
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 Suppose 21 fiff +=  is analytic in the open disk: 

ν

ν
να zzf f∑

∞

=

=
0

)()(    )1( <z . 

Assume that 0)0( )(
0 == ff α . Otherwise, we may consider the difference ( ).0ff −  If we 

restrict f  to any circle of fixed radius ,1<r  we obtain a continuous function on that circle 

which can also be interpreted as a function on the unit circle: 

( ) ( ).ti
r erftf =  

Now, observe that 

tif
r ertf ν

ν

ν
να∑

∞

=

=
0

)()(  

This in particular means that the thν  Fourier coefficient of rf  is ν
να rf )(  for 0≥ν , and is zero 

for .0<ν  

 On the other hand, the function f  being harmonic, the restriction of each part jf  to the 

circle of radius r  has a Fourier representation: 

[ ] ( ) ⎟
⎠

⎞
⎜
⎝

⎛
== ∑

∞

=0

)(Re2)(
ν

νν
ν

tifit
jrj ercreftf  ( ).2,1=j  

Hence 

⎟
⎠

⎞
⎜
⎝

⎛
+⎟

⎠

⎞
⎜
⎝

⎛
= ∑∑ ∑

∞

=

∞

=

∞

= 0

)(

0 0

)()( 21 Re2Re2
ν

νν
ν

ν ν

νν
ν

νν
να

tiftiftif erciercer  

   ( ) ( ) tifftiff ericcericc νν

ν
νν

νν

ν
νν

−
∞

=

∞

=
∑∑ −++=

0

)()(

0

)()( 2121 , 

or, after a change of variables, 

( ) ( ) ν

ν
νν

ν

ν ν
νν

ν
να ziccziccz fffff ∑∑ ∑

∞

=

∞

=

∞

=

−++=
0

)()(

0 0

)()()( 2121         ).( Dz ∈  
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From the analyticity of f , we get  

)()()( 21 fff icc νννα +=    and   )()( 21 ff icc νν =  

for any .0≥ν  (Or, if one wishes, one may deduce these equations directly from Cauchy’s 

Integral Formula 

dt
e

tf
r

df
i ti

r

r

f ∫∫
−=

+ ==
π

π
νν

ζ
νν π

ζ
ζ
ζ

π
α )(1

2
1)(

2
1

1
)( , 

and, from the fact that 

[ ]
.

)(1
2
1)( dt

e
tf

r
c ti

jf j ∫
−

=
π

π
ννν π

 

Indeed, it is immediately seen that 

[ ] [ ] )()(21)( 21
)(

2
1)(

2
1)(

2
1 ff

ti
r

ti
r

ti
rf iccdt

e
tf

r
idt

e
tf

r
dt

e
tf

r νν

π

π
νν

π

π
νν

π

π
ννν πππ

α +=+== ∫∫∫
−−−

 

and consequently,  

0)()( 21 =− ff icc νν ,for any .0≥ν ) 

 Define now the linear functionals 

  :fT P(C)→C: ,:)( )( f
f xTx ν

νν α=a  

  
1f

T :P(C)→C: ,:)( )( 1

1

f
f cxTx ν

νν =a  

and 

  
2fT :P(C)→C: .:)( )( 2

2

f
f cxTx ν

νν =a  
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It is well known that these functionals extend continuously and linearly to the common larger 

vector space O( D ) (see Lemma 1.2.1). Further, since  

)()()( 21 fff icc νννα +=   and  )()( 21 ff icc νν =  

for any ≥ν 0, we also have 

  ( ) ( ) )()()()()()()( 212121 Re2Re2 fffffff ciciccicc νννννννα +=−++=  

and therefore 

  ( ) ( ) )(Re2Re2
21

ννν xTixTxT fff +=  for all   ≥ν 0. 

By linearity and density, we obtain 

  )(Re2)(Re2)(
21

gTigTgT fff +=  for any ∈g O( D ). 

In particular, for any fixed ,Dz ∈  it holds 

  ⎟
⎠
⎞

⎜
⎝
⎛
−

+⎟
⎠
⎞

⎜
⎝
⎛
−

=⎟
⎠
⎞

⎜
⎝
⎛
− xz

Ti
xz

T
xz

T fff 1
1Re2

1
1Re2

1
1

21
 

(where 
21

,, fff TTT  act on the variable x , while z is regarded as a parameter). 

 Choosing 

( )
mkmkm ≤≤≥

=Μ=Μ=Μ
0,0,

)2()1( π , 

with ∈km,π C, and letting, for any ≥m 0 and }:{ 1
, mkDz km ≤−∈ −π , ( )zxQm ,  be the unique 

polynomial which interpolates ( ) 11 −− xz  at mmmmx ,1,0, ,...,, πππ=  it is clear that 

( ) ( ) ( )),(Re2),(Re2),(
21

zxQTizxQTzxQT mfmfmf +=  

and hence we have proved the 

 

Theorem 1.2.15. ([44]) Every Padé-type approximant to a function analytic in the unit disk is a 

composed Padé-type approximant to this function.  
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1.2.4. Numerical Examples 

Example 1.2.16. Let D  be the open unit disk of C and let →Df : R be the harmonic function  

.Re)( zzf =  

 We will consider several different cases: 

(a). Choose 3=m  and .03,32,31,30,3 ==== ππππ  Then  

).(Re1
2

1
Re2)()4/3Re(

4

3
zfz

z

zzf ==
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
=  

(b). Choose m=3 and .
4
1

3,32,31,30,3 ==== ππππ  Then 

( ) ( ) .
2562563216

12812816Re24/3Re 234

23

+−+−
+−

=
zzzz
zzzzf  

Thus, 

(c). Choose 3=m  and .
4
1,

3
1,

2
1,1 3,32,31,30,3 −=−=−=−= ππππ  Then, 

( ) ( )
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

++++

++
⋅=

432

32

24
1

24
10

24
35

24
501

48
35

48
50

48
24

Re243Re
zzzz

zzz
zf  . 

Thus, 

 

(d). Choose  3=m   and 

      

z ( ) ( )zf43Re  ( ) zzf Re=  

0      0.0000000 0 

2
1  

0.4888747 0.5 

2
1

2
1 i+  

0.5463334 0.5 

4
3i−  

0.0132866 0 
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⎟
⎠
⎞

⎜
⎝
⎛ +

= ππ
7

12cos,3
k

k : cos
7

cos0,3 ==
ππ (25.714285o)=0.9009688, 

            cos
7

3cos1,3 =⎟
⎠
⎞

⎜
⎝
⎛=
ππ (77.142857o)=0.2225209, 

             cos
7

5cos2,3 =⎟
⎠
⎞

⎜
⎝
⎛=
ππ (128.57142o) −= 0.6234898, 

             cos
7

7cos3,3 =⎟
⎠
⎞

⎜
⎝
⎛=
ππ (180o) −= 1. 

Then, 

( ) ( ) ⎥
⎦

⎤
⎢
⎣

⎡
+−−+

−+
= 432

32

3848
424Re24/3Re

zzzz
zzzzf  . 

Thus, 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

z ( ) ( )zf43Re  ( ) zzf Re=  

0       0.0000000 0 

2
1  

0.4888888 0.5 

2
1

2
1

⋅+ i  
0.5305536 0.5 

4
3
⋅− i  

-0.0094428 0 
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Example 1.2.17. Let D  be the open unit planar disk and let R→Df :  be the harmonic 

function  

( ) zzf Im= . 

 As in the Example 1.2.16, we will consider several and different cases: 

(a). Choosing 3=m  and ,03,32,31,30,3 ==== ππππ  we have 

( ) ( ) ( ) ( )zfzzi

z

z
i

zf ==−=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −

⋅= ImRe1
2Re243Re

4

3
 . 

(b). If we choose 3=m  and ,
4
1

3,32,31,30,3 ==== ππππ  then 

( ) ( ) ⎥
⎦

⎤
⎢
⎣

⎡
+−+−

−+−
⋅=

2562563216
12812816Re243Re 234

23

zzzz
zizizizf  

and  

 

 

 

z  ( ) ( )zf43Re  ( ) zzf Re=  

0           0.000         0.0 

2
1

 
0.520 0.5 

2
1

2
1 i+  

0.406 0.5 

4
3i−  

0.150         0.0 

2
1

5
4 i−  

0.280 0.8 
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( ) ( ) ⎥
⎦

⎤
⎢
⎣

⎡
+−+−

−+−
⋅=

2562563216
12812816Re243Re 234

23

zzzz
zizizizf  

and  

 

 

 

 

 

 

 

 

 

(c). If 3=m  and ,
4
1,

3
1,

2
1,1 3,32,31,30,3 −=−=−=−= ππππ  then 

( ) ( )
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

++++

−−−
⋅=

432

32

24
1

24
10

24
35

24
501

48
35

48
50

48
24

Re243Re
zzzz

zizizi
zf  

and 

z  ( ) ( )z43Re f  ( ) zzf Re=  

0        0.000000        0.00 

2
1

 
       0.0000000        0.00 

2
1

2
1 i+  

0.4859469        0.50 

4
3i−  

-0.7596724       -0.75 
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(d). If  3=m  and 

       cos,3 =kπ ⎟
⎠
⎞

⎜
⎝
⎛ + π

7
12k

:
7

cos0,3
ππ = =0.9009688, 

      ==
7

3cos1,3
ππ 0.2225209, 

      −==
7

5cos2,3
ππ 0.6234898, 

,1cos3,3 −== ππ  

then 

( ) ( ) ,
3848
424Re24/3Re 432

32

⎥
⎦

⎤
⎢
⎣

⎡
+−−+

−+
=

zzzz
zzzzf  

and 

z  ( ) ( )zf43Re  ( )zf  

0        0.000000        0.00 

2
1

        0.0000000         0.00 

2
1

2
1 i+         0.5432119         0.50 

4
3i−        -0.7112400        -0.75 
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Example 1.2.18. Let f  and g  be the two real-valued harmonic functions 

( )
z

xfzDf
−

=→
1

1Re;: aR  and ( )
z

zgzDg
−

=→
1

1Im;: aR  

{ }( )1: <∈= zzD C . 

(a). For 5=m  and ,05,54,53,52,51,50,5 ====== ππππππ  we have 

( ) ( ) ( ) ( )54325432 1Re12
2
1Re265Re zzzzzzzzzzf ++++=−+++++=  

and 

( ) ( ) ( ) ( ) ( ) ( )[ ]54325432 Re
2

Re265Re zzzzzizzzzzizg ++++−=⎥⎦
⎤

⎢⎣
⎡ ++++
−

=  

Indicatively, we can state the following numerical results: 

 

z  ( ) ( )zf43Re  ( )zf  

0        0.0000000        0.00 

2
1

        0.0000000        0.00 

2
1

2
1 i+  0.4965407        0.50 

4
3i−  -0.7111234 0.75 
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z   ( )zf  ( ) ( )zf65Re  ( )zg  ( ) ( )zg65Re  

0       1.0000000      1.0000000     0.0000000     0.0000000 

5
i

 
 0.9615384 0.9573333     0.1923076     0.1872000 

5
3

3
ii

−  
 0.8287292 0.750209    -0.7458563    -0.6596859 

8
1

 
 1.1428571 1.1440298     0.0000000     0.0000000 

(b). For 4=m  and ,
81
1,

27
1,

9
1,

3
1,1 4,43,42,41,40,4 −=−=−=−=−= πππππ we have 

( ) ( ) 1
1203630326708820959049

118098235467212598187188183798Re54Re 5432

234

−
+++++

++++
=

zzzzz
zzzzzf , 

( ) ( ) ( )5432

234

1203630326708820959049
59049147258179928183798Re54Re

zzzzzi
zzzzzg +++++

+++
=  

and 

z   ( )zf  ( ) ( )zf54Re  ( )zg  ( ) ( )zg54Re  

0         1.0000000     1.0000000      0.0000000      0.0000000 

5
3

3
ii

−  
        0.8287292 0.6467485 -0.7458563 -0.9878018 

2
i

 
        0.8000000 0.7814009      -0.4000000 0.3255728 

6
1

 
      1.2000000 1.1996231        0.0000000      0.0000000 
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(c). If 3=m  and ,1,0 3,32,31,30,3 ==== ππππ  then 

( ) ( ) 1
1
2Re43Re −
−
−

=
z
zzf    and   ( ) ( )

izi
zzg −

= Re43Re  . 

The efficacy of these approximations becomes apparent in the next table: 

 

z   ( )zf  ( ) ( )zf43Re  ( )zg  ( ) ( )zg43Re  

0       1.0000000      1.0000000      0.0000000     0.0000000 

5
3

3
ii

−  
      0.8287292      0.8287292     -0.7458563 -0.5469613 

i
5
4  

      0.6097560      0.6097560      0.4878048      0.4878048 

7
1  

      1.1666666      1.1666666      0.0000000      0.0000000 

 

Example 1.2.19. We will now approximate in the Padé-type sense the real-valued function 

( ) zzf −= 1log      ( )Dz ∈ . 

(a). If 5=m  and ,05,54,53,52,51,50,5 ====== ππππππ  then 

( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++++−=

5432
Re65Re

5432 zzzzzzf  

and 
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(b). For 3=m  and ,1,0 3,32,31,30,3 ==== ππππ  we have 

( ) ( )
z

zzzzf −
−+

=
1

63Re
6
143Re

23

. 

Indicatively, one has 
 

z ( ) zzf −= 1log  ( ) ( )zf65Re  

0        0.0000000      0.0000000 

2
i  -0.6931471 -0.6272916 

6
5

−  
       0.6061358 0.5777392 

4
3i−         0.2231435 0.2021484 

2
1

5
4 i−  -0.6189371 

 
-0.7032277 

z ( )zf  ( ) ( )zf54Re  

0      0.0000000      0.0000000 

4
1

     -0.287682     -0.2881944 

6
5

−  
0.6061358 0.6123737 

7
2i  0.0784716 0.0387626 

2
1

2
ii

+  -0.3465735 -0.3333333 

2
1

5
4 i−  -0.6189371 

 
     -0.494885 
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Example 1.2.20. Let f  be the real-valued harmonic function  

( ) .
1
1log;:

z
zzfzDf

−
+

=→ aR  

D  is always the open unit planar disk. 

(a). For 6=m  and ,06,65,64,63,62,61,60,6 ======= πππππππ  it holds 

( ) ( ) ( )zzz
z

zzzz
zf 1553Re

15
235

Re276Re 35
7

5
31

1

++=

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++

= −

−
−−

−

 . 

Thus 
  

z ( ) z
zzf −

+= 1
1log ( ) ( )zf76Re  

0        0.0000000     0.000000

7
1         0.2876820      0.2876816 

2
3i  

       0.0000000      0.0000000 

2
3i−  

       0.0000000      0.0000000 

7
6  2.5649494 2.1076896 

7
6

−  -2.5649494 -2.1076896 

5
3

3
1 i−  0.4886851 0.4860707 

2
1

5
4 i−  1.243888 

 
1.2604053 
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(b). For 3=m  and ( ),3,2,1,0
7

12cos,3 =⎟
⎠
⎞

⎜
⎝
⎛ +

= kk
k ππ  we have 

( ) ( )
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+−−+

−+
= 432

32

125.0375.05.01
3
25.0

Re243Re
zzzz

zzz
zf  . 

In the following table, we have collected some trivial cases: 
 

 

1.3. Padé and Padé-Type Approximation to Lp-  

Functions 
1.3.1. Preliminaries 

 In this Paragraph, we put the preparatory material which we shall need in the sequel. 

Since the text is expository the proofs will be omitted; they can be found in the literature. 

z ( ) z
zzf −

+= 1
1log ( ) ( )z43Re f  

0         0.0000000      0.0000000 

2
1

 1.0986123 1.1273712 

5
i

 
        0.0000000 -0.0371954 

2
1

2
1 i+  0.8047189 0.7328022 

9
4

8
1 i+  0.2090678 0.2146718 
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The original Dirichlet Problem was the following one: given a real-valued continuous 

function f on the unit circle C , find a continuous function on the closed disk D  which agrees 

with f on the circle and which is harmonic in the open disk D . This Problem is completely 

solved by the Poisson Integral Formula: if rP  is the real-valued function whose Fourier 

coefficients are νr , i.e.  

2

2

cos21
1

1
1Re)(

rr
r

re
reerP i

i
i

r +−
−

=⎥
⎦

⎤
⎢
⎣

⎡
−
+

== ∑
∞

∞− θ
θ θ

θ
νθν  

),,10( πθπ ≤≤−<≤ r  then the family  

}10:{ <≤ rPr  

is called the Poisson kernel of the unit disk and any harmonic function u  in the open disk has the 

following integral representation 

( ) dttPtuureu rr
i )()(

2
1)( −== ∫

−

θ
π

θ
π

π

θ    ).,10( πθπ ≤≤−<≤ r  

Theorem 1.3.1. Let u  be a complex-valued function in pL  of the unit circle, where ∞<≤ p1 . 

Define u  in the unit disk by 

( ) dttPtureu r
i )()(

2
1

−= ∫
−

θ
π

π

π

θ . 

Then the extended function u is harmonic in the open unit disk, and, as 1→r , the functions 

( )θθ i
r reuu =)(  converge to u  in the −pL norm. If u  is continuous on the unit circle, the ru  

converge uniformly to u ; thus, the extended u  is continuous on the closed disk, harmonic in the 

interior. 
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Theorem 1.3.2. Let μ  be a finite complex Baire measure on the unit circle and let 

( ) ).()( tdtPreu r
i μθ

π

π

θ −= ∫
−

 

Then u is harmonic in the open disk and the measures 

θθ
π

μ dud rr )(
2
1

=  

converge to μ  in the weak-star topology on measures.  

 In all the above cases, it would seem convenient to say that the harmonic function 

( )θireu is the Poisson integral of the corresponding function or measure on the unit circle. This 

will save us some words as we proceed to reverse the process. We will now ask: given a harmonic 

function in the disk, how do we ascertain if it is the Poisson integral of some type of function or 

measure on the unit circle? If u  is harmonic, then  

( ) νθν
ν

θ ii ercreu ∑
∞

∞−

=  

so the question is actually: when is ,...}2,1,0:{ ±±=ννc  the sequence of Fourier coefficients of 

some type of function or measure? We have the following 

Theorem 1.3.3. Let u  be a complex-valued harmonic function in the open unit disk. Write  

( ).)( θθ i
r reuu = . 

(a). u  is the Poisson integral of an −1L function on the unit circle if and only if the ru  converge 

in the L1-norm. 

(b). If ∞≤< p1 , then u  is the Poisson integral of an −pL function on the unit circle if and 

only if the functions ru  are bounded in −pL norm. 
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(c). u  is the Poisson integral of a continuous function on the unit circle if and only if the ru  

converge uniformly. 

(d). u  is the Poisson integral of a finite complex Baire measure on the unit circle if and only if 

the ru  are bounded in −1L norm. 

(e). u  is the Poisson integral of a finite positive Baire measure on the unit circle if and only if u  

is non-negative. 

 The −∞L part of (b) is Fatou’s Theorem. The interesting part of it is the fact that any 

bounded harmonic function in the disk is the Poisson integral of a bounded Baire function on the 

unit circle. Part (e) is Herglotz’s Theorem: every non-negative harmonic function is the Poisson 

integral of a positive measure. One should note that in any of the cases above the harmonic 

function u is real-valued if and only if the corresponding −pL function or measure is real. For 

more information, we wish to note that the Poisson integral of a Lebesgue-integrable function u  

in the unit circle has a radial limit ( )θir reu1lim →  at almost every point of the circle, and this limit 

is almost everywhere equal to u . More generally, we might state the following: 

Theorem 1.3.4. Let u  be a complex-valued harmonic function in the open unit disk. Suppose that 

the integrals 

( ) θ
π

π

ς dreu
p

i∫
−

 

are bounded as 1→r  for some p , ∞<≤ p1 . Then for almost every θ  the radial limits 

ữ = ( )θi
r reu1lim →  

exist and define a function ữ  in pL  of the circle. Moreover, 

(a).  if ,1>p  then u  is the Poisson integral of ữ ; 
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(b). if ,1=p  then u  is the Poisson integral of a unique finite measure whose absolutely 

continuous part is  

π2
1
ữ .θd  

If u  is a bounded harmonic function, the boundary values exist almost everywhere and define a 

bounded measurable function � whose Poisson integral is u . 

 For more about the Dirichlet Problem and the various boundary value results see 

Bieberbach [11], Courant [36], Evans [57], Hoffman [81], Lasser [91] and Zygmund [150]. 

1.3.2.  Composed Padé-Type Approximation to Lp- Functions 

 A large number of the harmonic case properties still hold for other classes of functions 

and measures. Among others, we will first discuss the case of real-valued −pL functions in the 

unit circle C . 

 Let again  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

be an infinite triangular interpolation matrix with complex entries  

Dkm ∈,π . 

For any fixed ∈z C },...,1,0:{ 1
, mkkm =− −π , let ( )zxQm ,  denote the unique polynomial of degree 

at most m , which interpolates ( ) 11 −− xz  in the ( )1+m  nodes of the thm  row of Μ , i.e.  
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1
,, )1(),( −−= zzQ kmkmm ππ  

for any .mk ≤  

 Let also ( )tieu  be a real-valued function in ( )CLp , ∞≤≤ p1  )( ππ ≤≤− t , with 

sequence of Fourier coefficients ,...}2,1,0:{ ±±=νσν . Define the Poisson integral of ( )tieu  by 

( ) ( ) ( )

ti

tiii
r

iit
r

er

erdeeudtPeureutu

νν

ν
ν

νν

ν

π

π

νθθ
π

π

θ

σ

θ
π

θθ
π

∑

∑ ∫∫
∞

−∞=

∞

−∞= −

−

−

=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=−==

2
1)(

2
1)(

 

( 10 <≤ r  and )}({ ⋅rP  is the Poisson kernel of D ). From the solution of Dirichlet’s Problem in 

D , it follows that the extended function ( ) ( )zueru ti =  is harmonic in the open unit disk and 

satisfies 

( ) 0)(lim 1 =−→ p

it
rr eutu . 

For any 0≥m , we can therefore consider the Padé-type approximant  

( ) ( ) ( )( ) 0,Re21/Re σ−=+ zxQTzmm muu  

to ( )zu , where uT  is the linear functional on the space of complex polynomials defined by  

ν
ν σ=)(xTu   ,...).2,1,0( =ν  

As it is pointed out in Theorem 1.2.6, this approximant is a harmonic real-valued function in D , 

with Fourier series expansion 

( ) timtimit
u erderdremm νν

ν
ν

ν

νν
ν

−
∞

=

∞

=
∑∑ +=+

0

)(

0

)()1/Re(  
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( ππ ≤≤−<≤ tr ,10 ), such that  

( ) ν
νθ

π

π

ν

ν σθ
π

== −

−

−

∫ dereurd iitm

2
)(  and ( ) ν

νθ
π

π

θ
ν

ν σθ
π −

−

−

== ∫ dereurd iim

2
)(  ( m≤≤ν0 ). Since it 

is assumed that 1, <kmπ  for any mk ≤ , it is easily verified that the approximant 

( ) ( )zmm u1/Re +  can be extended continuously on the closed unit disk. In fact, according to 

Theorem 1.2.4.(a), we have  

( ) ( )
( ) 0

1 *
*Re2)1/Re( σ−⎟

⎠
⎞

⎜
⎝
⎛=+

+
it

m

it
mit

u reV
reWremm  

and it suffices to consider the radial limits 

( ) ( ) ( )
( ) 0

1
0 *

*Re2),(Re2)1/Re( σσ −⎟
⎠
⎞

⎜
⎝
⎛=−=+

+
it

m

it
m

mu
it

u eV
eWzxQTemm  

.ππ ≤≤− t  

 We are now in position to give the definition of Padé-type approximants to 

−pL functions. 

Definition 1.3.5. Let  

( )∏
=

+ −=
m

k
kmm xxV

0
,1 )( πγ  

be a generating polynomial, with ∈γ C { }0−  and 1, <kmπ  for any k≤m. 

 Let u  be a real-valued function in ( )CLp , ∞≤≤ p1 . Suppose  

tie ν

ν
νσ∑

∞

−∞=

 

 is the Fourier series expansion of  ( )tieu . (Notice that, in general,  
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( ) tiit eeu ν

ν
νσ∑

∞

−∞=

≠ .) 

 Consider the linear functional  

uT :P(C)→C: ( ) ν
ν σ=xTu , 

and define  

( ) [ ]
[ ]

( ) .:)(*

,)()(:)(,:)(*

1

111
1

1
1

−

++−
+

+
+

=

⎟
⎠
⎞⎜

⎝
⎛

−
−==

zWzzW

xz
xVzVTzWxVxxV

m
m

m

mm
umm

m
m  

The function 

( ) 00
1

),(Re2)(*
)(*Re2)()1/Re( σσ −=−⎟

⎠
⎞⎜

⎝
⎛=+

+
zxQTzV

zWzmm mu
m

m
u . 

( 1<z ) is continuous everywhere on C , and is said to be a Padé-type approximant to ( )zu . 

 Mention that each ( ) ( )CLzu p∈  can also be viewed as a function û(t) ],[ ππ−∈ pL , with  

û( t )= ( )iteu and û( π− )=û(π ) 

and with the same sequence of Fourier coefficients  

,...}2,1,0:{ ±±=νσν . 

Conversely, any function f  in [ ]ππ ,−pL , which is −π2 periodic (i.e. ( ) ( )ππ ff =− ) is 

identified with a function ( ) ( ) ( ).CLzfef pti ∈=  Hence, via the identification ( )CLp  

fLf p :],[{ ππ−∈≡ is a 2π‐periodic}, we can introduce Padé-type approximation to every real-

valued function  [ ]ππ ,−∈ pLf  such that ( ) ( ).ππ ff =−  
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Definition 1.3.6. Let  

( )∏
=

+ −=
m

k
kmm xxV

0
,1 )( πγ  

be a generating polynomial, with ∈γ C { }0−  and such that 1, <kmπ   for .,...,2,1,0 mk =  

Let f  be a real-valued −π2 periodic function in [ ]ππ ,−pL , ∞≤≤ p1 . Suppose ∑
∞

−∞=ν

ν
ν

tiec  

is the Fourier series representation of ( ).tf  (Of course, in general 

tiectf ν

ν
ν∑

∞

−∞=

≠)( .) 

 Consider the linear functional  

fT :P(C)→C: ( ) ν
ν cxTf =  

associated with f, and define  

( ) ( ) [ ]
[ ]

( ) .:)(*

,)()(:,:)(*

1

11
1

1
1

1
1

−

++
+

−
+

+
+

=

⎟
⎠
⎞⎜

⎝
⎛

−
−==

zWzzW

xz
xVzVTzWxVxxV

m
m

m

mm
fmm

m
m The 

function 

( )
( ) ( )( ) 00

1
,Re2*

*Re2)()1/Re( cexQTceV
eWtmm it

mfit
m

it
m

f −=−⎟
⎠
⎞

⎜
⎝
⎛=+

+

 

( ππ ≤≤− t ) is continuous everywhere on [ ],,ππ−  and is called a Padé-type approximant to 

( ).tf  
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 Thus, if 0σ =0,then a Padé-type approximant to ( )zu  ( 1=z ) is the real-part of a 

rational fraction of type ( )1, +mm , with respect to the variable z . A Padé-type approximant to 

( )tf  ( ππ ≤≤− t ) is the real part of a rational function of type ( )1, +mm  , with respect to the 

dependent variable ( ) ,tietss ==  only if .00 =c  

 Furthermore, the above two definitions mean that if only a few Fourier coefficients 

νσ (respectively, νc ) of the real-valued functions ( ) ( )CLzu p∈  (respectively, of the real-valued 

−π2 periodic function ( ) [ ]ππ ,−∈ pLtf ) are known, then one can approximate ( )zu  

(respectively, ( )tf ) by an approximant in the Padé-type sense. The crucial property, which 

justifies the notation Padé-type approximant is described in the following: 

 

Theorem 1.3.7. (a). If 1, <kmπ  for any k≤m and if the Fourier series expansion of 

( ) ( )ti
u emm 1/Re +  is  

tim ed ν

ν
ν∑

∞

−∞=

)( , 

then  

νν σ=)(md  

for every ,...2,1,0 ±±=ν . 

(b). If 1, <kmπ  for any mk ≤  and if the Fourier series expansion of ( ) ( )tmm f1/Re +  is 

,)( tim e ν

ν
νβ∑

∞

−∞=

 

then  

ννβ cm =)(  

whenever m±±= ,...,1,0ν . 
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Proof. (a). Since every harmonic real-valued function in the unit disk, with continuous boundary 

values, is the Poisson integral of its continuous restriction to the unit circle, we have  

( ) ( ) θθ
π

θ
π

π

dtPemmremm r
i

u
it

u )()1/Re(
2
1)1/Re( −+=+ ∫

−

 

and henceforth the Fourier series expansion of ( )it
u remm )1/Re( +  is given by 

( ) timit
u erdremm νν

ν
ν∑

∞

−∞=

=+ )()1/Re(   ( ππ ≤≤−<≤ tr ,10 ). 

From Theorem 1.2.5, it follows that  

νν σ=)(md  

for any m±±±= ,...,2,1,0ν . 

(b). As it is mentioned above, if ( ) [ ]ππ ,−∈ pLtf  is a −π2 periodic real-valued function, there 

is a function ( ) ( )CLzu p∈  having the same Fourier coefficients with f , and such that 

( ) ( )tfeu ti =  for all [ ].,ππ−∈t  Repetition of the same argument as in (a) shows that the 

Fourier coefficients of ( )it
u emm )1/Re( +  coincide with the Fourier coefficients of ( )tieu  up to 

the thm± order term. We thus conclude that also the Fourier coefficients of ( ) ( )tmm f1/Re +  

coincide with the Fourier coefficients of ( )tf  up to the thm± order term. 

 The errors of these approximations are given by the following theoretical formulas: 
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Theorem 1.3.8.(a). 

( ) ( ) ( ) ,
1
)(1Re2lim)1/Re( 1

1
1

1 ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

−
=−+ +

−−
+

→ it
m

uit
m

r
itit

u xre
xVT

erV
euemm  

in the −pL norm. 

(b).  

( ) ,
1
)(1Re2lim)()()1/Re( 1

1
1

1 ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

−
=−+ +

−−
+

→ it
m

fit
m

rf xre
xVT

erV
tftmm  

in the −pL norm. 

Proof. Let { },...2,1,0:10 =<< nrn  be any sequence satisfying 1lim =∞→ nn r . It is well known 

that 

( ) ( ) 0lim =−∞→ p

itit
nn eueru . 

By the uniform convergence of the sequence ( ) ( ){ },...2,1,0:1/Re =+ nermm ti
nu  to the radial 

limit ( )it
u emm )1/Re( + , we also get  

( ) ( ) .0)1/Re()1/Re(lim =+−+∞→ p

it
u

it
nun emmermm  

Letting 0>ε , it is clear that there exists a ( )εNN =  with  

( ) ( )
2
ε

<−
p

itit
n eueru  and ( ) ( )

2
)1/Re()1/Re( ε

<+−+
p

it
u

it
nu emmermm , 

for any n≥N. It follows that 

( ) ( ) ( ) ( ) ε<+−++−
p

it
u

it
nup

itit
n emmermmeueru )1/Re()1/Re( , 

for Nn ≥ , and therefore 
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( ) ( )[ ] ( ) ( )[ ] ε<+−−+−
p

it
u

itit
nu

it
n emmeuermmeru )1/Re()1/Re( , 

for Nn ≥ , or, by Theorem 1.2.4.(b), 

( ) ( )[ ] ( ) ε<
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−−+ +
−−

+ p

it
n

m
uit

nm

itit
u exr

xVT
erV

euemm
1
)(1Re2)1/Re( 1

1
1

, 

for any Nn ≥ . This proves the first assertion of the Theorem. To prove the second assertion, it 

suffices to use the standard identification of [ ]{ }periodicisfLf p −−∈ πππ 2:,  with ( )CLp  

and repeat the same argument. 

 One should contrast this result with the situation for analytic functions.  

 The continuous case is much more precise. 

Theorem 1.3.8. (a). If u  is a real-valued continuous function on C , then 

( ) ( ) ( ) ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

−
=−+ +

−−
+

→ 1
)(1Re2lim)1/Re( 1

1
1

1 it
m

uit
m

r
itit

u xre
xVT

erV
euemm , 

uniformly on [ ].,ππ−  

(b). If f  is a real-valued −π2 periodic continuous function on [ ],,ππ−  then  

( ) ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

−
=−+ +

−−
+

→ 1
)(1Re2lim)()()1/Re( 1

1
1

1 it
m

fit
m

rf xre
xVT

erV
tftmm , 

uniformly on [ ].,ππ−   

 The Proof of Theorem 1.3.8 is similar to that of Theorem 1.3.7. 



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

113 

 

 We can also give a more concrete description for the theoretical expressions stealing in 

the error formulas of Theorems 1.3.8 and 1.3.9. 

Proposition 1.3.10. (a). If  ( )CLu p∈  is real-valued ( ∞≤≤ p1 ), then there holds 

( ) ( ) dseV
re

eu
xre

xVT is
msti

is

it
m

u
−

+
−

−
+ ∫ −

=⎟
⎠
⎞

⎜
⎝
⎛

− 1)(
1

12
1

1
)( π

ππ
 ( ππ ≤≤−<≤ tr ,10 ). 

(b). If [ ]ππ ,−∈ pLf  is −π2 periodic and real-valued ( ∞≤≤ p1 ), then there holds 

( ) dseV
re

sf
xre

xV
T is

mstiit
m

f
−

+
−

−
+ ∫ −

=⎟
⎠
⎞

⎜
⎝
⎛

− 1)(
1

1
)(

2
1

1
)( π

ππ
( 10 <≤ r   and   ππ ≤≤− t ). 

Proof. Let ππ ≤≤−<≤ tr ,10 . Set  

∑
=

+ =
m

k

km
km xbxV

0

)(
1 )( . 

Application of the continuity property for the linear functionals uT  and fT  shows that 

( ) dseeuber
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xVT skiis
m
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m
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)(
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⎜
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and 
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=
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⎠
⎞

⎜
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ν

ν
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Computing, we obtain 
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Similarly, one shows that 

( ) ,
1

)(
2
1

1
)(

)(
11 ds

re
eVsf

xre
xVT sti

is
m

it
m

f ∫
−

−

−
++

⎭
⎬
⎫

⎩
⎨
⎧

−
=⎟

⎠
⎞

⎜
⎝
⎛

−

π

ππ
 

and the Proposition follows. 

 Next, we shall see how to construct Padé-type approximants to continuous functions as 

real parts of rational functions with arbitrary degrees in the numerator and the denominator. 

 Let again ( ) ( )tieuzu =  be a real-valued continuous function on the unit circle C , with 

Fourier series expansion  

tie ν

ν
νσ∑

∞

−∞=

. 

The Poisson integral of u  is then a harmonic real-valued function in the unit disk D , defined by  

( ) tiit
r erreutu νν

ν
νσ∑

∞

−∞=

==)(    ( 10 <≤ r ). 

For any 0≥n , ( )tieru  can also be written in the form 

( ) ( )( ) ( )⎟
⎠

⎞
⎜
⎝

⎛
+=−= ∑

−

=

−
1

0

1 Re21Re2
n

it
n

tnintiit
u

it reuererxreTreu
ν

νν
νσ  

             = ( )[ ] ,1Re2
1

0

1
⎟
⎠

⎞
⎜
⎝

⎛
−+∑

−

=

−
n

it
u

tninti xreTerer
n

ν

νν
νσ  

where we have used the notation ( )ti
n eru  for the series  

ti
n er νν

ν
νσ∑

∞

=
+

0

, 

and where we have considered the linear functional  

nuT :P(C)→C: ( ) ν
νν σ += nu xTx

n
a . 
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It is now clear that the Padé-type approximant to ( )tieru  

( ) ( )( ) 0

1

0
,Re2)1/Re(2 σσ

ν

νν
ν −⎟

⎠

⎞
⎜
⎝

⎛
+=++ ∑

−

=

n
it

mu
tnintiit

u rexQTererremnm
n

 

( ππ ≤≤−<≤ tr ,10 ) has the following uniform radial limit as 1→r : 

( )( ) 0

1

0
,Re2 σσ

ν

ν
ν −⎟

⎠

⎞
⎜
⎝

⎛
+∑

−

=

n
it

mu
tniti exQTee

n
 

= ( )( ) 0

1

0
1 ,Re2lim σσ

ν

νν
ν −⎟

⎠

⎞
⎜
⎝

⎛
+∑

−

=
→

n
it

mu
tninti

r rexQTerer
n

    ).( ππ ≤≤− t  

If we set ,tiez =  this limit can also be written as 

( ) 0

1

0
,(Re2 σσ

ν

ν
ν −⎟

⎠

⎞
⎜
⎝

⎛
+∑

−

=

n

mu
n zxQTzz

n
   ( 1=z ). 

This is the real part of a rational function of type ( )1, ++ mnm  in z . If  

1, <kmπ , 

then the Fourier series expansion of the above limit matches the Fourier series expansion of 

( )tireu  up to the terms of ( )thnm +±  order. Motivated by this property, we shall say that this 

limit is again a Padé-type approximant to ( )zu  ( 1=z ). So, we can write  

( ) 0

1

0
),(Re2:)()1/Re( σσ

ν

ν
ν −⎟

⎠

⎞
⎜
⎝

⎛
+=++ ∑

−

=

n

mu
n

u zxQTzzzmnm
n

   ( 1=z ). 

 Similarly, given a continuous −π2 periodic function  
→− ],[: ππf R )(: tft a  

with Fourier series representation  

tiec ν

ν
ν∑

∞

−∞=

, 

the function 
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( )( ) 0

1

0
,Re2:)()1/Re( cexQTeectmnm

n
it

mf
tniti

f n
−⎟

⎠

⎞
⎜
⎝

⎛
+=++ ∑

−

=ν

ν
ν  

( ],[ ππ−∈t ) is the real part of a rational function of type ( )1, ++ mnm  with respect to the 

dependent variable itetss == )( and is called a Padé-type approximant to ( ).tf  The functional 

nfT :P(C)→C is now defined by  

( ) ν
ν

+= nf cxT
n

. 

The fundamental property of such an approximant is the coincidence of its Fourier representation 

with that of f  up to the ( )thnm +±  Fourier term.  

 If instead of a harmonic complex-valued function we have to approximate 

 a complex-valued function which is in ( )CLp    ( ∞≤≤ p1 ), 

either 
 a complex-valued −π2 periodic function in [ ]ππ ,−pL  ( ∞≤≤ p1 ), 

then composed Padé-type approximation can be defined analogously. 

 Indeed, as before, let us consider two infinite triangular interpolation matrices  

( )
mkmkm ≤≤≥

=Μ
0,0

)1(
,

)1( π  and ( )
mkmkm ≤≤≥

=Μ
0,0

)2(
,

)2( π . 

In contrast to the harmonic complex case, where we have supposed cj
km ≤)(

,π  )1( ≥c , we will 

now assume that  

∈)(
,
j
kmπ C  for any km, and any .2,1=j  

Let again ),()( zxQ j
m  be the unique polynomial of degree at most m  which interpolates 

( ) 11 −− xz  in the ( )1+m  nodes of the thm row of ( )jΜ , i.e. 

( ) ( ) 1)(
,

)(
,

)( 1, −
−= zzQ j

km
j
km

j
m ππ , for ( ).2,1,...,2,1,0 == jmk  

If 21 uiuu +=  is any complex-valued function in ( ),CLp  ∞≤≤ p1 , we define the Poisson 

integral of ( )zu  by setting 
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( ) )(
0

0

)(Re2 jtiji
j erreu σσ

ν

νν
ν

θ −⎟
⎠

⎞
⎜
⎝

⎛
= ∑

∞

=

  ( ππ ≤≤−<≤ tr ,10  and 2,1=j ), 

where ,...,, )(
2

)(
1

)(
0

jjj
±± σσσ  are the Fourier coefficients of ( )ti

j eu . If we introduce the linear 

functionals 

juT :P(C)→C: ( ) )( j
u xTx

j ν
νν σ=a , 

then each continuous function  

( ) ( )( ) )(
0

)( ,Re2)1/Re( jitj
mu

it
u exQTemm

jj
σ−=+   ( 2,1=j ) 

is a Padé-type approximant to ( )ti
j eu , with generating polynomial  

( )∏
=

+ −=
m

k

j
kmj

j
m xxV

0

)(
,

)(
1 )( πγ    ( ∈jγ C { }0− ). 

Definition 1.3.11. The complex-valued function 

 )()1/Re()()1/Re(:)()1/(
21

zmmizmmzmm uuu +++=+  

                                        = ( ) ( ) [ ])2(
0

)1(
0

)2()1( ),(Re2),(Re2
21

σσ izxQTizxQT mumu +−+  ( )1=z  is 

said to be a composed Padé-type approximant to ( )zu . 

 It is easily verified that, if 0)2(
0

)1(
0 =+ σσ i , then ( ) ( )zmm u1/ +  is a complex-valued 

continuous function on the unit circle C , with coordinates the real parts of rational functions of 

type ( )1, +mm  with respect to the variable  z . In fact, putting 

 ( )1)(
1

1)(
1 :* −

+
+

+ = xVxV j
m

mj
m  

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

= ++

zx
zVxVTzW

j
m

j
m

u
j

m j

)()(:)(
)(
1

)(
1)(  
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and 

 ( )1)()( :)(* −= zWzzW j
m

mj
m  

( 2,1=j ) , we obtain 

.
)(*
)(*Re2

)(*
)(*Re2)()1/( )2(

1

)2(

)1(
1

)1(

zV
zWi

zV
zWzmm

m

m

m

m
u

++

+=+  

 Similarly, via the identification  

( )≡CLp fLf p :],[{ ππ−∈  is −π2 periodic}, 

we can introduce composed Padé-type approximation to every complex-valued −π2 periodic 

function in [ ]ππ ,−pL  ( ∞≤≤ p1 ) as follows. 

Definition 1.3.12. Let 21 fiff +=  be a complex-valued −π2 periodic function in [ ]ππ ,−pL . 

For ,2,1=j  let  

,...,, )(
2

)(
1

)(
0

jjj ccc ±±  

be the Fourier coefficients of .jf  Consider the two linear functionals  

1f
T :P(C)→C: ( ) )1(:

1 ν
νν cxTx f =a  and 

2fT :P(C)→C: ( ) )2(:
2 ν

νν cxTx f =a , 

and, for ,2,1=j  define again 

  ( )1)(
1

1)(
1 :)(* −

+
+

+ = xVxxV j
m

mj
m  , ( )∏

=
+ −=

m

k

j
kmj

j
m xxV

0

)(
,

)(
1 :)( πγ  , 

  ( )1)()( :)(* −= zWzzW j
m

mj
m ., ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−
−

= ++

zx
zVxVTzW

j
m

j
m

f
j

m j

)()()(
)(
1

)(
1)(  

( ∈jγ C { }0− ).The complex-valued continuous function 
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 )()1/Re()()1/Re(:)()1/(
21

tmmitmmtmm fff +++=+  

                                       = ( )( ) ( )( ) [ ])2(
0

)1(
0

)2()1( ,Re2,Re2
21

iccexQTiexQT it
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it
mf +−+  

                                        =
( )
( )

( )
( ) [ ])2(

0
)1(

0)2(
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)2(

)1(
1

)1(

*
*Re2

*
*Re2 icc

eV
eWi

eV
eW

it
m

it
m

it
m

it
m +−+

++

 

( ππ ≤≤− t ) is called a composed Padé-type approximant to f . Obviously, if 0)2(
0

)1(
0 =+ icc , 

the composed Padé-type approximant ( ) ( )tmm f1/ +  to ( )tf  has coordinates the real parts of 

rational functions of type ( )1, +mm  with respect to the variable ( ) .tietss ==  

 The error of such an approximation is given by a direct application of Theorems 1.3.8 and 

1.3.9 and of Proposition 1.3.10, via Minkowski’ s Ιnequality: 

Theorem 1.3.13.(a). If ( ) ( ) ( )∈+= zuizuzu 21 ( ),CLp ∞≤≤ p1  (respectively, if 

( ) ( ) ( )zuizuzu 21 +=  is continuous on C ) then 

( ) ( ) 1lim2)1/( →=−+ r
itit

u euemm {Re ( ) ⎥
⎦

⎤
⎢
⎣

⎡
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⎠

⎞
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⎝

⎛
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+
−

+ 1
)(1 )1(

1
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1
1 it

m
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m xre
xVT
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⎦

⎤
⎢
⎣

⎡
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⎞
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⎛
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m xre
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i } 

                                        = 1lim1
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⎠

⎞
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⎝
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−
+

−
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1
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1

1 stiit
m
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mis
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                                                             ( ) ( )
( ) ] ds

reerV
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eiu stiit
m

is
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⎞
⎜⎜
⎝

⎛
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+

−
+

1
1Re )(1)2(

1

)2(
1

2 } , 

in [ ]ππ ,−pL  (respectively, uniformly on [ ]ππ ,− ). 

(b). If ( ) ( ) ( )tfitftf 21 += ∈ [ ]ππ ,−pL , ∞≤≤ p1 , is a −π2 periodic complex-valued 

function (respectively, if ( ) ( ) ( )tfitftf 21 +=  is a −π2 periodic complex-valued function, 

continuous on [ ]ππ ,− ), then there holds 

1lim2)()()1/( →=−+ rf tftmm { ( ) ⎥
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2 stiit
m

is
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reerV
eVsif ] sd } 

in [ ]ππ ,−pL  (respectively, uniformly on [ ]ππ ,− ). 

 

 The property justifying the notation composed Padé-type approximant is proved in the 

following Theorem. 
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Theorem 1.3.14.(a). Given any complex-valued function ( )∈zu ( ),CLp  ∞≤≤ p1 , the Fourier 

series expansion of ( )umm 1/ +  matches the Fourier series expansion of u  up to the thm±  

Fourier term. 

(b). Given any complex-valued −π2 periodic function ( )tf ∈ [ ]ππ ,−pL  , ∞≤≤ p1 , the 

Fourier series representation of ( ) fmm 1/ +  matches the Fourier series representation of f  up 

to the thm±  Fourier term.  

Proof. Suppose that  

tie ν

ν
νσ∑

∞

−∞=

 and  tim ed ν

ν
ν∑

∞

−∞=

)(  

are the Fourier series expansions of ( )tieu  and ( ) ( ),1/ ti
u emm +  respectively. Define the 

Poisson integrals of ( )tieu  and ( ) ( )ti
u emm 1/ +  by setting  

( ) tiit erreu νν

ν
νσ∑

∞

−∞=

=   and  ( ) timit
u erdremm νν

ν
ν∑

∞

−∞=

=+ )()1/( , 

respectively ( ππ ≤≤−<≤ tr ,10 ). By Theorem 1.3.7, it holds )(mdννσ =  for any 

.,...,2,1,0 m±±=ν  This proves Part (a). Repetition of this Proof with only formal changes to 

substitute ( )tieu  with ( )tf  completes the Proof of the Theorem. 

Remark 1.3.15. From Theorem 1.3.14, it follows that computing a composed Padé-type 

approximant ( ) ( )zmm u1/ +  to a complex-valued function ( ) ( ),CLzu p∈  (or to a complex-

valued −π2 periodic function ( )tf ∈ [ ]ππ ,−pL  requires only the knowledge of  

)()(
2

)(
1

)(
0 ,...,,, j

m
jjj

±±± σσσσ , 2,1=j  

(respectively, the knowledge of  
)()(

2
)(

1
)(

0 ,...,,, j
m

jjj cccc ±±± , 2,1=j ). 
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Remark 1.3.16. We can generalize the definition of a composed Padé-type approximation as 

follows: If we have to approximate the complex-valued −pL (or simply, continuous) functions  

 ( ) ν

ν
νν σσ ziziuzuzu ∑

∞

−∞=

+=+= )2()1()2()1( )()()(   )1( =z  

and 

 ( )∑
∞

−∞=

+=+=
ν

ν
νν

tieicctiftftf )2()1()2()1( )()()(     (- ππ ≤≤ t ) 

(with ( )1f  and ( )2f  −π2 periodic, i.e. satisfying ( )( ) ( )( )ππ 11 ff =−  and ( )( ) ( )( )ππ 22 ff =− ), 

then the functions  

→C C:
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a
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a
 

( 1≥jn ) are the composed Padé-type approximants to ( )zu . The functionals  

)1(
1nu

T CCP →)(:   and  )2(
2nu

T CCP →)(: , 

associated with the series  
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ν

ν
νσ zzu nn ∑

∞

=
+=

0

)1()1(
11

)(   and  ν

ν
νσ zzu nn ∑

∞

=
+=

0

)2()2(
22

)(  

respectively, are defined as above. Further, ( )zxQm ,  and ( )zxRm ,  denote any two polynomials, 

with degrees at most 1+m , interpolating ( ) 11 −− xz  at x  ( 1≤x ). Similarly, the functions 

[ ]ππ ,− →C: 

( ) ( )

[ ])2(
0

)1(
0

1

0

)2(
1

0

)1(
2

)2(
2

2
1

)1(
1

1 ),(Re2),(Re2

icc

exQTeeciexQTeect
n

it
mf

tinti
n

it
mf

tniti

nn

+−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ ∑∑

−

=

−

= ν

ν
ν

ν

ν
νa

 

and 

[ ]ππ ,− →C: 
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( 1≥jn ) are the composed Padé-type approximants to ( )tf . The functionals  

    )(:)1(
1

CCP →
nf

T and  )(:)2(
2

CCP →
nf

T  

associated with the series  

∑
∞

=
+=

0

)1()1(
11

)(
ν

ν
ν

ti
nn ectf  and ∑

∞

=
+=

0

)2()2(
22

)(
ν

ν
ν

ti
nn ectf  

respectively, are defined as above, while ( )zxQm ,  and ( )zxRm ,  always denote any two 

interpolation polynomials of ( ) 11 −− xz , with degrees at most 1+m  ( 1<x ). 
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1.3.3. Access to the Convergence Theory 

 In this Paragraph, we study the convergence of a sequence of Padé-type approximants to 

a real-valued function. Τhe corresponding problem for the composed approximation case can be 

directly apportioned to a coordinate question. 

Theorem 1.3.17. Suppose there is a constant 0>K  and an open neighborhood U  of the unit 

circle C  into which the generating polynomials ( )xVm 1+ fulfill 

  )(1 zVK m+< , for any Uz ∈  and any m  sufficiently large. 

If the family 

   ( ){ },...2,1,0:1 =+ meV si
m  

is an orthonormal bounded system in [ ]ππ ,2 −L , then 

(a). for any real-valued function ( )CLu 1∈ , the corresponding Padé-type approximation 

sequence ( ) ( ){ },...2,1,0:1/Re =+ mzmm u  converges to ( )zu  almost everywhere in C , that is 

( ) ( ) ( ),1/Relim zuzmm um =+∞→ for almost all Cz ∈ ; 

(b). for any real-valued −π2 periodic function  f ∈ [ ]ππ ,−pL , the corresponding Padé-type 

approximation sequence ( ) ( ){ },...2,1,0:1/Re =+ mtmm f  converges to ( )tf  almost everywhere 

in [ ]ππ ,− , that is 

( ) ( ) ( ),1/Relim tftmm fm =+∞→   for almost all [ ]ππ ,−∈t . 
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Proof. Let u  be a real-valued function in ( ).1 CL  Let also 0>ε  and let 

{ },...2,1,0:10 =<< nrn  be a strictly increasing sequence satisfying 

1lim =∞→ nn r and ( ) ,Uer ti
n ∈  for any 0≥n  and [ ]ππ ,−∈t . 

Fix any n , and note that the function 

[ ]ππ ,− →C:
( )

1)( −−sti
n

is

er
eus a  

is in [ ].,1 ππ−L  By Mercer’s Τheorem, the Fourier coefficients of this function with respect to 

the orthonormal family )({ 1
is

m eV −
+ : ,...2,1,0=m } tend to zero, i.e. 

( ) ( ) .0
1

lim 1)( =
−

−
+

−
−∞→ ∫ dseV

er
eu is

msti
n

is

m

π

π

 

This means that there exists a )(εMM =  such that 

( )
( ) ( )

21
12 1)(1

1

επ

π

<
−∫

−

−
+−−

+

dseV
er

eu
erV

is
msti

n

is

it
nm

 

for any Mm ≥  and any 0≥n . 

 Now, by Theorem 1.3.8, there is a subsequence ,...}2,1,0:{ =jr
jn  of the sequence 

{ },...2,1,0: =nrn  such that 

( ) ( ) ( ) ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−
=−+ +

−−
+

∞→ 1
)(1Re2lim)1/Re( 1

1
1

it
n

m
uit

nm
j

itit
u exr

xVT
erV

euemm
jj
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for almost all [ ]ππ ,−∈t . Denote by D the set of all points t  in [ ]ππ ,−  with this property, i.e. 

D = ( ) ( ) .
1

)(1Re2lim)1/Re(:],[ 1
1

1 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−
=+−∈ +

−−
+

∞→ it
n

m
uit

nm
j

it
u exr

xVT
erV

emmt
jj

ππ  

Suppose ∈t D and chose Mm ≥ . Then one can find a ( )mJJ ,ε=  such that 

( ) ( ) ( ) 21
)(12)1/Re( 1

1
1

ε
+

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−
≤−+ +

−−
+

it
n

m
uit

nm

itit
u exr

xV
T

erV
euemm

jj

 

for any .Jj nn ≥  By Proposition 1.3.10, we get 

( ) ( ) ( )
( ) ( )

21
12)1/Re( 1)(1

1

επ

π

+
−

≤−+ ∫
−

−
+−−−

+

dseV
er

eu
erV

euemm is
msti

n

is

it
nm

itit
u

jj

 

for any .Jj nn ≥  So, it follows that 

( ) ( ) ε<−+ itit
u euemm )1/Re(  

for any Mm ≥  which implies that 

)()()1/Re(lim zuzmm um =+∞→  

almost everywhere in C . The Proof of Part (a) is thus complete. Repetition of this Proof with 

only formal changes to substitute u , ( )tieu  and ( )sieu  by ( )tff ,  and ( )sf  respectively shows 

(b). 
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 This Theorem calls for some comments: 

Remarks 1.3.18.(a). Since the generating polynomials ( )xVm 1+  are defined by 

( ) ,)(
0

,1 ∏
=

+ −=
m

k
kmm xxV πγ   ∈γ C { }0− , 

it is easily seen that if there is a constant 1<c  satisfying 

ckm ≤,π   for any m  and k , 

then there exists an open neighborhood U  of the unit circle into which there holds 

)(inf0 1 zVK mUz +∈
≤<    ( ,...2,1,0=m ), 

for some positive constant K  which is independent of m . 

(b). If the generating polynomial  

( )∏
=

+ −=
m

k
kmm xxV

0
,1 )( πγ  

is expressed in the form 

,)(
1

0

)(
1

k
m

k

m
km xbxV ∑

+

=
+ =  

then the orthogonality assumption for the family ( ){ },...2,1,0:1 =+ meV si
m  is completely 

described by the following two conditions: 

π2
121

0

)( =∑
+

=

m

k

m
kb , for any m  

and 
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0)(
1

0

)( =∑
+

=

n
k

m

k

m
k bb , for .nm <  

Indeed, for any m , we have 

  dseebbb siiksm
m

k

m
k

m

k

m
k

ν
π

π
ν

ν

π −

−

+

=

+

=
∫∑∑ = )(

1

0,

)(
21

0

)(2  

           ( ) ( )dseVeV is
m

is
m 11 +

−
+∫=

π

π

 

           ( ) 1
2

1 == ∫
−

+ dseV is
m

π

π

, 

and if nm <  

  dseebbbb siiks
m

k

n
nm

k
n

k

m

k

m
k

ν
π

πν
νπ −

−

+

=

+

=

+

=
∫∑∑∑ =

1

0

1

0

)()()(
1

0

)(2  

              ( ) ( ) .011 == +
−

+∫ dseVeV is
n

is
m

π

π

 

(c). If we write  

( ) k
m

k

m
k

m

k
kmm xbxxV ∑∏

+

==
+ =−=

1

0

)(

0
,1 )( πγ , 

then the boundedness property for the family  

( ){ },...2,1,0:1 =+ meV si
m  

results from the existence of a positive constant ∞<σ  satisfying 

∑
+

=

<
1

0

)( ,
m

k

m
kb σ   for any m . 
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 After these remarks, Theorem 1.3.17 can be rephrased as follows: 

Corollary 1.3.19. Let the generating polynomials of a Padé-type approximation 

( )∏∑
=

+

=
+ −==

m

k
km

k
m

k

m
km xxbxV

0
,

1

0

)(
1 )( πγ   ( ,...2,1,0=m ) 

be chosen so that 

π2
121

0

)( =∑
+

=

m

k

m
kb   ( 0≥m )  and  0)(

1

0

)( =∑
+

=

n
k

m

k

m
k bb   ( nm < ). 

If there are two constants ∞<σ  and 1<c  fulfilling 

σ<∑
+

=

1

0

)(
m

k

m
kb   ( 0≥m )   and    ckm <,π   ( mkm ≤≤≥ 0,0 ), 

then 

(a). for any real-valued function ( )CLu 1∈  the corresponding Padé-type approximation 

sequence ( ) ( ){ },...2,1,0:1/Re =+ mzmm u  converges to ( )zu  almost everwhere on C ; 

(b). for any real-valued −π2 periodic function  f ∈ [ ]ππ ,1 −L  the corresponding Padé-type 

approximation sequence ( ) ( ){ },...2,1,0:1/Re =+ mzmm f  converges to )(tf  almost 

everywhere on [ ]ππ ,− .  
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From Egorov’ s Theorem, it now follows a uniform convergence theoretical result: 

Corollary 1.3.20. Under the assumptions of Corollary 1.3.19, 

(a). for any 0>ε  and any real-valued function ( )CLu 1∈ , there is a measurable set L C⊂  of 

Lebesgue measure λd (L) ε<  such that the corresponding Padé-type approximation sequence 

converges to u  uniformly on −C L; 

(b). for any 0>ε  and any real-valued −π2 periodic function f ∈ [ ]ππ ,1 −L   

( ( ) ( )ππ ff =− ), there is a measurable set E [ ]ππ ,−⊂  of Lebesgue measure λd (E) ε<  such 

that the corresponding Padé -type approximation converges to f  uniformly on [ ]−− ππ , E.  

 All the above convergence results hold almost everywhere. However, in view of the 

Proposition 1.3.10, the Proofs of Theorem 1.3.17 and of its Corollary 1.3.19 can be directly 

extended to obtain more concrete results, whenever u  or f  is continuous: 

Theorem 1.3.21. Suppose there is a constant 0>K  and an open neighborhood U  of the unit 

circle into which the generating polynomials ( )xVm 1+  satisfy 

)(1 zVK m+≤ ,  for any Uz ∈   and   any  m  sufficiently large. 

If the family 

( ){ },...2,1,0:1 =+ meV si
m  

is orthonormal in [ ]ππ ,2 −L , then  
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(a). for any real-valued continuous function u  on C , the corresponding sequence 

( ) ( ){ },...2,1,0:1/Re =+ mzmm u  of Padé-type approximants to ( )zu  converges to ( )zu  

everywhere on C , i.e. 

( ) ( ) ( ),1/Relim zuzmm um =+∞→   for any Cz ∈ ; 

(b). for any real-valued −π2 periodic continuous function f  on [ ]ππ ,− , the corresponding 

sequence ( ) ( ){ },...2,1,0:1/Re =+ mtmm f  of Padé-type approximants to ( )tf  converges to 

( )tf  everywhere on [ ]ππ ,− , i.e. 

( ) ( ) ( ),1/Relim tftmm fm =+∞→   for any [ ]ππ ,−∈t . 

Corollary 1.3.22. Let the generating polynomials of a Padé-type approximation  

( )∏∑
=

+

=
+ −==

m

k
km

m

k

km
km xxbxV

0
,

1

0

)(
1 )( πγ  

be such that 

π2
121

0

)( =∑
+

=

m

k

m
kb    ( 0≥m )   and   0)(

1

0

)( =∑
+

=

n
k

m

k

m
k bb   ( mn > ). 

If there are two constants ∞<σ   and 1<c  fulfilling 

σ<∑
+

=

1

0

)(
m

k

m
kb   (m≥ 0)   and   ckm <,π   ( mkm ≤≤≥ 0,0 ), 

then 

(a). for any real-valued continuous function u  of C , the corresponding Padé-type 

approximation sequence ( ) ( ){ },...2,1,0:1/Re =+ mzmm u  converges to ( )zu  everywhere on C ; 
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(b). For any-real valued continuous −π2 periodic function f  in [ ]ππ ,− , the corresponding 

Padé-type approximation sequence ( ) ( ){ },...2,1,0:1/Re =+ mtmm f  converges to ( )tf  

everywhere on [ ]ππ ,− . 

 In [45], we gave a stronger sufficient convergence condition in terms of the entries km,π  

only: If the interpolation points km,π  ( mkm ≤≤≥ 0,0 ) are chosen so that  

11 , <<− kmπ      and    ( ) ,1lim
0

,
1

−∞=∑∑
=≥

∞→

nm

k
km

n
m n

π  

then, for any real-valued −π2 periodic continuous function f  defined on [ ]ππ ,− , there holds 

)()()1/Re(lim tftmm fm =+∞→  ( ππ ≤≤− t ). 

 Another reasonable approach to the convergence problem of Padé-type approximants to 

continuous functions can be adopted in analogy with previous results of Paragraph 1.2.2.  

 Without loss of generality, we may assume that the interpolation is taken in the Hermite 

sense, i.e. 

( )⎟⎟⎠
⎞

⎜⎜
⎝

⎛
−−== −

+

+−
1

1

11 )(1)1(),(),(
zV
xVxzzxRzxG

m

m
mm    ([23]). 

Let u  be again a real-valued continuous function on the unit circle C . Then the Poisson integral 

( ) ( )tireuzu =  is harmonic and real-valued into the unit disk D . Suppose the generating 

polynomials  
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( )∏
=

+ −=
m

k
kmm xxV

0
,1 )( πγ  

( ∈γ C { }0− ) of a Padé-type approximation satisfy 

( ) 0)(lim 1
1

1 =−
+

+
∞→ zV

xV

m

m
m  

compactly in an open subset ω  of C2 containing ( )∪×DD (C× {0}). By Theorem 1.2.12, the 

corresponding sequence ( ) ( ){ },...2,1,0:1/Re =+ mzmm u  of Padé-type approximants converges 

to ( )zu  compactly in  

( ) ( ){ }1,,: ≤∈∈= ζωζω wheneverzDzg . 

As ω⊂× DD , we see that ( ) Dg =ω . This means that  

( ) ( ) ( ),1/Relim zuzmm um =+∞→  

compactly in D . Since 

( ) ( ) ( ) ( )ti
u

ti
ur emmermm 1/Re1/Relim 1 +=+→    and    ( ) ( )titi

r eueru =→1lim  

uniformly on [ ]ππ ,− , we conclude that 

( ) ( ) ( ),1/Relim zuzmm um =+∞→ for any Cz ∈ . 

Via the identification of the space of all real-valued continuous functions on C  with the space of 

all real-valued −π2 periodic continuous functions on [ ]ππ ,− , we have thus proved the 
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Theorem 1.3.23. If the generating polynomials  

( )∏
=

+ −=
m

k
kmm xxV

0
,1 )( πγ  

of a Padé-type approximation satisfy 

( ) 0)(lim 1
1

1 =−
+

+
∞→ zV

xV

m

m
m  

compactly in an open set ⊂ω C2 containing  ( )∪× DD (C× {0}), then 

(a). for any real-valued continuous function u  of C, the corresponding Padé-type approximation 

sequence ( ) ( ){ },...2,1,0:1/Re =+ mzmm u  converges to ( )zu  everywhere on C ; 

(b). for any real-valued continuous −π2 periodic function f  in [ ]ππ ,− , the corresponding 

Padé-type approximation sequence ( ) ( ){ },...2,1,0:1/Re =+ mtmm f  converges to ( )tf  

everywhere on [ ]ππ ,− .  

 Combination of Theorem 1.3.23  with Corollary 1.2.14.(a) leads to the following 

concrete and trivial example: 

Corollary 1.3.24. If the generating polynomials ( )xVm 1+  have the form  

( ) 1
1

+
+ = m

m xxV  ,,...)2,1,0( =m  

 then the corresponding sequence ( ) ( ){ },...2,1,0:1/Re =+ mzmm u  of Padé-type approximants 

to any real-valued continuous function ( )zu  on C  converges to ( )zu  everywhere on C . 

Similarly, if the generating polynomials ( )xVm 1+  have the form  
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( ) 1
1

+
+ = m

m xxV  ,,...)2,1,0( =m  

then the corresponding sequence ( ) ( ){ },...2,1,0:1/Re =+ mtmm f   of Padé-type approximants 

to any real-valued −π2 periodic continuous function f  on [ ]ππ ,−  converges to ( )tf  

everywhere on [ ]ππ ,− . 

 More generally, we quote the following result, whose proof is similar to that of Theorem 

1.3.23. 

Theorem 1.3.25. If the generating polynomials ( )xVm 1+  of a Padé-type approximation satisfy 

( ) 0)(lim 1
1

1 =−
+

+
∞→ zV

xV

m

m
m  

compactly in an open subset ω  of C2 containing (C }0{× ) D(∪ ×U), where ( )21,θθUU =  is a 

sector in the open disk of the form =U { πθθπ ≤≤≤≤−<≤ 21,10: trreit }, then 

(a). for every real-valued continuous function u  on C , the corresponding Padé-type 

approximation sequence { ( ) ( ){ },...2,1,0:1/Re =+ mzmm u  converges to ( )zu  for any 

UCz ∩∈ ; 

(b). for every real-valued −π2 periodic continuous function f  on [ ]ππ ,− , the corresponding 

Padé-type approximation sequence ( ) ( ){ },...2,1,0:1/Re =+ mtmm f  converges to ( )tf  for any 

[ ]21,θθ∈t . 
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 Let us finally see how the problem of the convergence for a sequence of Padé-type 

approximants is connected with Schur and Szegö’s theories. 

 As it is mentioned in Theorems 1.3.17 and 1.3.21, the crucial sufficient condition for such 

a convergence is the orthonormality of the system  

( ){ },...2,1,0:1 =+ meV si
m  

into ],[2 ππ−L  (where ( ){ },...2,1,0:1 =+ mxVm  is the sequence of generating polynomials for 

this approximation). 

 Remind that, more generally, if ( )sf  is a nonnegative −π2 periodic measurable real-

valued function on the real line with 

∫
−

=
π

ππ
,1)(

2
1 dssf  

then a unique system of polynomials ( ){ },...2,1,0:1 =+ mxVm  exists such that 

• for all 0≥m , ( )xVm 1+  has precise degree ( )1+m  and  the coefficient of 1+mx  is real and 

positive, and  

• for all ,0,0 ≥≥ nm  

( ) ( ) 1,111 )(
2
1

+++
−

+ =∫ nm
is

n
is

m dssfeVeV δ
π

π

π

 , 

where 1,1 ++ nmδ  is the Krönecker symbol. One can then obtain some interesting recurrence results 

about the form of Vm+1(x), dues to the connection between Schur and Szegö’s theories. This 

connection is often attributed to Akhiezer [1], but it appears earlier and in greater detail in 

Geronimus [63] and [64]. It is based on important recurrence relations which were first given in 

Szegö’s book [138]. Denoting by Ũm+1*( x ) the polynomials 

( ),11
1 xVx m

m
+

+  

these relations were written by Geronimus in terms of the monic polynomials 

)(:)( 11 xVxV mm ++ = /Ũm+1*(0) 
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in the form  

112 )()( +++ −= mmm axxVxV Ũm+1*( x ), 0≥m  

for certain parameters ∈+1ma C, 0≥m . Since 

dssf
xe
xexg is

is

)(
2
1)( ∫

− −
+

=
π

ππ
 

has positive real part in the open unit disk and value 1 at the origin, the function 

1)(
1)(1)(

+
−

=Φ
xg
xg

x
x  

belongs to the class ( )DS  of all analytic functions which are bounded by one on the unit disk D . 

Geronimus showed that the Schur parameters for ( )xΦ  coincide with the numbers 1+ma  in the 

recurrence formula. In current terminology, the numbers mm aV −=+ )0(2  are called Szegö 

parameters. Remind that, following Schur’s construction, there is a one-to-one correspondence 

between ( )DS  and the set of all sequences { ,...2,1,0:1 =+ mmγ } of complex numbers which are 

bounded by one and such that if some term has unit modulus, then all subsequent terms are zero. 

In fact, given any )()( DSx ∈Φ , define a sequence  

)(),(),( 321 xxx ΦΦΦ … in ( )DS  

by setting )()(1 xx Φ≡Φ  and 

( ) ,
)()0(1

)0()()(1 xx
xx

mm

mm
m ΦΦ−

Φ−Φ
=Φ +   1≥m . 

If 1)0( =Φi , for some i , then )(xiΦ  is constant and we take 0)( =Φ xj   for any ij > . This 

occurs if and only if )(xΦ  is a finite Blaschke product of i  factors: 

,
1

...
11

)(
2

2

1

1

xb
bx

xb
bx

xb
bxcx

i

i

−
−

−
−

−
−

=Φ  
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where ibbb ,...,, 21  are points in D  and where 1=c . The numbers )0(11 ++ Φ= mmγ  ( 0≥m ) are 

the Schur parameters for )(xΦ . This method of labeling ( )DS  by numerical sequences is 

known as the Schur Algorithm and is due to Schur ([126]). The Schur Problem, or Carathéodory-

Fejér Problem, were to find conditions for the existence of a function in S(D) whose initial Taylor 

coefficients are given numbers .,...,,, 210 mtttt  In [126], Schur showed that such a function exists 

if and only if the lower triangular matrix 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

01

01

0

ttt

tt
t

m L

OO
 

is bounded by one as an operator on complex Euclidean space, and he determined how all 

solutions can be found. The method was adapted to Pick-Nevanlinna interpolation by Nevanlinna 

in [48]. This variant of the problem asks to find a function in ( )DS  which takes given values 

mwww ,...,, 21  at specified points mzzz ,...,, 21  in D .  

 Under the same assumptions for the function ( )tf  and the polynomials ( )xVm 1+ , we also 

obtain some interesting limit properties, when ( )tf  has a factorization 

( ) ,)(
2iteFtf =  

where ( )zF  is an outer function in the Hardy class ( )DH 2  on the unit disk D  and ( )0F  is 

positive. The term “outer” means that the functions  

( ) ( ) ( ),...,, 2 zFzzFzzF , 
span a dense subspace of the Hardy space, and, in particular, that ( )zF  has no zeros in D . For 

all points x in the unit disk D , there holds 

∞→mlim  Ũm+1*( x )
)(

1
xF

= . 

The representation of ( )tf  in terms of ( )zF  is called a spectral factorization in applications.  
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1.4. Applications 

1.4.1. Numerical Examples 

 In this Paragraph, several examples are considered, making use of Padé-type 

approximants to −π2 periodic real-valued −pL functions. 

Example 1.4.1. The function 

at
a etf =)(   ( ππ <<− t  and ),0≠a  

has Fourier series representation  

( ) ( )⎥
⎦

⎤
⎢
⎣

⎡
−

+
−

+
−

= ∑
∞

=

−

1
22 )sin()cos(1

2
1)(

ν

νππ

ννν
νπ

tta
aa

eetF
aa

a  

on the interval ππ <<− t . As it is well known, 

)()( tFtf aa =   for any ).,( ππ−∈t  

However,  

)()cosh()( πππ π ±=≠=± ±
a

a
a feaF , 

and thus we may consider the following −π2 periodic extension for af  on [ ]ππ ,− : 

)(
~

tf
a

=
⎩
⎨
⎧

±=
<<−
ππ
ππ

tifa
tifeat

),cosh(
,

 

and then approximate )(
~

tf
a

 in the Padé-type sense.) Evidently, for every ),( ππ−∈t , there 

holds 
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( )⎥
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⎣

⎡
−

+
−

+
−

=== ∑
∞

=

−

1
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a
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=
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a
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a
ee ν

ν

ππν
ν

ν

ππνππ

ν
νπ

ν
νππ

−
∞

=

−∞

=

−−

−
+
−−

++
+
−−

+
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e
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)()1(

  ( or    
( ) ti

aa

e
ia
ee ν

ν

ππν

νπ∑
∞

−∞=

−

−
−−

=
)(2

)1(
). 

Define the C-linear functional 
afT :P(C)→C associated with af  by 

( ) ( )
( )22

)(

2
)()1(:

a
iaeecxT

aa
a

f a +
+−−

==
−

νπ
νππν

ν
ν     ( ,...2,1,0=ν ). 

Given any matrix  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

with complex entries Dkm ∈,π ( 1, <⇔ kmπ ), then, for any 0≥m , a Padé-type approximant to 

( )tfa  is a function 

( )( )
( ) ( )

( ) ,Re2

,Re2)()1/Re(

)(
0

1

11

)(
0

a
it

m

it
m

it
m

f
it
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c
eV

xe
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⎥
⎥
⎥
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⎢
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⎠

⎞
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where ( )ti
m exQ ,  is the unique interpolation polynomial of ( ) 11 −

− tixe  at  

( ) ( ) ( )it
mm

it
m

it
m eee ,,...,,,, ,1,0, πππ  

and  

( )∏
=

+ −=
m

k
kmm xxV

0
,1 :)( πγ  

is the generating polynomial of this approximation ( ∈γ C { }0− ). 
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 We will consider different cases: 

(a). First, choose 4=m  and 04,43,42,41,40,4 ===== πππππ . Then 

( ) ,5
5 xxV =  

( )
2

2
22

55

4
2

9
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16
4

2
)()(
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iae

a
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Since 

( ){ } ( ) ( ),4sin24cos4Re 4 ttaeia ti −=+ ( ){ } ( ) ( ) ,3sin33cos3Re 3 ttaeia ti −=+  

( ){ } ( ) ( ),2sin22cos2Re 2 ttaeia ti −=+ ( ){ } ( ) ( ) ,sin3cosRe ttaeia ti −=+  

it follows that 
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In other words, if 4=m  and 04,43,42,41,40,4 ===== πππππ , then the Padé-type 

approximant )()5/4Re( t
af  is nothing else than the trigonometric polynomial formed by 

summing exactly the first five terms in the Fourier series ( )tFa  of ( )tfa . Unfortunately, this 

choice is not very successful because of the failure of the corresponding approximation in some 

trivial (but characteristic) cases. If, for example, 0=t , then 

( )
( )( )( )( ) ,

2
1

14916
10110430)0()5/4Re( 22222

42

⎥
⎦

⎤
⎢
⎣

⎡
+

++++
−−−

=
−

aaaaa
aaeea aa

f a π

ππ

 

And, for 1=a , we obtain  

0116.5)0()5/4Re(
1

≈f  (while in such a case ( ) 101 =f ); 

similarly, for 1−=a , 

0116.5)0()5/4Re(
1

≈f ,  (while ( )01−f  equals 1). 

Further, if 1=t , then 

222 4
7320508.1)5.0(

9
)1(

16
4641016.3)5.0()1()5/4Re(

a
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a
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a
aee aa

f a +
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+
+
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−⎢⎣
⎡

+
+−−

=
−

π

ππ

 

,
2
1

1
8660254.0)5.0(

2 ⎥⎦
⎤+

+
−

−
aa

a
 

and, for 1=a , we have  

≈)1()5/4Re(
1f

7.3521621[0.1743589+0.1-0.4464101+0.1830127+0.5]=3.7566717 

(while in such a case ( ) 7182818.21 ≈= ef ). 
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(b). Choose 3=m  and 
2

,0 3,32,31,30,3
i

−==== ππππ . Then 
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Let us give a more explicit form of )()4/3Re( t
af . Since 
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In particular, for 1=a , there holds 

{ ttttee
t

tf 2cos142sin8cos17sin915
10sin45

1)()4/3Re(
1

+−−+
−

−
=

−

π

ππ

 

},4sin63cos123sin8 ttt −−+  

and if 0=t , then 

0)0()4/3Re(
1

=f    (while 1)0(1 =f ). 

Further, if 1=t , then 

≈)1()4/3Re(
1f

8.4068037   (while 7182.2)1(1 ≈= ef ). 

As in the preceding case, these disappoint approximation results attest the failure of our choice 

02,31,30,3 === πππ  and .
23,3
i

−=π  

 Before I conclude this Example, I must clear my conscience. I have probably convinced 

you that any elementary choice of km,π ’s leads to a problematic approximation. Let me show 

why that is not entirely true.  

(c). Let 3=m . We choose the zeros of the Tchebycheff polynomials 

( ) ( )XArcmXC m coscos=ΗΤ  

divided by π  as interpolation nodes, i.e. :
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1
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+
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+
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a
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a
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a
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1
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+
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+
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⎤

⎢⎣
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+
−

+
−

+
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t
a

a
a

a
a

a
a

3cos
94

282.0
1

306.0130616.0
222 ⎥⎦
⎤

⎢⎣
⎡

+
−

+
+

+
+−+  

⎭
⎬
⎫

⎥⎦
⎤

⎢⎣
⎡+ t

a
4cos012.0

 

.
2 π

ππ

a
ee aa −−

−  

In particular, for 1=a , there holds 

( ){ 24cos012.03cos067.02cos318.0cos282.0135211621.7

)()4/3Re(
1

tttt

tf

+−−+≈
 

} 12)4sin012.03sin067.02sin318.0sin282.0( −
+−−+ tttt  

                                                                       [ ]{ 0176432.1  

                                                          [ ] [ ] tt cos0628286.0sin559303.0 ++  

                                                          [ ] [ ] tt 2cos5518532.02sin2144396.0 −+−+  

                                                          [ ] [ ] tt 3cos021216.03sin5778.0 −+−+  

                                                           [ ] }t4cos012.0+ .676081.3−  
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Thus, if ,0=t  then 

9455091.0)0()4/3Re(
1

≈f  (,while ( ) 10 0
1 == ef ); 

if 1=t , then 

                8227598.2)1()4/3Re(
1

≈f  (,while 7182818.2)1( 1
1 ≈= ef ); 

if et = , then 

                      968062.15)()4/3Re(
1

≈ef  (,while 154261.15)(1 ≈= eeef ). 

However, if 3=t , then  

                        ( ) 6652958.73)4/3Re(
1

≈f 7  (while ( ) 6522335.53 3
1 ≈= ef ),  

and if 
2
π

=t , then 

                          7613728.5
2

)4/3Re(
1

≈⎟
⎠
⎞

⎜
⎝
⎛π

f   ( while 810477.4
21 ≈⎟
⎠
⎞

⎜
⎝
⎛πf ) . 

Example 1.4.2. Let f  be the real-valued function  

( ) 2ttf =  ( ∈t R). 

As it is easily verified, the Fourier series ( )tF  of f  into [ ]ππ ,−  is given by 

tie
t
t

t
tttF ν

ν
ν

ν

ν
ππ ∑

∞

≠
−∞=

−
−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−⎥⎦

⎤
⎢⎣
⎡+⎥⎦

⎤
⎢⎣
⎡−−=

)0(

2

3

32

2 )1(2
3

...3cos2coscos4
3

)(  

( ≤−π π<t ). Define the C-linear functional fT :P(C)→C associated with f  by 
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( )
⎪
⎪
⎩

⎪⎪
⎨

⎧

=
−

=
==

,...3,2,1,)1(2

0,
3

2

2

ν
ν

νπ

νν
ν

if

if
cxT f  

For any matrix  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

with complex entries ( )1,, <⇔∈ kmkm D ππ , a Padé-type approximant to ( )tf  is a function 

( ) ( )

( ) .Re2)()1/Re( 0
1

11

c
eV

xe
xVeV

Te
tmm it

m

it
m

it
m

f
it

f −

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

=+ −
+

−
+

−
+−

 

As usually, 

( )∏
=

+ −=
m

k
kmm xxV

0
,1 )( πγ  

is the generating polynomial of this approximation ( ∈γ C { }0− ). 

(a). If 4=m  and 04,43,42,41,40,4 ===== πππππ , then 

( ) ,5
5 xxV =  

( ) ( )
,

16926
2

4322
555

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−+−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−
− −

−

−
−

ititit
itit

it

it

f
it eeeee

xe
xVeV

Te π
 

( ) itit eeV 5
5

−− =  

and 

.
4

4cos
3

3cos
2

2coscos4
3

)()5/4Re( 222

2

⎟
⎠
⎞

⎜
⎝
⎛ −+−−=

tttttf
π
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 This means that ( ) ( )tf5/4Re  is the trigonometric polynomial which equals the partial 

sum of the first five terms in the Fourier expansion ( )tF  of ( )tf . Indicatively, we have 

      t               ( )tf            ( ) ( )tf5/4Re  

 0          0000000.0   0954237.0  

 

2
π

−  
 

4674011.2  

 

5398681.2  

 

8
π

 
 

1542125.0  

 

1313749.0  

 

4
3π

 

 

8505508.1  

 

9704128.1  

 1        0000000.1   1091051.0  

 e 3890559.7           077193.7  

(b).  If 3=m   and  1,0 3,32,31,30,3 −==== ππππ , then 

( ) ,34
4 xxxV +=  

( ) ( ) ( ),2777777.05.12898681.12898681.3 32444 itititit
it

it

f
it eeee

xe
xVeV

Te +−+≈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
− −

−

−
−  

( ) ( )ititit eeeV += −− 14
4  

and 
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.2898681.3
cos1

3cos2777777.02cos2222224.1cos0797362.35797361.4)()4/3Re(

−
+

+−+
≈

t
ttttf  

Thus, 

 t   ( )tf  ( ) ( )tf4/3Re  

 0        0000000.0   0676457.0  

 2π−          4674011.2           5120904.2  

 8π          1542125.0            1755879.0  

 43π          850508.1  

 

8178327.1  

 

 1          0000000.1   9153782.0  

 e   3890559.7           424624.6  

 3π          0966227.1           3824601.1  

  4π−          6168502.0           5534881.0  
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(c). If 3=m  and  

,
7

12cos1
,3 ⎥⎦

⎤
⎢⎣
⎡ += π

π
π k

k  

or simply 

⎥⎦
⎤

⎢⎣
⎡ += ππ 7

12cos
0,3

k
 

( 30 ≤≤ k ), then 

        ≈)()4/3Re( tf [ ]{ 24cos012.03cos067.02cos318.0cos282.012 tttt +−−+  

[ ] } 124sin012.03sin067.02sin318.0sin282.0
−

+−−+ tttt  

                                       { tt 2cos0469156.0cos9873185.09347573.2 ++  

                                                     }tt 4cos0394784.03cos1130685.0 ++  

,2898681.3−  

or  

            [ ]{ 24cos125.03cos375.02coscos5.012)()4/3Re( tttttf +−−+≈  

[ ] } 124sin125.03sin375.02sinsin5.0
−

+−−+ tttt  

                                       { tt 2cos0232814.7cos4763827.03504691.8 −+  

                                                      }tt 4cos4112335.03cos4840065.0 +−  

,2898681.3−  

respectively. Both these two approximants seem to be not efficient, so their use is not 

recommended. 
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Example 1.4.3. Let f  be the real-valued non-negative function ttf =)(  ( ∈t R). The Fourier 

series of f  into [ ]ππ ,−  is 

.1)1(
2

...
5

5cos
3

3coscos4
2

)(
)0(

222
tiettttF ν

νν

ν

πν
π

π
π ∑

∞

≠−∞=

−−
+=⎟

⎠
⎞

⎜
⎝
⎛ +++−=  

Define the C-linear functional fT : P(C)→C associated with f  by 
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⎪
⎪
⎩

⎪⎪
⎨

⎧

=
−−

=
==

,...3,2,1,1)1(

0,
2

2 ν
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ν

if

if
cxTf . 

Observe that  

0...642 ==== ccc , while .0,...,,, 5310 ≠cccc  

For any matrix 

( )
mkmkm ≤≤≥

=Μ
0,0,π  

with complex entries Dkm ∈,π , a Padé-type approximant to ( )tf  is a function 

( ) ( )

( ) ,Re2)()1/Re( 0
1
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c
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xVeV
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tmm it
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f
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where  

( )∏
=

+ −=
m

k
kmm xxV

0
,1 )( πγ  
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is the generating polynomial of this approximation ( ∈γ C { }0− ). 

(a). If 3=m  and  ,
4
1

3,32,31,30,3 ==== ππππ  then 

( ),11632256256
256
1)( 234

4 +−+−= xxxxxV  

( ) ( )
⎟⎟
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⎞
⎜⎜
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⎛
−
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−
−
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xVeV

Te it
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f
it 44  

,864
9
51216512128512128

256
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4
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⎠

⎞
⎜⎜
⎝

⎛
⎥⎦
⎤

⎢⎣
⎡ ++−⎥⎦

⎤
⎢⎣
⎡ ++⎥⎦

⎤
⎢⎣
⎡ +−=

−
ititit

it

eeee π
ππ

π
π

π
π

π  

( ) ( ),1632256256
256

432
4

4
itititit

it
it eeeeeeV +−+−=

−
−  

and therefore 

[ ]{ 24cos3cos162cos32cos2562562)()4/3Re( tttttf +−+−=  

[ ] } 124sin3sin162sin32sin256
−

+−++ tttt  

                             { tt 2cos148.92997cos49.3247745.254941 +−  

                                                 }tt 4cos12385.4023cos974.23283 +−  

.5707963.1−  

Thus 
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 t   ( )tf   ( ) ( )tf4/3Re  

 0        0000000.0   3828912.0  

 

4
π

−  
 

     7853981.0  

 

9379537.0  

 

6
π

−  
 

     5235987.0  

 

894674.0  

 1      0000000.1   0112661.1  

 

(b). If 4=m  and ,1,0 4,43,42,41,40,4 −===== πππππ  then 

( ) ,45
5 xxxV +=  

( ) ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

−

−
−

xe
xVeV

Te it

it

f
it 55  

[ ] [ ] [ ] [ ] [ ]( ),4
43

3
12

2
21100

5 ititititit ecceccecceccce ++++++++= −  

( ) ( )ititit eeeV += −− 15
5 . 

Hence 

{ ttt
t

tf

3cos141471.02cos7073552.0cos2831853.25049728.2
cos1
1

)()5/4Re(

−−+
+

=  

} .5707963.14cos0707355.0 −− t
 

Thus, 
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 t   ( )tf   ( ) ( )tf5/4Re  

 0        0000000.0   3635019.0  

 

4
π

−  
 

     7853981.0  

 

9423442.0  

 

6
π

−  
 

     5235987.0  

 

6606627.0  

 1      0000000.1   2120203.1  

 

(c). If 4=m  and 04,43,42,41,40,4 ===== πππππ , then 

( ) ,5
5 xxV =  

( ) ( )
,

2
2

9
2 3555 ⎟

⎠
⎞

⎜
⎝
⎛ +−−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−
− −

−

−
− π

ππ
ititit

it

it

f
it eee

xe
xVeV

Te  

( ) .5
5

itit eeV −− =  

It follows that 

( ) ,3cos
9
4cos4

22
2

9
2

2
Re2)5/4Re( 3 tteet itit

f ππ
ππ

ππ
π

−−=−⎟
⎠
⎞

⎜
⎝
⎛ −−=  

and indicatively we have 



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

157 

 

 t   ( )tf   ( ) ( )tf5/4Re  

 0        0000000.0   1560857.0  

 

4
π

−  
 

     7853981.0  

 

7705152.0  

 

6
π

−  
 

     5235987.0  

 

4681385.0  

 1      0000000.1   0756475.1  

 e        7182818.2   673454.2  

Remark 1.4.4. In the preceding two Εxamples (:1.4.2 and 1.4.3) our indicative results 

corresponding to the choice “ 3=m , 1,0 3,32,31,30,3 −==== ππππ ”, seem to be persuasive 

and painless: the fact that the interpolation point 3,3π  lies in the unit circle C  (in other words, the 

fact that 13,3 =π ) does not steal in our special computations. The pathology of such a choice 

will be apparent in the following Example. 

Example 1.4.5. Assume that [ )1,0∈r . Let rf  be the real-valued function 

rf :R→R: ( ) .
cos21
sin

12
1Im)( 2rtr

tr
re

retft it

it

r +−
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−
+

=a  

As it easily verified, the Fourier series expansion ( )tFr  of ( )tf r  on [ ]ππ ,−  is 
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[ ] ,
22

sin)(
111

tititi
r eceireirtrtF ν

ν
ν

ν

ν

ν
ν

ν

ν

ν

ν ν ∑∑∑∑
∞

−∞=

∞

=

−
∞

=

∞

=

=
−

+==  

with 

00 =c  and 
2

ν

νν
ircc −

== −  for any 0≠ν . 

Define the C-linear functional 
rfT :P(C)→C associated with rf  by  

( ) ,
,...3,2,1,

2

0,0

⎪⎩

⎪
⎨
⎧

=
−

=
==

ν

ν
ν

ν
ν

ifir
if

cxT
rf  

and suppose the complex infinite triangular matrix  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

is given. For any ≥m 0, a Padé-type approximant to ( )tf r  is a function 

( ) ( )
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1
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ππ ≤≤−
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xVeV
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f
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r

r
 

where  

( )∏
=

+ −=
m

k
kmm xxV

0
,1 )( πγ  

is the generating polynomial of this approximation ( ∈γ C { }0− ). 

(a). If 3=m  and i−==== 3,32,31,30,3 ,0 ππππ ,then 

,)( 34
4 ixxxV +=  

( ) ( ) [ ] [ ] [ ] [ ]( ),3
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2
12010

444 itititit
it
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f
it eicceicceiccce
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xVeV

Te
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++++++=⎟⎟
⎠

⎞
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⎝

⎛
−
− −
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( ) ( ).14
4

ititit ieeeV += −−  

Hence, 
)()4/3Re( t

rf  

                [ ]{ trtrtrt
t

r 2cos12sincossin21
)sin1(2

2−++−+−
−

=  

}.4sin3cos3sin2 trtrtr +++  

Observe that )()4/3Re( t
rf  is well defined everywhere on [ ]ππ ,− , with the exception of the 

point 
2
π

=t . This is a consequence of the choice i−=3,3π , which in particular implies  

( ) .1 3,33,3 C∈⇔= ππ  

We have 

 t   ( )tf r   )()4/3Re( t
rf

 

 0  0   35.0 r−  

 

3
π

 
( )21
8660254.0

r
r

+
 ( )25.05.17320508.07320507.3 rrr +−  

 π−   0 ( )215.0 rr −  

 

4
π

 24142135.11
7071067.0

rr
r
+−

 ( )27071067.04142135.04142135.07071067.1 rrr +−  

 

6
π

−  27320508.11
5.0

rr
r

+−
−

                 ( )25.15980762.25.03333333.0 rrr −−  

 

5
π

 26180339.11
5877852.0

rr
r
+−

 ( )23090169.00388417.24845874.02129599.1 rrr −+  

 

2
π

 21 r
r
+

                                         undefined  
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and in particular 

r   1/8 1/2 3/4 

t   ( )tf 81   )()4/3Re(
81

tf

 

( )tf 21   )()4/3Re(
21

tf

 

( )tf 43   )()4/3Re(
43

tf

 

0   0000000.0   000976562.0−
 

000000.0   0625000.0−   0000000.0
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3
π
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1640625.0  

4
π
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6
π
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5730767.0−
 

5
π
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6737902.1  

 

(b). If 3=m  and ⎥⎦
⎤

⎢⎣
⎡ +

= ππ 7
12cos

,3

k
k  (,  3,2,1,0=k ): 
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then 
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( ) ( ) [ ] [ ]( [ ]

[ ] ),375.05.0

5.05.0

3
0123

2
012010

444

it

ititit
it

it

f
it

ecccc

eccceccce
xe

xVeV
Te

r

−−++

−++++≈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
− −

−

−
−

 

( ) ( ).125.0375.05.01 4324
4

itititititit eeeeeeV +−−+≈ −−  
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Since  
,5.0,5.0,5.0,0 3

3
2

210 ricricricc −=−=−==  

we obtain 
[ ]{ 24cos125.03cos375.02coscos5.01)()()4/3Re( ttttrt

rf +−−+−≈  

[ ] } 124sin125.03sin375.02sinsin5.0
−

+−−+ tttt  

                    [ ]{ [ ] trrtrr 2sin3125.1125.15.0sin0625.13125.0125.1 22 −−−+−−  

[ ] }.3sin375.15.02 trr ++−+  

Indicatively, we have 

t   ( )tf r   )()4/3Re( t
rf  

0  0   0  

3
π

 2)1(
8660254.0

r
r

+
 ( )

5468749.4
375.24375.1625.08660254.0 2 −−

−
rrr

 

π−  0   0  

4
π

 24142135.11
7071067.0

rr
r
+−

 ( )
3765699.2

0183059.09924175.00883883.0 2 +−
−

rrr
 

6
π

−  27320508.11
5.0

rr
r

+−
−

 

( )
5370791.1

2929083.06305285.08705127.0 2 ++
−

rrr
 

5
π

 26180339.11
5877852.0

rr
r
+−

 ( )
2188258.2

5654351.07775396.07653264.0 2 ++ rrr
 

2
π

 21 r
r
+

 ( )
28125.5

4375.28125.0125.2 2 −−
−

rrr
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In particular, there holds 

r   81   21   43  

t   ( )tf 81   )()4/3Re(
81

tf

 

( )tf 21   )()4/3Re(
21

tf

 

( )tf 43   )()4/3Re(
43

tf

0     0000000.0     0000000.0     0000000.0     0000000.0   0000000.0     0000000.0  

3
π

 
0855333.0     06059.0     1924499.0     2797496.0   2120878.0     4430566.0  

π−
 

  0000000.0     0000000.0     0000000.0     0000000.0   0000000.0     0000000.0  

4
π

 
  1053686.0     0621036.0     651239.0     0849208.1   0567713.1     4146128.2  

6
π

−

 

078211.0−   0313358.0−
 

6510847.0−
 

2686265.0−
 

4233557.1−
 

612591.0−  

5
π

 
  0903316.0     0380035.0     6664487.0     2581402.0   2632407.1     5337572.0  

2
π

 
  1230769.0     0279106.0     4000000.0     1030281.0   4800000.0     1237382.0  
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(c). If 3=m  and 03,32,31,30,3 ==== ππππ , then 

[ ],sin)()4/3Re(
3

1

trt
rf

ν
ν

ν∑
=

=  

and 

r   81   21   43  

t   ( )tf 81   )()4/3Re(
81

tf  ( )tf 21   )()4/3Re(
21

tf

 

( )tf 43   )()4/3Re(
41

tf

0   0000000.0       0000000.0   0000000.0
 

  0000000.0   0000000.0       0000000.0  

3
π

 
0855333.0       0270632.0   1924499.0

 
  649519.0   2120878.0       7713038.0  

π−
 

000000.0       0000000.0   0000000.0
 

  0000000.0     0000000.0       0000000.0  

4
π

 
1053686.0       1053943.0   651239.0     6919419.0     0567713.1       3911406.1  

6
π

−

 

078211.0−     0779847.0−   6510847.0−
 

5915063.0−
 

4233557.1−
 

  9592547.0−  

5
π

 
0903316.0       2239326.0   6664487.0

 
  6505387.0     2632407.1       377035.1  

2
π

 
1230769.0       1230468.0   4000000.0

 
   2500000.0     4800000.0       328125.0  

Example 1.4.6. Let ( )tf  be the function 

⎪
⎩

⎪
⎨

⎧

<<

<<−−
=

,0,
2

0,
2)(

ππ

ππ

tif

tif
tf  
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with Fourier series expansion 
[ ] [ ] .

2
1)1(

12
)12(sin2)(

)0(
1

tieittF ν

ν
ν

ν

ν νν
ν ∑∑

∞

≠
−∞=

∞

=

−−
=

−
−

=  

Define the C-linear functional fT :P(C)→C by 

( )
[ ]

⎪⎩

⎪
⎨
⎧

=

=
−−

==
.0,0

,...3,2,1,
2

1)1(
:

ν

ν
ν

ν

ν
ν

if

ifi
cxT f  

If 
( )

mkmkm ≤≤≥
=Μ

0,0,π  

is a complex infinite triangular matrix, then, for any ≥m 0, a Padé-type approximant to ( )tf  is a 
function 

( ) ( )

( ) ,)(Re2)()1/Re(
1

11

ππ ≤≤−

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

=+ −
+

−
+

−
+−

t
eV

xe
xVeV

Te
tmm it

m

it
m

it
m

f
it

f  

where  

( ) ( )∏
=

+ −=
m

k
kmm xxV

0
,1 πγ  

is the generating polynomial of this approximation ( ∈γ C { }0− ). 

(a). If 3=m  and ,
4
1,

3
1,

2
1,1 3,32,31,30,3 −=−=−=−= ππππ then 

( ) ( ) ,110355024
24
1 234

4 ++++= xxxxxV  

( ) ( ) [ ] [ ] [ ]( ) ,35245024
24

3
13

2
11

4
44 ititit

it

it

it

f
it eccecece

xe
xVeV

Te +++=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
− −

−

−
−  

( ) ( ).10355024
24

432
4

4
4

itititit
it

it eeeeeeV ++++=
−

−  

It follows that 
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[ ] [ ]22 4sin3sin102sin35sin504cos3cos102cos35cos5024
3sin20162sin6120sin6396

)()4/3Re(

tttttttt
ttt

tf

++++++++
++

=
 

and therefore 

 t  ( )tf   Re(3/4)f(t) 

 

2
π

 
 

5707963.1  
 

5764705.2  

 

2
π

−  
 

5707963.1−  
 

5764705.2−  

 

3
π

 
 

5707963.1  
 

8906633.1  

 

3
π

−  
 

5707963.1−  
 

8906633.1−  

 

4
π

 
 

5707963.1  
 

3992217.1  

 

4
π

−  
 

5707963.1−  
 

3992217.1−  

 

5
π

 
 

5707963.1  
 

1066319.1  

 

5
π

−  
 

5707963.1−  
 

1066319.1−  

 

6
π

 
 

5707963.1  
 

9153747.0  

 

6
π

−  
 

5707963.1−  
 

9153747.0−  

(b). If 4=m  and 1,0 4,43,42,41,40,4 −===== πππππ , then 

( ) ,45
5 xxxV +=  
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( ) ( )

( )3223432234

55

xxexeexxexexeeTe

xe
xVeV

Te

ititititititit
f

it

it

it

f
it

++++++++=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

−−−−−−−−

−

−
−

 

                  ( ),4
3

3
3

2
11

5 ititititit ecececece +++= −  

( ) ( ) .15
5

ititit eeeV += −−  

If follows that 

,
)cos1(3

4sin3sin22sin4sin6)()5/4Re(
t

tttttf +
+++

=  

which, in particular, gives 
 t  ( )tf   ( ) ( )tf5/4Re  

 

2
π

 

 

570963.1  

 

3333333.1  

 

2
π

−  

 

570963.1−  

 

3333333.1−  

 

3
π

 

 

570963.1  

 

7320508.1  

 

3
π

−  

 

570963.1−  

 

7320508.1−  

 

4
π

 

 

570963.1  

 

8856181.1  

 

4
π

−  

 

570963.1−  

 

8856181.1−  

 

5
π

 

 

570963.1  

 

8096081.1  

 

5
π

−  

 

570963.1−  

 

8096081.1−  

 

6
π

 

 

570963.1  

 

6666666.1  

 

6
π

−  

 

570963.1−  

 

6666666.1−  
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(c). If 4=m  and 04,43,42,41,40,4 ===== πππππ , then 

[ ] ⎟
⎠
⎞

⎜
⎝
⎛ +=

−+
= ∑

=

+

3
3sinsin2sin)1(1)()5/4Re(

4

1

1 ttttf ν
νν

ν

 

and 

  ,3333333.1
2

)5/4Re( =⎟
⎠
⎞

⎜
⎝
⎛π

f  ,3333333.1
2

)5/4Re( −=⎟
⎠
⎞

⎜
⎝
⎛−

π
f  

  ,7320508.1
3

)5/4Re( =⎟
⎠
⎞

⎜
⎝
⎛π

f  ,7320508.1
3

)5/4Re( −=⎟
⎠
⎞

⎜
⎝
⎛−

π
f  

  ,8856178.1
4

)5/4Re( =⎟
⎠
⎞

⎜
⎝
⎛π

f  ,8856178.1
4

)5/4Re( −=⎟
⎠
⎞

⎜
⎝
⎛−

π
f  

  ,809608.1
5

)5/4Re( =⎟
⎠
⎞

⎜
⎝
⎛π

f  ,809608.1
5

)5/4Re( −=⎟
⎠
⎞

⎜
⎝
⎛−

π
f  

  ,6666666.1
6

)5/4Re( =⎟
⎠
⎞

⎜
⎝
⎛π

f  .6666666.1
6

)5/4Re( −=⎟
⎠
⎞

⎜
⎝
⎛−

π
f  

Example 1.4.7. Let f  be the following function: 

 

⎪
⎪

⎩

⎪
⎪

⎨

⎧

=
<≤

≤<−⎟
⎠
⎞

⎜
⎝
⎛ +

−=

=

π
π

π
π

π

tif
tif

tift
tif

tf

,1
0,2

0,12

,1

)(  

As it is easily verified, the Fourier representation of f  is given by 

( ) ( )

tiei

tttF

ν

ν
ν

νν

ν

νν

πνπν

ν
πν

ν
νπ

∑

∑
∞

≠
−∞=

∞

=

+

⎥
⎦

⎤
⎢
⎣

⎡ −
+

−−
+=

⎥
⎦

⎤
⎢
⎣

⎡ −
+

−−
+=

)0(

2

1

1

2

)1(
)(

)1(1
2
3

sin
)(

)1(cos
)(

)1(12
2
3)(

 

).( ππ ≤≤− t Let us define the C-linear functional 
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fT :P(C)→C: ( )
⎪
⎪
⎩

⎪⎪
⎨

⎧

=
−

+
−−

=
=

,...3,2,1,)1(
)(

)1(1

0,
2
3

2 ν
νπνπ

ν
νν

νν

ifi

if
xTx fa  

For any complex triangular matrix  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

and any ≥m 0, a Padé-type approximant to f  is a function 

( ) ( )

( ) ,)(Re2)()1/Re( 0
1

11

ππ ≤≤−−

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

=+ −
+

−
+

−
+−

tc
eV

xe
xVeV

Te
tmm it

m

it
m

it
m

f
it

f  

where  

( )∏
=

+ −=
m

k
kmm xxV

0
,1 )( πγ  

is the generating polynomial of this approximation ( ∈γ C { }0− ). 

(a). If 3=m  and 
2
1,0 3,32,31,30,3 −==== ππππ , then 

( ) ,
2

3
4

4
xxxV +=  

( ) ( )

,
129

212
4
3

2
3 3

2
2

22
4

44

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥⎦
⎤

⎢⎣
⎡ −+⎥⎦

⎤
⎢⎣
⎡+⎥⎦

⎤
⎢⎣
⎡ −++=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

−

−

−
−

itititit

it

it

f
it

eieeie

xe
xVeV

Te

πππππ

 

( ) .
2

14
4 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+= −−

it
itit eeeV  

Thus, 
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{ ttt
t

tf

2cos251163.0cos5066059.3sin6366197.09526423.3
cos45

4)()4/3Re(

+++
+

=
 

} .5.14sin0506655.03cos0450316.03sin1061032.0 −−+− ttt  

In particular, 

 t  ( )tf   ( ) ( )tf4/3Re  

 0         0000000.2              9468554.1  

 π        0000000.1              1086712.1  

 π−        0000000.1              1086712.1  

 

2
π

 
 

      0000000.2  
 

           0553617.2  

 

2
π

−  
 

     0000000.1   
 

           9113552.0  

 

3
π

 
 

      0000000.2  
 

           0031648.2  

 

3
π

−  
 

      3333333.1  
 

           3730748.1  

 

4
π

 
 

      0000000.2  
 

           9619859.1  

 

4
π

−  
 

      5000000.1  
 

           5786325.1  

 

5
π

 
 

      0000000.2  
 

           9466674.1  

 

5
π

−  
 

      6000000.1  
 

           596714.1  

(b). If 3=m  and 03,32,31,30,3 ==== ππππ , then 
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( ) 4
4 xxV =  

and 

( ) ( )∑
=

+

⎥
⎦

⎤
⎢
⎣

⎡ −
+

−−
+=

3

1

1

2 sin)1(cos
)(

)1(12
2
3)()4/3Re(

ν

νν

ν
νπ

ν
νπ

tttf  

.3cos0450316.0
3sin2122065.02sin3183098.0cos4052847.0sin6366197.05.1

t
tttt

+
+−++=

 

Indicatively, we have 

 t   ( )tf   ( ) ( )tf4/3Re  

 0         0000000.2   9503163.1  

 π          0000000.1   0496837.1  

 π−          0000000.1   0496837.1  

 

2
π

 
 

       0000000.2  
 

9244132.1  

 

2
π

−  
 

       0000000.1  
 

0755868.1  

 

3
π

 
 

       0000000.2  
 

9332752.1  

 

3
π

−  
 

       3333333.1  
 

3819462.1  

 

4
π

 
 

       0000000.2  
 

0366381.2  

 

4
π

−  
 

       5000000.1  
 

4728366.1  

 

5
π

 
 

       0000000.2  
 

2890725.2  

 

5
π

−  
 

        6000000.1  
 

5406813.1  
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Example 1.4.8. For ∈a R, let af  be the real-valued function 

    ( ) ( )tatf a sinh=  ( ∈t R). 

The Fourier series ( )tFa  of af  into ),( ππ−  is given by 

( ) .)sinh()1()sin()1()sinh(2)(
)0(

22
1

22

1
ti

a e
a

ait
a

atF ν

ν
ν

ν

ν

ν

νπ
πνν

ν
ν

π
π ∑∑

∞

≠
−∞=

∞

=

+

+
−

=
+

−
=  

Consider the C-linear functional 
af

T  associated with af : 

:
afT P(C)→C: ( )

( )⎪⎩

⎪
⎨
⎧

=
+

−
=

== ,...3,2,1,)sinh()1(
0,0

:
22

)(

ν
νπ

πν
ν

ν
ν

νν

if
a

ai
if

cxTx a
fa

a  

If  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

is a complex infinite triangular matrix, then, for any ≥m 0, a Padé-type approximant to ( )tf a  is 

a function 

( ) ( )

( ) ( ) .Re2)()1/Re(
1

11

ππ ≤≤−

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

=+ −
+

−
+

−
+−

t
eV

xe
xVeV

Te
tmm it

m

it
m

it
m

f
it

f

a

a
 

As usually, 

( ) ( )∏
=

+ −=
m

k
kmm xxV

0
,1 πγ  

is the generating polynomial of this approximation ( ∈γ C { }0− ). 

 

(a). If 3=m  and 03,32,31,30,3 ==== ππππ , then 
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( ) 4
4 xxV =  

and 

.3sin
9

32sin
4

2sin
1

1)sinh(2)()4/3Re( 222 ⎟
⎠
⎞

⎜
⎝
⎛

+
+

+
−

+
= t

a
t

a
t

a
at

af π
π

 

Hence, 

a   21   2  

t  )(21 tf  )()4/3Re(
21

tf  f2(t) )()4/3Re(
2

tf  

0            0000000.0            0000000.0             000000.0             000000.0  

6
π

−  
 

2648002.0−  

 

2954574.0−  

 

249367.1−  

 

476309.19−  

5
π

 
 

     3193525.0  

 

   308832.0  

 

614488.1  

 

    920309.16  

4
π

 
 

     4028703.0  

 

      3025888.0  

 

3012989.2  

 

        3066229.9  

3
π

 
 

     5478534.0  

 

       2660742.0  

 

9986913.3  

 

    3807882.7−  

2
π

 
 

     8686709.0  

 

        4436537.0  

 

548739.11  

 

    2446673.5−  

At first glance, the numerical results in the above table show an insufficiency status for 

our choice (at least for the case 2=a ). However, for 0... ,0, === mmm ππ and m  enough 
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large, the corresponding Padé-type approximation results reveal sufficiently efficient, because of 

the coincidence of our approximation with the finite partial sum consisting in the first m  terms of 

the Fourier series ( )tFa . 

(b). If 3=m  and ,
3
2,0 3,32,31,30,3 −==== ππππ  then 

( ) ,
3
2 34

4 xxxV +=  

( ) ( ) [ ] ,
3
2

3
2 3)(

2
)(

3
2)(

1
)(

2
)(

1
444

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥⎦
⎤

⎢⎣
⎡ ++⎥⎦

⎤
⎢⎣
⎡ ++=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−
− −

−

−
− itaaitaaitait

it

it

f
it ecceccece

xe
xVeV

Te
a

 

( ) .
3
214

4 ⎟
⎠
⎞

⎜
⎝
⎛ += −− ititit eeeV  

Thus, 

( )

t
aaa

t
aat

atr
af

2sin
9

18
4

26
1

6

sin
4

12
1

13
cos1213

)sinh(2)()4/3(Re

222

22

⎥⎦
⎤

⎢⎣
⎡

+
+

+
−

+
+

⎜⎜
⎝

⎛
⎥⎦
⎤

⎢⎣
⎡

+
−

++
=
π

π

.3sin
4

12
9

27
22 ⎟⎟

⎠

⎞
⎥⎦
⎤

⎢⎣
⎡

+
−

+
+ t

aa
 

It follows that 
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a  21  2  

t  )(21 tf   )()4/3Re(
21

tf  )(2 tf   )()4/3Re(
2

tf  

0         0000000.0           0000000.0            0000000.0           0000000.0  

6
π

−  
 

22648002.0−  
 

2773082.0−  
 

     249367.1−  
 

0063189.2−  

5
π

 
 

 3193525.0  
 

   3317165.0  
 

   614488.1  
 

   1108546.2  

4
π

 
 

 4028703.0  
    4127542.0   

      3012989.2  
 

   0641907.2  

3
π

 
 

 5478534.0  
 

    7364422.0  
 

      9986913.3  
 

   6883143.1  

2
π

 
 

  8686709.0  
 

    8430904.0  
 

   548739.11  
 

   4292061.3  

 

All these results seem to be enough successful (at least for the case 
2
1

=a ). But, on the other 

hand, some unexpected difficulties appear: if, for example, 3−=a  then 

194418.25
4

)4/3Re(
3

=⎟
⎠
⎞

⎜
⎝
⎛

−

π
f    while    ,2279719.5

43 −=⎟
⎠
⎞

⎜
⎝
⎛

−
πf  

0744719.2
3

)4/3Re(
3

=⎟
⎠
⎞

⎜
⎝
⎛

−

π
f    while   .548739.11

33 −=⎥⎦
⎤

⎢⎣
⎡

−
πf  

 Obviously, the variation of the real parameter a  may cause spectacular perturbations in 

the behavior accuracy of our approximation results and, therefore, we must seek for constructing 

more satisfactory approximants in the generalized Padé-type sense ([48]).  
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1.4.2. Accelerating the Convergence of Functional Sequences 

 We shall now see how Padé-type approximants to continuous −π2 periodic real-valued 

functions may accelerate the convergence of functional sequences. More precisely, we shall study 

the assumptions under which, for every sequence of functions converging to a real-valued 

continuous −π2 periodic function on [ ]ππ ,− , there is always a Padé-type approximation 

sequence converging point-wise to that function faster than the first sequence. This property, due 

to the free choice of the interpolation points km,π , permits us to construct better approximations 

to continuous functions.  

 Before entering into more details, let me mention some well known results. Denoting by 

( [ ]ππ ,−C , ⋅〉〈⋅, ) the space [ ]ππ ,−C  of all continuous real-valued functions defined on the 

interval [ ππ ,− ], endowed with the usual scalar product  

∫
−

=〉〈
π

π

dsshsghg )()(:,   

and norm  

2
1

2
,: 〉〈= ggg   ( ∈hg, C[ ππ ,− ]), 

it is easily verified that ( [ ]ππ ,−C , ⋅〉〈⋅, ) is a not complete prehilbertian space. If 12 +nX  is the 

( )−+12n dimensional subspace of ( [ ]ππ ,−C , ⋅〉〈⋅, ) consisting of all trigonometric real-valued 

polynomials )(tpn  with degree n , then the family  

{ ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )}tnttnt

ttttttttt

nn sin,cos
,...2sin,2cos,sin)(,cos)(,1)( 22110

==
=====

ψϕ
ψϕψϕϕ

 

is an orthonormal system in 12 +nX , and there exists always an element pñ(t) of minimum distance 

from a fixed point ( )tu ∈ [ ]ππ ,−C : 
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pñ(t) )(
0

t
n

∑
=

=
ν

ννϕα )(
1

t
n

ν
ν

νψβ∑
=

+  

with 

2

2

,

ν

ν
ν

ϕ

ϕ
α

〉〈
=

g
   and   .

,
2

2ν

ν
ν

ψ

ψ
β

〉〈
=

g
 

The polynomial p ̃n(t) is the orthogonal projection of g(t) into 12 +nX  and is called the best 

approximation of g(t) into 12 +nX . Observe that, since the system  

{ },...,,...,,,, 110 nn ψϕψϕϕ  

is fundamental in ( [ ]ππ ,−C , ⋅〉〈⋅, ), the orthogonal projection operator nF  of ( [ ]ππ ,−C , ⋅〉〈⋅, ) 

onto 12 +nX  satisfies  

∞→∞→ =− nnn ggF lim)(lim
2

 pñ .0
2
=− g  

However, there exists a function ( )tg ∈ [ ]ππ ,−C with unbounded orthogonal projection 

sequence  

( ){ }.0: ≥ngFn  

Similarly, if we consider the space [ ]ππ ,−C  endowed with the uniform norm  

[ ] )(sup , tgg t ππ−∈∞
=  

and the class Rn,m[ ππ ,− ] of all rational functions  

( ) ( )tqtp mn  

( n  is the degree of ( )tpn  and m  is the degree of ( ) 0>tqm ), then for any function 

( )tg ∈ [ ]ππ ,−C  one can associate at least one best rational approximation rñ,m(t) from the class 

Rn,m[ ππ ,− ]. In both cases, the approximations are global and with respect to some norm. 

 One might hope that if we seek to approximate point-wise a real-valued continuous 

−π2 periodic function, then the expected results will be presented earlier. In other words, one 
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simply looks for other ways to recapture quickly a continuous −π2 periodic real-valued function 

from a few known Fourier coefficients of this function. One such method is explored by means of 

Padé-type approximation and requires some preparatory material.  

 

 At first, by using techniques similar to those proposed by Bromwich and Clark in [27] 

and [33] (see also [18]), we prove the following 

 

Proposition 1.4.9. Let Δ  be the operator of differences. Let also 

{ } { },...2,1,0:,...2,1,0: == myandmx mm  

be two sequences of real numbers satisfying  

mm yx ≠   and  0lim =∞→ mm y . 

Suppose { },...2,1,0: =mym  is strictly monotone. If  

[ ] 0lim =ΔΔ∞→ mmm yx , 

then 

∈=∞→ xxmmlim R   and   ( )[ ] .0lim =−∞→ mmm yxx  

Proof. Let 0>ε . Without loss of generality, we can assume that the sequence 

{ },...2,1,0: =mym  is strictly decreasing. (The case { },...2,1,0: =mym : strictly increasing is 

similar.) Since  

[ ] 0lim =ΔΔ∞→ mmm yx , 

there is a 00 >M  such that 

( ) εε <ΔΔ<− mm yx  for any 0Mm ≥ . 

Since 0<Δ my , these inequalities can be rewritten as 

( ) ( )111 +++ −<−<−− mmmmmm yyxxyy εε for any 0Mm ≥ . 

Let us replace the index m  by 1,...,2,1 −+++ pmmm . We have 
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  ( ) ( )111 +++ −<−<−− mmmmmm yyxxyy εε  

  ( ) ( )212121 ++++++ −<−<−− mmmmmm yyxxyy εε  

  ................................................................................. 

  ( ) ( )pmpmpmpmpmpm yyxxyy +−++−++−+ −<−<−− 111 εε  

for any 0Mm ≥ . Adding these inequalities, we get  

( ) ( )pmmpmmpmm yyxxyy +++ −<−<−− εε  for any 0Mm ≥ . 

Of course, we can suppose 1<− + pmm yy  and therefore obtain  

εε <−<− + pmm xx  for any 0Mm ≥ . 

It follows that { },...2,1,0: =mxm  is a Cauchy sequence. As the real field R is complete, this 

sequence converges to a limit in R, say x . Letting now ∞→p  in the inequalities  

( )<−− + pmm yyε ( )pmmpmm yyxx ++ −<− ε ( ≥m M0), 

we get  

,mmm yxxy εε <−<− for any 0Mm ≥ , 

which implies that 

( )[ ]mmm yxx −∞→lim . 

The Proof is now complete. 

 

 Recall also that for two numerical real sequences{ },...2,1,0: =mxm  and 

{ },...2,1,0: =mym  converging to x  and y  respectively, we say that  

{ },...2,1,0: =mxm  converges faster than { },...2,1,0: =mym , 

if 
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( ) ( )[ ] .0lim =−−∞→ yyxx mmm  

With this terminology, we can now quote  a  classical  result  which is a  direct 

consequence of Proposition 1.4.9. 

Corollary 1.4.10. Let Δ  be the operator of differences. Let also 

{ },...2,1,0: =mxm  and { },...2,1,0: =mym  

be two sequences of real numbers converging respectively to x∈R and ∈y R. Suppose 

{ },...2,1,0: =mym  is strictly monotone. If  

[ ] 0lim =ΔΔ∞→ mmm yx , 

then the sequence { },...2,1,0: =mxm  converges faster than the sequence { },...2,1,0: =mym . 

 In [25], C. Brezinski showed that if  

,limlim
11
m

mm
m

mm yrRx Δ=<=Δ ∞→∞→  

then the sequence { },...2,1,0: =Δ mxm  converges faster than the sequence { },...2,1,0: =Δ mym : 

[ ] 0lim =ΔΔ∞→ mmm yx . 

The main criterion of Corollary 1.4.10 can thus be rephrased as follows. 

Corollary 1.4.11.  Let Δ  be the operator of differences. Let also 

{ },...2,1,0: =mxm       and { },...2,1,0: =mym  
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be two sequences of real numbers converging respectively to ∈x R and ∈y R. If 

{ },...2,1,0: =mym  is strictly monotone and 

,limlim
11

ryRx m
mm

m
mm =Δ<=Δ ∞→∞→  

then the sequence { },...2,1,0: =mxm  converges faster than the sequence { },...2,1,0: =mym . 

 The following three results give us now some theoretical answers to the convergence 

acceleration problem by means of Padé-type approximants. 

Theorem 1.4.12. Suppose there is a constant 0>K  and an open neighborhood U  of the unit 

circle into which the generating polynomials ( )xVm 1+  of a Padé-type approximation satisfy 

)(1 zVK m+≤ , for any Uz∈  and any m  sufficiently large. 

Further, assume that the family ( ){ },...2,1,0:1 =+ meV si
m  is orthonormal in [ ]ππ ,2 −L . If  

( ) ( ) ( ) ( ) [ ]),,()(
1

suplim
1

2121
1 ππ−∈=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
− +

−
+

−
++

≤∞→ ttR
xe

xVeVeVxV m

it
m

it
m

it
mm

xm  

then, for any real-valued continuous −π2 periodic function f  on [ ππ ,− ], the corresponding 

sequence 

( ) ( ){ },...2,1,0:1/Re =+ mtmm f  
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of Padé-type approximants to f converges to ( )tf  faster than any strictly monotone converging 

sequence { },...2,1,0: =mym  satisfying 

.)(lim
1

tRy m
mm >Δ∞→  

 Proof. By Theorem 1.3.21.(b), the sequence ( ) ( ){ },...2,1,0:1/Re =+ mtmm f  converges to 

( )tf  everywhere in [ ππ ,− ]. Letting [ ]ππ ,−∈t  be fixed, we have 

( ) ( ) ( )( ) .,,2)()1/Re(
1

1

1
mit

m
it

mf
m

f exGexGTtmm −≤+Δ +  

The continuity of the linear functional fT  implies now that 

( ) ( ) ( ) ( ) ( )
,

1
sup)()1/Re(

1

1221
1

1
1 m

it
m

it
m

it
mm

x

m
fm

f xe
xVeVeVxV

K
tmm

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ℑ
≤+Δ +

−
+

−
++

≤  

where the constant fℑ  depends only on f . By passing in the upper limit, we obtain 

( ) .)()()1/Re(lim
1

tRtmm m
fm ≤+Δ∞→  

Application of Corollary 1.4.11 for the sequences ( ) ( ){ },...2,1,0:1/Re =+= mtmmx fm  and 

{ },...2,1,0: =mym  proves the Theorem. 

 

Similarly, using Corollary 1.3.22 instead of Theorem 1.3.21, we are leaded to  
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Corollary 1.4.13. Let  

( ) ( ) ∑∏
+

==
+ =−=

1

0

)(

0
,1

m

k

km
k

m

k
kmm xbxxV πγ  ( ,...2,1,0=m ) 

be the generating polynomials of a Padé-type approximation such that  

,)0(
2
11

0

2)( ≥=∑
+

=

mb
m

k

m
k π

)(0)(
1

0

)( nmbb n
k

m

k

m
k <=∑

+

=

 

and 

.lim

1

2

0

1

)(
0

)()1( Rbb
m

m

k

m

k

mm
km =

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

∑ ∑
+

=

+

≠
=

+
∞→

ν
ν

ν  

If there are two constants ∞<σ  and 1<c  fulfilling 

)0(
1

0

)( ≥<∑
+

=

mb
m

k

m
k σ    and   )0,0(, mkmckm ≤≤≥<π , 

then, for any real-valued continuous −π2 periodic function f  on [ ]ππ ,− , the corresponding 

sequence 

( ) ( ){ },...2,1,0:1/Re =+ mtmm f  

of  Padé-type approximants to f  converges to ( )tf  everywhere in [ ππ ,− ], faster than any 

strictly monotone converging sequence { },...2,1,0: =mym  satisfying 

.lim 1 Ry m
mm >Δ∞→  
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For a Proof of this Corollary, we only note that 

( ) ( ) ( ) ( ) .
2

0

1

)(
0

)()1(
2121

νν

ν
ν

ν xexebbxVeVeVxV itkkit
m

k

m

k

mm
km

it
m

it
mm −≤− ∑ ∑

+

=

+

≠
=

+
+

−
+

−
++  

Hence 

( ) ( ) ( ) ( ) m

it

it
mm

it
mm

xm
xe

eVxVeVxV
1

1221
1 1

suplim
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
− −

++
−

++
≤∞→  

,:lim

1

1

0
)(

0

)()1( Rbb
m

m

k

m

k

mm
km =

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
≤ ∑ ∑

+

=
≠
=

+
∞→

ν
ν

ν  

and we may apply Theorem 1.4.12. 

Theorem 1.4.14. Assume that the generating polynomials ( )xVm 1+  of a Padé-type approximation 

satisfy  

( ) 0
)(

lim 1
1

1 =−
+

+
∞→ zV

xV

m

m
m  

compactly in an open set ⊂ω C2 containing ( )∪× DD (C { }).0× If  

( ) ( ) ( ) ( ) [ ]),,()(:
1

suplim

1

1221
1 ππ−∈=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
− −

++
−

++
≤∞→ ttR

xe
eVxVeVxV m

it

it
mm

it
mm

xm  

then for any real-valued function f , continuous and −π2 periodic on [ ]ππ ,− , the 

corresponding sequence  

( ) ( ){ },...2,1,0:1/Re =+ mtmm f  
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of Padé-type approximants to f  converges to ( )tf  faster than any strictly monotone converging 

sequence { },...2,1,0: =mym  such that 

).(lim
1

tRy m
mm >Δ∞→  

 The Proof of Theorem 1.4.14 is exactly similar to that of Theorem 1.4.12 except for the 

fact that here we must apply Theorem 1.3.23.(b) instead of Theorem 1.3.21.(b). 

1.4.3.  Approximate Computation of Derivatives and Integrals 

 Suppose f is real continuous in the interval ππ ≤≤− t , where )()( ππ ff =− , and f´ is 

piecewise continuous on the interval ππ ≤≤− t .  

Then the Fourier series in the representation 

tiectF ν

ν
ν∑

∞

−∞=

=)(  

is differentiable at each point ( )ππ ,−∈t  at which ( )tf ''  exists: 

tieictF ν

ν
ν ν∑

∞

−∞=

=)('  ([27]). 

Defining the C-linear functionals 

fT :P(C)→C and 'fT :P(C)→C 

by 

( ) ν
ν cxT f =    and   ( ) ν

ν ν cixT f ='    ,)0( ≥ν  

respectively, it is easily seen that for any p(x)∈P(C) there holds 
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( ) ( ).)(')(' xixpTxpT ff =  

Thus, if the complex infinite triangular matrix  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

is given, then for any 0≥m , a Padé-type approximant to ( )tf '  is the function 

( )
( ) ( )

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎭
⎬
⎫

⎩
⎨
⎧

−
−

=+ −
+

−
+

−
+

'

11

1
' Re2)()1/Re(

xe
xVeV

xT
eV

ietmm it
m

it
m

fit
m

it

f  , 

or 

( )⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−=+ −
+

−
+ xe

xxV
T

eV
ietmm it

m
fit

m

it

f
)(

Re2)()1/Re(
'

1

1
'  

                                                                     ( )
( ) ( )
( )

.2
11

1 ⎥
⎥
⎦

⎤

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−

−
+

−

+
−

+−
−

+ xe

xVeV
xeT

eV
ie

it

m
it

mit
fit

m

it

 

  As in the Proofs of Theorem 1.3.9.(b) and Proposition 1.3.10.(b), one can show that the 

error of this approximation is given by the following formula: 

( )
( ) ,)(Relim1)(')()1/Re( 1

1

'
1

1' ⎥
⎦

⎤
⎢
⎣

⎡

−
=−+ ∫

−
−−

+

−
+

→

π

ππ
ds

erV
eV

ere
sfitftmm it

m

is
m

isitrf  

where the limit is uniform on [ ]ππ ,− . From Cauchy’s Integral Formula, it follows that  

( ) ( ) ( ) 0'1/Re ' =−+ tftmm f , 

and therefore 

( ) ( ) 01/Re ' =+ tmm f , 

whenever ( )tf  is a constant function in  [ ]ππ ,− . 

 Integration of Fourier series is also possible under much more general conditions than 

those of differentiation: Let f  be a real function that is piecewise continuous on the interval 
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ππ <<− t ; regardless of whether series ( )tF  converges, the following equation is valid 

whenever ππ ≤≤≤− tt0 : 

( ) 0

0 )0()0(

00)( titi
t

t

e
i
c

e
i
c

ttcdssf ν

ν
ν

νν

ν
ν

ν

νν ∑∑∫
∞

≠
−∞=

∞

≠
−∞=

−+−=  ([27]). 

Observe that 

,2)( 0∫
−

=
π

π

π cdssf       0
0

)( cdssf π
π

=∫     and    .)(
0

0∫
−

=
π

π cdssf  

 Define the C-linear functional 
∫ f

T :P(C)→C by 

( ) .
0,0

1,

⎪⎩

⎪
⎨
⎧

=

≥=
∫ ν

ν
ν
ν

ν

if

if
i
c

xT
f

 

Then, for any 0≥m , the definite integral ∫
t

t

dssf
0

)(  can be approximated in the Padé-type sense 

by the number 

( ) ( )
( ) ( )
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0

 

                                                                          ( )
( ) ( )

⎥
⎥
⎦

⎤
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

−
−

∫
− −

+
−

+
−

+ xe
xVeV

T
eV

e
it

m
it

m
fit

m

it

0

0

0

0
11

1

. 

Notice that 

∫∫
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−
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−
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The error is 
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Chapter 2 

Interpolation Methods for the 
Evaluation of a 2π-Periodic Finite 
Baire Measure and Integral 
Representations for Padé -Type 
Operators 

Summary 

In this Chapter, we will discuss the definition and effectiveness of Padé-type approximants to 2π-periodic 
finite Baire measures on [-π,π], as well as the convergence of a sequence of such approximants in the weak-star 
topology of measures. The next purpose of the Chapter is to look at an explicit form of Padé-type operators. To do so, 
we will consider representations of Padé-type approximants to harmonic, analytic, and Lp-functions by means of 
integral formulas, and then, we will define corresponding Padé-type operators. We will also study the basic properties 
of these integral operators and will prove convergence results. 

Introduction 

 One of the most effective methods for the numerical solution of integral equations imposes 
replacement of the integral equation by an system of linear equations,  using aquadrature formula.  

Indeed, suppose we are given the equation  

( )1E .)()()(),()( ∫
−

=−
π

π

φλ sgdtttftshsf  

If we replace the integral, using a numerical interpolation formula of the form  
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( ),)(
1

∫ ∑
− =

=
π

π

n

k
kk tfAdttf  

based on the points ,,...,, 21 nttt and require ( )1E to be satisfied only at these points, then we 

obtain a system 

( ) ( ) ( ) ( ) ( ) .),...,2,1(,
1

njtgttftthAtf jkkkj

n

k
kj ==− ∑

=

φλ  

Any solution of this system determines an approximate value for the required solution at the 

points .,...,, 21 nttt  

It often happens that the integral in ( )1E  is considered with respect to some finite 

measure μ  on [ ]ππ ,−  : 

( )2E .)()()(),()( sgtdtftshsf ∫
−

=−
π

π

μλ  

Below, we shall be concerned with constructing a general approximation method for a large class 

of measures μ  on [ ]ππ ,− , in such a way that one can approximate to an integral equation ( )2E  

by replacing it by an equation of type ( )1E . 

Let us begin with a finite real Baire measure μ  on [ ]ππ ,− . For definiteness, we assume 

that μ  is −π2 periodic, i.e. ifμ  has a point mass at π−  or π , these masses must be the same : 

{ }( ) { }( ).πμπμ =−  Then, μ  can be regarded as a measure on the unit circle C , obtained by 

identifying π−  and π , and the Poisson integral ( ) ( )zureu it =  of μ  is a real-valued harmonic 

function in z . From the solution of Dirichlet’s problem in the unit disk D , it follows that, 

when 1→r , the measures 

( ) ( )( )it
rrr reutudttutd == )()(μ  

converge to )(tdμ  in the weak-star topology on measures. 
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By using interpolation methods, we shall seek for an effective approximation to ( )tur . 

A natural approach to its solution is afforded by the ideas of Padé-type approximation. According 

to [42], the Padé-type approximants ( ) ( )zmm u1/Re +  to the harmonic function ( )zu  can be 

chosen in such a way to be harmonic real-valued function everywhere on D ; their fundamental 

property is that the Fourier series expansion of the restriction ( )tmm
ru)1/Re( + of 

( )it
u remm )1/Re( +  to the circle rC  of radius 1<r  matches the Fourier series expansion of the 

restriction ( )tur  of ( )itreu  to rC  up to the thm±  Fourier term. We can therefore approximate 

)(td rμ  by ( )dtremm it
u)1/Re( + . When 1→r , the measures ( )dtremm it

u)1/Re( +  

converge to the finite real measure  

dttmm )()1/Re( μ+ := ( )dtemm it
u)1/Re( +  

in the weak-star topology on measures. The boundedness in −1L norm of the family 

( ){ }10:)1/Re( <≤+ rremm it
u  guarantees that the Fourier series expansion of the limit 

measure  μ)1/Re( +mm  matches the Fourier series expansion of μ  up to the −± thm order’s 

Fourier-Stieltjes term. The measure dttmm )()1/Re( μ+  will be called a Padé-type approximant 

to )(tdμ . The integral equation  

∫
−

=+−
π

π
μλ )()()1/Re()(),()( sgdttmmtftshsf  

is a Padé-type approximate equation to ( )2E . 

  To judge the effectiveness of this method, and the extent to which it can be justified, the 

method need to be investigated theoretically. So, in the first Section of this Chapter, we discuss 

the definition and effectiveness of a Padé-type approximation to a finite Baire measure. 

The second Section deals with the representation form of Padé-type approximants by 

means of integral formulas and the consideration of corresponding Padé-type operators.  
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Let f  be a function analytic in the open unit disk D , with Taylor power series 
expansion  

ν

ν
ν za∑

∞

=0

 

Let also fT  be the linear functional defined on the space of complex polynomials 

by ( ) ν
ν axT f = . By Cauchy’s Integral Formula and Hahn-Banach Theorem, the functional fT  

can be extended to the space ( )DA  of all functions which are analytic in D  and continuous in the 

open neighborhood of D  ([40]). In particular, we have  

( )1)1()( −−= xzTzf f for any .Dz∈  

  Now, let ( )xVm 1+  be an arbitrary polynomial of degree 1+m , with distinct zeros 

nπππ ,...,, 21  of respective multiplicities ( ) ( ) ( ).1,...,1,1 21 +++ nmmm  If 

( ) ( ) 1111 +=++++ mmm nL , denote by ( )1+mVI  the linear operator mapping each 

( ) ( )DAxh ∈  to its Hermite interpolation polynomial 1+mG  of degree at most m  defined by 

( ) ( )i
j

mi
j Gh ππ )(

1
)(

+= for ni ,...,2,1=  and .,...,1,0 mj =  

If ( ) ( ) 11, −−≡ xzzxh , then ( )( )zxGT mf ,1+  is the so-called Padé-type approximant to 

( )zf  with generating polynomial ( )xVm 1+ . It is a rational function with numerator of 

degree m  and denominator of degree 1+m , denoted by ( ) ( )zmm f1+  and such that 

 ( ) ( ) ( ) ( )11 +Ο=+− m
f zzmmzf , if ( ) ( ){ }nz ππ 1,...,1min 1<  ([20]).  

Making use of the duality notation, we can also write  

( ) ( )zmm f1+ == ( )( )zxGT mf ,1+ ( )[ ]( ) ( )[ ]( )( ) .11, 1
1

1
1

−
+

∗−
+ −=−= xzTvIxzvIT fmmf  

Note that if ( )xVm 1+  is identical to the orthogonal polynomial ( )xqm 1+  with respect to 

fT , that is ( )( ) 01 =+ xqxT mf
ν  whenever ,,...,2,1,0 m=ν  then the Padé-type approximant 
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( ) ( )zmm f1+  becomes the classical Padé approximant [ ] ( )zmm f1+  to ( )zf , in the 

sense that 

  ( ) [ ] ( ) ( )221 +Ο=+− m
f zzmmzf , if ( ) ( ){ }nz ππ 1,...,1min 1<  ([21]). 

  In [26], Brezinski showed that the operator which maps f  to ( ) fmm 1+  can be 

understood as the mapping of ( )DA *  into itself which maps fT  into ( )[ ]( )fm TVI 1+
∗ . This 

mapping, which depends on the generating polynomial ( )xVm 1+ , is called the Padé-type operator 

for the space O(D) of all analytic functions on D  and it is exactly the operator ( )1
*

+mVI . If 

( )xVm 1+  does not depend on fT , then ( )1
*

+mVI  is linear. But for Padé approximants, since 

( )xVm 1+  is the orthogonal polynomial ( )xqm 1+  of degree 1+m  with respect to the functional 

fT , then ( )xVm 1+  depends on fT , and the linearity property only holds if the first 22 +m  

moments of both functionals are the same since, then, both orthogonal polynomials of degree 

1+m  will be the same. The aim of the second Section is to look at an explicit form of the Padé-

type operator by means of integral representations. The first Paragraph of this Section deals with 

integral representations of Padé-type approximants to real-valued 2L  or harmonic functions and, 

thus, with expressions of Padé-type operators for the spaces ( )CL2
R (of all real-valued 2L  

functions on C ), ( ) [ ]πππ ,2
.2, −− perLR  (of all real-valued 2π-periodic 2L  functions on [ ]ππ ,− ), 

and ( )DH R  (of all real-valued harmonic functions on D). In Paragraph 2.2.2, we define and 

give the explicit form of the composed Padé-type operators for the spaces ( )CL2
C  of all complex-

valued 2L  functions on C , ( ) [ ]ππ ,2
.2, −− pernLC  of all complex-valued −π2 periodic 2L  

functions on [ ]ππ ,− , and ( )DH C  of all complex-valued harmonic functions on D. Since 

O(D)⊂ ( )DH C , we thus obtain the desired explicit form of ( ) .1
*

+mVI  
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2.1. Interpolation Methods for the Evaluation of a  
Measure 

2.1.1. Padé-type Approximation to Finite Baire Measures 

In this Paragraph, we shall introduce Padé-type approximation to measures on ],[ ππ− . 

Let μ  be any finite real Baire measure on ],[ ππ− . Since ],[ ππ−  is a closed subset of 

Euclidean space, the Baire and Borel subsets of ],[ ππ−  coincide, so μ  may also be identified 

with a real Baire measure. 

We can define the Fourier-Stieltjes coefficients of μ  by 

,...)2,1,0()(
2
1

±±== ∫
−

νθμ
π

σ
π

π

θν
ν dei  

and the associated Fourier series. We might expect a sequence of measures to converge to μ  in 

the weak-star topology on measures, but the measure μ  must have period π2 . This means that if 

μ  has a point mass at π−  and π , these masses must be the same, i.e. 

{ }( ) { }( )πμπμ =− . 

A better way to formulate this condition is that μ  is really a measure on the circle obtained by 

identifying π−  and π . If  

( ) tii
rr

it erdedtPtureu νν

ν

π

π

θν
π

π

θμ
π

θμθ
π ∑ ∫∫

∞

−∞= −

−

−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=−== )(

2
1)()(

2
1)(  

         tier νν

ν
νσ∑

∞

−∞=

=  

),10( ππ ≤≤−<≤ tr  is the Poisson integral of the measure μ , then the function ( )zu  is 

harmonic real-valued at z  in the disk and the measures dttutd rr )()( =μ  converge to )(tdμ  in 

the weak-star topology on measures, i.e.  
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∫∫
−−

→ =
π

π

π

π

μμ )()()()(lim 1 tdtftdtf rr  

for any real-valued continuous function f on ],[ ππ− . 

In order to define Padé-type approximation to μ , we consider again the infinite 

triangular interpolation matrix  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

with complex entries km,π  satisfying 1<m,kπ  ( mkm ≤≤≥ 0,0 ). For any m  and any fixed 

{ }     ,,...,1,0:1
, mkz km =−∈ −πC  let us consider the unique polynomial ( )zxGm ,  of degree at 

most m  which interpolates the function 1)1( −− xz  at 

mmmmx ,1,0, ,...,, πππ= . 

Let us define the corresponding Padé-type approximant to ( ) ( )itreuzu =  with generating 

polynomial 

( ) ( )∏
=

+ −=
m

k
kmm xxV

0
,1 πγ  

by 

( ) ( ) ( )
( )

( )( ) 00

1

,Re2Re21/Re σσ μ −=−
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=+

+

∼

∼

it
m

it
m

it
mit

u erxGT
erV

erWermm . 

As usually, we have used the notation  

( ) ( ) ( ) ( ) ( ).:      ,:. 1
1

11
11

1
1 it

m
tmimit

mit

it
mimtmit

m erVererV
xer

erVTererW −−
+

++
+

∼

−−

−−
+∼

=
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
= μ  

μT  is the linear functional  
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μT : P(C)→C: ( ) ,...).2,1,0(: == νσν
ν

μ
ν xTx a  

Then  
( ) ( ) ( ) ( )it

uu ermmzmm 1/Re1/Re +=+  

is a harmonic real-valued function in the open unit disk. Further, if the Fourier series 

representation of ( ) ( )it
u ermm 1/Re +  is  

( ) ( ) ,1/Re )( timit
u erdremm νν

ν
ν∑

∞

−∞=

=+  

the choice 1<m,kπ  for any mk ≤  implies that  

( ) md v
m

v ±±±== ,...,2,1,0 anyfor      νσ . 

Clearly, when 1→r , the measures ( ) ( ) tdermm it
u1/Re +  converge to the finite real measure 

on ],[ ππ−  : 

( ) ( ) ( ) ( )
( )( ){ } ,,Re2)(V/)(Re2

1/Re:1/Re

001m dtexGTdteeW

dtermmdttmm

it
m

itit
m

it
u

σσ μ

μ

−=
⎭
⎬
⎫

⎩
⎨
⎧ −⎟

⎠
⎞

⎜
⎝
⎛=

+=+

+

∼∼  

in the weak-star topology on measures, and, moreover, the boundedness in −1L norm of the 

family ( ) ( ){ }10   :  1/Re <≤+ rermm it
u  guarantees that the Fourier series expansion of the 

limit measure ( )μ1/Re +mm  is given by 

.)( tim ed ν

ν
ν∑

∞

−∞=

 

Definition  2.1.1. The finite real Baire measure on ],[ ππ−   

( ) dtmm μ1/Re +  

is called Padé-type approximant to μ , with generating polynomial ( ).1 xVm+  
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According to our discussion above, if only a few Fourier-Stieltjes coefficients of a finite 

real Baire measure μ  are known, one can approximate μ  by its Padé-type approximants, in the 

sense that if 1<m,kπ  for any mk ≤ , then  

( )
v

m
vd σ=  

whenever .mm ≤≤− ν  

Let us study the error formula. 

 

Theorem 2.1.2. For any 0≥m , it holds  

( ) ( ) ( )
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

−
−=−+ +

−−
+

→
td

erx
xT

er
tddttmm it

itr 1
)(V

)(V

1Re2lim1/Re 1m

1
1m

1 μμ μ  

( )
( ) ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

−
= ∫

−
−−

+

−
+

−→ tdsd
erV

eV
re it

m

is
m

stir

π

π

μ
π

)(
1

1
2
1Re2lim 1

1

1
)(1  

in the weak-star topology on measures. 

Proof. Let { },...2,1,0:10 =<≤ nrn  be such that  

1lim =∞→ nn r . 

As it is mentioned above  

μμ dd
nrn =∞→lim  
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and 

( ) ( ) ( ) ( )dttmmdtermm it
nun μ1/Re1/Relim +=+∞→ , 

in the weak-star topology on measures. It follows that  

( ) ( ) ( ) ( ) ( ) ( )[ ]{ }tdtuermmtddttmm
nr

it
nun

−+=−+
∞→

1/Relim1/Re μμ  

or 

( ) ( ) ( )
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

−
−=−+ +

−−
+

∞→ td
erx

xT
er

tddttmm it
m

it
m

n 1
)(V

)(V

1Re2lim1/Re 1

1
1

μμ μ , 

in the weak-star topology on measures. To complete the Proof, write  

( ) k
m

k

m
km xBxV ∑

=
+ =

0

)(
1  

and observe that  

)(
21

)( )(

0

)(

0

1 sdeBer
xre

xVT ski
m

k

m
kti

it
m μ

π

π

π

ν

ν

νν
μ ∫∑∑

−

+−

=

∞

=

+ −=⎟
⎠
⎞

⎜
⎝
⎛

−
 

                            )(
2
1

0

)(

0

)( sdeBer
m

k

sikm
k

sti μ
π

π

π ν

νν∫ ∑∑
− =

−
∞

=

−

⎭
⎬
⎫

⎩
⎨
⎧

=  

                            
( ) ,)(

12
1

)(
1 sd

re
eV
sti

is
m μ

π

π

π
∫
−

−

−
+

−
=  

which ends of Proof. 
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Remark 2.1.3. It is of course possible to construct Padé-type approximants to the finite real Baire 

measure μ  on ],[ ππ−  with various degrees in the numerator and denominator. To do so, let us 

consider the Fourier-Stieltjes coefficients νσ  of ,...)2,1,0( ±±=νμ . The Poisson integral of 

μ  is then defined by  

( ) tiit erreu νν

ν
νσ∑

∞

−∞=

=  ( )ππ ≤≤−<≤ tr ,10 . 

If, for any 0≥n ,  
n

T μ denotes the linear functional  

 
n

T μ : P(C)→C: aνx ( ) ν
ν

μ σ += nxT
n

: , 

then, as 1→r , the finite real Baire measure 
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has a radial limit 
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),(Re2)()1/Re( σσ
ν
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ν
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in the weak-star topology on measures. This limit is also called a Padé-type approximant to μ  . 

The crucial property is the following one: if 1<m,kπ , for any mk ≤ , the Fourier representation 

of  

( ) ( )dttmnm u1/Re ++  

matches the Fourier series of μ  up to the ( ) −+± thnm order’s Fourier-Stieltjes term. 
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Remark 2.1.4. If, instead of a finite real Baire measure, we have to approximate a finite complex 

Baire measure μ  on. ],[ ππ− , with period π2  (: { }( ) { }( )πμπμ =− ), of the form  

( ) ( )tditdtd )2()1()( μμμ += , 

where )1(μ  and )2(μ  are finite real Baire measures, with Fourier-Stieltjes coefficients  

)1(
νσ  and )2(

νσ  ( ),...2,1,0 ±±=ν  

respectively, then for any 0, 21 ≥nn , the finite complex Baire measures: 
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and 
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are called composed Padé-type approximants to μ . Here,  

( )zxQm ,  and ( )zxRm ,  

denote the interpolation polynomials of ( ) 11 −− xz  at (distinct or not) points  

∈mmmm ,1,0, ,...,, πππ C and ∈mmmm ,1,0, ,...,, ρρρ C, 

respectively. In other words, any finite complex Baire measure of the form: 

( ) ( ) ( ) dtmmidtmmdtmm )2()1( 1/Re1/Re:1/ μμμ +++=+  

is said to be a composed Padé-type approximant to  

)2()1( μμμ i+= . 

The error of such an approximation is  
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where the limit is considered in the weak-star topology of measures. It is obvious that the 

computation of composed Padé-type approximants  

dtmm μ)1/( +  

to )(tdμ  requires the knowledge of Fourier-Stieltjes coefficients of  

)1(μd  and )2(μd  

up to the −± thm order coefficient. 

2.1.2. On the Convergence of a Sequence of Padé-Type  

Approximants  

Given a finite positive Baire measure μ  on ],[ ππ− , we shall now study the 

assumptions under which a sequence  

( ){ }   ,...2,1,0  : )(1/e =+ mdttmmR μ  

converges to )(tdμ  in the weak-star topology on measures, that is 

∫ ∫
− −

∞→ =+
π

π

π

π
μ μ )()()()1/Re()(lim tdtfdttmmtfm  

for any real-valued continuous function ( )tf  on ],[ ππ− . 

Our first result will follow from a combination of Radon-Nikodym Τheorem with 

the error formula given in Theorem 2.1.2. Recall that a positive Baire measure 1μ  on 

],[ ππ−  is absolutely continuous with respect to another positive Baire measure 2μ  on 

],[ ππ− , if every subset of ],[ ππ−  of measure zero for 2μ  is a set of measure zero for 
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1μ . The Radon-Nikodym Τheorem states that 1μ  is absolutely continuous with respect to 

2μ  if and only if there exists a non-negative function F  in ( )2
1 μdL satisfying 

21 μμ dFd = . 

We dispose the following partial answer to our problem. 

Theorem 2.1.5. Let μ  be a finite positive Baire measure on ],[ ππ−  which is absolutely 

continuous with respect to the Lebesgue measure, and satisfies  

{ }( ) { }( )πμπμ =− . 

Suppose there is a constant 0>K  and an open neighborhood U  of the unit circle into 

which the generating polynomials ( )xVm 1+  satisfy 

,)(1 xVK m+≤ for any Ux∈ and any m  enough large. 

If the family  

( ){ }   ,...2,1,0  : e1+ =mV is
m  

is an orthonormal bounded system in [ ]ππ ,2 −L , then 

( ) ( )tddttmm
m

μμ =+
∞→

)(1/Relim , 

in the weak-star topology on  measures. 

Proof. Let 0>ε  and let { },...2,1,0:1 =< nrn  be a strictly increasing sequence of positive 

numbers such that  
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1lim =∞→ nm r    and  Uer it
n ∈  for any 0≥n  and .ππ ≤≤− t  

According to the Radon-Nikodym Τheorem, there is a non-negative function [ ]ππ ,1 −∈ LF  

with  

.)()( dssFsd =μ  

From Mercer’s Τheorem, it then follows that there exists a )(εMM =  such that the 

inequalities 0, ≥≥ nMm  and ππ ≤≤− t  imply 

( )
( ) ( ) ( ) .

1
)(12)(

1
12 1)(1

1
1

1

1
)( εμ

π

π

π

π

<
−

=
− ∫∫
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−
+−−−

+−
−−

+

−
+

− dseV
er

sF
erV

sd
erV

eV
er

is
msti

n
it

nm
it

nm

is
m

sti
n

 

By Theorem 2.1.2, we therefore obtain 

( ) ( )tddttmm
m

μμ =+
∞→

)(1/Relim , 

in the weak-star topology on measures, which completes the Proof. 

Corollary 2.1.6. Let  

( ) ( ) ,...)2,1,0(
0

,

1

0

)(
1 =−== ∏∑

=

+

=
+ mxxBxV

m

k
km

k
m

k

m
km πγ  

be the generating polynomials of a Padé-type approximation such that  

)0(
2
121

0

)( ≥=∑
+

=

mB
m

k

m
k π

  and  .)(0
1

0

)()( nmBB
m

k

n
k

m
k <=∑

+

=

 

Suppose there are two constants ∞<σ   and 1>c  fulfilling 
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)0(
1

0

)( ≥<∑
+

=

mB
m

k

m
k σ    and   ).0,0(, mkmckm ≤≤≥<π  

If μ  is any finite positive Baire measure on ],[ ππ− , that is absolutely continuous with 

respect to the Lebesgue measure and satisfies { }( ) { }( )πμπμ =− , then there holds 

( ) ( )tddttmm
m

μμ =+
∞→

)(1/Relim , 

in the weak-star topology on  measures. 

Proof. If the generating polynomial  

( ) ( )∏
=

+ −=
m

k
kmm xxV

0
,1 πγ  

is written as  

( ) ∑
+

=
+ =

1

0

)(
1

m

k

km
km xBxV , 

then the orthogonality assumption for the family  

( ){ }   ,,...2,1,0    :1 =+ meV is
m  

in the above Theorem, is completely described by the following two conditions 
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m
k π
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m
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In fact, for any 0≥m , we have 
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and 
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.02
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Further, the boundedness assumption for the family  

( ){ },...2,1,0:1 =+ meV si
m  

is guaranteed by the fact that there is a positive constant ∞<σ  satisfying 

.)0(
21

0

)( ≥<∑
+

=

mB
m

k

m
k σ  

Finally, by the definition of the generating polynomials 

( ) ( )∏
=

+ −=
m

k
kmm xxV

0
,1 πγ    ( ∈γ C { })0− , 

it is easily seen that the existence of a constant 1>c  satisfying  

    , ckm ≤π  for any m  and k  

carries along the existence of an open neighborhood U  of the unit circle C  into which 

there holds 

( ) ( ),...2,1,0    ,inf0 1m =≤< +∈
mzVK

Uz
 

for some positive constant K  which is independent of m . 
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Theorem 2.1.5 can be viewed as an analogous to Theorem 1.3.17. A natural 

question which now arises is whether Theorem 1.3.23 can be extended to the case of a finite 

Baire measure on ],[ ππ− . This question has an affirmative answer, as we shall now see. 

Theorem 2.1.7. Suppose the polynomials  

( ) ( )∏
=

+ −=
m

k
kmm xxV

0
,1 πγ  

fulfil  

( )
0)(lim

1
1m

1m =
−

+

+
∞→

zV

xV
m  

compactly in an open subset ω  of C2 containing (C×{0}) ( )DD×U . Let μ  be any finite 

real Baire measure on ],[ ππ− , with  period π2 . If  

( ) ( ){ },...2,1,0:1/Re =+ mtdtmm μ  

is the Padé-type approximation sequence to μ  , with generating sequence  

( ){ },...2,1,0  : m+1 =mxV , 

then 

( ) ( )tddttmm
m

μμ =+
∞→

)(1/Relim , 

in the weak-star topology on measures. 
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Proof. Let f  be a real-valued continuous function defined on ],[ ππ− . Since the Poisson 

integral ( )itreuzu =)(  of μ  is harmonic in the disk, Theorem 1.2.12 can be applied to get  

( ) ( )zuzmm um
=+

∞→
)(1/Relim , 

compactly in  

( ){ }   .1,,:=)g( ≤∈∈ ζωζω zDz  

Since ω⊂×DD , we have D=)(g ω . This means that  

( ) ( ) ( )[ ] ( ) ( ) ( ) ( )( ),1/Relim ti
rr

ti
um erutututfermmtf ==+∞→  

uniformly on ],[ ππ− , for any fixed 1<r . From Lebesgue’s Dominated Convergence 

Theorem and from the fact that the measures  

tdtutd rr )()( =μ  

converge to )(tdμ  in the weak-star topology on measures, it follows that  

( ) ∫∫
−

→
−

∞→→ =+
π

π

π

π

tdtutftdremmtf rr
it

umr )()(lim)1/Re()(limlim 11  

( ) ( )∫∫ −−→
=

π

π

π

π
μμ )(=)(lim

1
tdtfdttdtf rr

. 

Now, recall that the sequence  

( ) ( ){ },...2,1,0:1/Re =+ mtdtmm μ  

with generating polynomials ( ){ },...2,1,0  : 1m+ =mxV  converges to )(tdμ  in the weak-star 

topology on measures if and only if 
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∫∫
−−

∞→ =+
π

π

π

π
μ μ )()()()1/Re()(lim tdtfdttmmtfm , 

or equivalently if and only if 

( ) tdremmtf it
urm ∫

−
→∞→ +

π

π

)1/Re()(limlim 1  

∫ ∫
− −

→→ ==
π

π

π

π

μ ,)()(lim)()(lim 11 tdtftdtutf rrr  

for any f . Thus, to prove the Theorem, it is enough to show that 

( ) tdremmtf ti
urm

)(
1 )1/Re()(limlim θ
π

π

+

−
→∞→ ∫ +  

( ) ,)1/Re()(limlim )(
1 tdremmtf ti

umr
θ

π

π

+

−
∞→→ ∫ +=  

for any ].,[ ππθ −∈  

Denote by 

)()( θνν

ν
ν

+
∞

−∞=
∑ tim erd  

the Fourier representation of  

( ) ( )).(1/Re θν ++ ti
u ermm . 

Since ( ) )(1/Re zmm u+  is harmonic in z , it is twice continuously differentiable and 

therefore, the sequence of partial sums 
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+ ,...2,1,0:)()( nerd
n

n
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ν

θνν
ν  

converges uniformly on ],[ ππ−  to  

( ) ( )).(1/Re θ++ ti
u ermm , 

because two integrations by parts show that ( ) ( )2−Ο= νν
ν rd m . It follows that it suffices to 

prove that 

θνν
π

π

ν

ν
ν

itim
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for all ].,[ ππθ −∈  But 

∫
−

π

π

ν

π
tdetf ti)(

2
1

 

is the Fourier coefficient ( )f
ντ −  of f . Thus, it suffices to show that  

,limlimlimlim )()(
1

)()(
1

θνν

ν
νν

θνν

ν
νν ττ ifm

mr
ifm

rm erderd ∑∑
∞

−∞=
−∞→→

∞

−∞=
−→∞→ =  

for any ].,[ ππθ −∈  

Notice that the sequence  

( ) ( ){ },...2,1,0  :  ±±=− ντ νν
fmd
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is the sequence of Fourier coefficients of a continuous function in [ ]ππ ,2 −L . In fact, by 

Cauchy-Schwarz’s Inequality, we have  

.
2)(2)(

2
)()(

2
)()( ⎟

⎠

⎞
⎜
⎝

⎛
⎟
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∞
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∞
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−

ν
ν

ν
ν

ν
νν

ν
νν τττ fmfmfm ddd  

From Bessel’s Inequalities 

( ) ( ) ( ) ∞<≤∞<+≤⎟
⎠

⎞
⎜
⎝

⎛
−

∞

∞=

∞

−∞=
∑∑ 2

2

-
2

2
  and   )(1/Re femmd fit

u
m

ν
ν

ν
ν

τ , 

it follows that 

( ) ( ) ∞<−

∞

−∞=
∑

2fmd νν
ν

τ . 

Application of the Riesz-Fisher Theorem guarantees now that the sequence 

( ) ( ){ },...2,1,0  :  ±±=− ντ νν
fmd  

is, in fact, the sequence of Fourier coefficients of a continuous −2L function. Let )(θmH  be 

this function, with Fourier coefficients  

( ) ( ) ( ) ( ),...2,1,0  :  :m ±±== − ντ ννν
fmdb . 

Extend )(θmH  into the unit disk by defining its Poisson integral 

( ) .)10()( <≤= ∑
∞

−∞=

rerbreH imi
m

θν

ν

ν
ν

θ  

With this notation, to prove the Theorem it is enough to show that 

( ) ,limlim)(lim 1
θθ i

mmrmm reHH ∞→→∞→ =  



PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES  N.J.DARAS 

 

210 
HELLENIC ARMS CONTROL CENTER PUBLISHING 

published on line as an e‐book in 2007 

www.armscontrol.info 

 

where the limits ∞→mlim  are considered with respect to the −∞L norm in ],[ ππ− . In other 

words, it is sufficient to show that there exists a function ( ) ],[* ππθ −∈CH  with the 

following two properties: 

( ) ( ) ( )
( ) ( ) ( ) .0*lim    P2

,0*limlim     P1

m

1r

=−

=−

∞∞→

∞∞→→

θθ

θθ

HH

HreH

m

i
mm

 

To do so, we may make use of three observations: 

(i). First, it is known that, for each fixed m , the functions ( )θim erH  converge to )(θmH  in 

−∞L norm, i.e. 

( ) ( ) 0lim   1r =− ∞→ θθ
m

i
m HreH . 

(ii). Next, for each fixed 1<r , the sequence { ( )θi
m erH  : m=0,1,2,...} converges to some 

( ) ],[* ππθ −∈H , i.e. 

∞→mlim ( ) ( ) 0* =−
∞

θθ HreH i
m . 

(To see this, one may use Cauchy-Schwarz’ Inequality to obtain 

( ) ( ) . 
2
1

2)(
2
1

2
)()( ⎟

⎠

⎞
⎜
⎝

⎛
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−≤− ∑∑

∞

−∞=
−

∞

−∞= ν
ν

ν

ν
ν

ν
ν

θθ τ fnmi
n

i
m rdrderHerH  

Then, by Bessel’s Inequality, there is a positive constant fc  such that  

( ) ( ) ( ) ( ) ( ) ( ) 21/Re1/Re θθθθ i
u

i
uf

i
n

i
m rennremmcreHreH +−+≤− ∞  

( ) ( ) ( ) ( ) ( ) .1/Re1/Re2 ∞+−+≤ θθπ i
u

i
uf rennremmc  

Since u  is harmonic in the disk, an application of Theorem 1.2.12 shows that the sequence 

( ){ },...2,1,0: =merH i
m

θ  is a Cauchy sequence into the complete space [ ]ππ ,−C , which 

proves our assertion.) 
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(iii). Finally, if ( )θierH *  is the Poisson integral of the continuous function )(* θH , then  

( ) ( ) 0**lim   1r =− ∞→ θθ HreH i . 

 

After these remarks, one can really end the Proof of the Theorem. From (ii), it 

follows directly the asymptotic formula  

( ) ( ) 0*limlim   1r =− ∞∞→→ θθ HreH i
mm . 

On the other hand, since, by (i) and (iii), for any 0>ε  there is a ( ) 1
~~

<= εrr  with  

( ) ( )
3

   εθ θ <− ∞
i

mm reHH   and  ( ) ( )
3

**   εθθ <− ∞HreH i  

for every 
~
rr ≥ , we obtain  

( ) ( )
∞

− θθ mHH *   
 

( ) ( ) ( ) ( ) ( ) ( ) ∞∞∞ −+−+−≤ θθθθ θθ i
m

ii
mm

i reHreHreHHreHH ***
 

   
( ) ( ) .*

3
2

∞−< θθε i
m

i reHreH  

Obviously, one can find an integer 0
~~~
>⎟

⎠
⎞

⎜
⎝
⎛= rMM  such that for every 

~
Mm ≥ , 

( ) ( ) .
3

* εθθ <− ∞
i

m
i reHreH  

We thus conclude that  

( ) ( ) 0*lim   =− ∞∞→
θθ HHmm

, 

Hence the function [ ]ππθ ,)(* −∈CH  has the properties ( ) P1 and ( )P2 . This completes 

the Proof. 
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As we have seen in Theorems 1.3.23 and 2.1.7, the crucial hypothesis for the 

convergence of a Padé-type approximation sequence to a continuous function or to a finite 

Baire measure concerns the choice of the generating polynomials  

( ) ( ) 
0

,1 ∏
=

+ −=
m

k
kmm xxV πγ  

or equivalently the choice of the interpolation points km,π . In both cases, remind that the 

sufficient condition was the compact convergence of the sequence  

( )
( ) ⎭

⎬
⎫

⎩
⎨
⎧

=−
+

+ ,..2,1,0  :  1
1

1 m
zV
xV

m

m  

into an open subset of C2 containing (C×{0}) ( )DD ×U . Our next purpose is to give a 

stronger sufficient convergence condition in terms of the entries km,π  only. 

 

Corollary 2.1.8. Suppose the interpolation points km,π  ( mkm ≤≤≥ 0,0 ) are chosen so 

that  

1− 1, << kmπ   and  ( ) .1lim
2

0
,

1
−∞=∑∑

=≥
∞→

n

k
km

n
m n

π . 

(a). For any real-valued continuous −π2 periodic function f  defined on ],[ ππ− , there 

holds  

( ) ( )tftmmR fm =+∞→ )(1/elim  

point-wise on ],[ ππ− . 

(b). For any finite real Baire measure μ  on ],[ ππ− , satisfying  

{ }( ) { }( )πμπμ =− , 

there holds  

( ) ( )tddttmmRm μμ =+∞→ )(1/elim  

in the weak-star topology on measures. 
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Proof. According to Theorems 1.3.23 and 2.1.7, it is enough to show that  

( )
( )

( )

( )
,0limlim

0
,

1

0
,

1
1m

1m =
−

−
=

∏

∏

=

−

=
∞→−

+

+
∞→ m

k
km

m

k
km

mm

z

x

zV
xV

π

π
 

compactly in an open neighborhood of (C×{0}) ( )DD ×U . 

First, we shall prove that 

( )

( )
,0lim

0
,

1

0
,

=
−

−

∏

∏

=

−

=
∞→ m

k
km

m

k
km

m

z

x

π

π
 

compactly into an open neighborhood of DD × . 

Let 10,0 <≤> rε  and 10 << δ . It is clear that our hypothesis is eq- 

uivalent to the limit condition:  

( ) .3explim
1 0

, ∞=
⎭
⎬
⎫

⎩
⎨
⎧

−∑ ∑
≥ =

∞→
n

m

k

n
kmm n

π  

If follows that, for any ∈x C with δ+= 1x  and any Dz ∈  with rz ≤ , we have  

( ) ( )
∏

∑
∏

∑
≥

=
∞→

≥

=
∞→

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

⎟
⎠
⎞

⎜
⎝
⎛ −=

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

⎟
⎠
⎞

⎜
⎝
⎛ −

1

0
,

1

0
, 1Reexplim1explim

n

n
n

m

k

n
km

m
n

n
n

m

k

n
km

m z
xn

z
xn

ππ
 

                                                       
( )

∏
∑

≥

=
∞→

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

⎥⎦
⎤

⎢⎣
⎡ −

+
−≥

1

0
,

1
1explim

n

m

k

n
km

m r
n δ

π
 

                                                        ( )∏ ∑
≥ =

∞→
⎭
⎬
⎫

⎩
⎨
⎧
−≥

1 0
,

3explim
n

m

k

n
kmm n

π  
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                                                        .∞=  

This means that there exists an integer 0)(11 ≥= εMM , with 

( ) ( )
,exp1

1

,,

0
∏∏
≥= ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−<
n

nn
km

n

n
km

m

k n
z

nx
ππ

ε
 

for any .1Mm ≥ In other words, there exists a )(11 εMM = such that 1Mm ≥  and rz ≤  

implies  

( ) [ ] ,1Reexp
0 1

,
⎭
⎬
⎫

⎩
⎨
⎧

−> ∑∑
= ≥

−
m

k n

nnn
km xz

n
πε  

or, in other words, 

( ) .11logRelog11logRe
0 1

,
,

10
∑ ∑∑∑
= ≥≥= ⎭

⎬
⎫

⎩
⎨
⎧

−+<
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

m

k n

n
km

n

km

n

m

k

z
nxn

πε
π

 
Observe that the expressions 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−∑

≥1

,11logRe
n

n
km

xn
π

   and   ( )
⎭
⎬
⎫

⎩
⎨
⎧

−∑
≥1

,
11logRe

n

n
kmz

n
π  

are the Taylor series developments of the functions 

x
km,1log

π
−    and   zkm,1log π− , 

respectively. We can therefore rewrite our last inequality as 

∑∑
==

−+<
− m

k
km

m

k

km z
x

x

0
,

0

, 1logloglog πε
π

 

for .,1,1 rzxMm ≤+=≥ δ By the maximum principle for subharmonic functions, we 

immediately obtain 

( )[ ]11

0
,

0
, 1log1logloglog ++

==

++−+<− ∑∑ mm
m

k
km

m

k
km r

z
x δπεπ  
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rzxMm ≤+≤≥   ,1  ,for   1 δ . This can also be written in the form 

( ) .),1,(11
1

11

0
,

0
, rzxMmr

z
x mm

m

k
km

m

k
km ≤+≤≥+−<− ++

==
∏∏ δδπεπ  

If, in particular, 

( )( ),11     1
=−⇔

−
== r

r
r

rr δδδ  

then we get 

( )

( )
0lim

0
,

1

0
,

=
−

−

∏

∏

=

−

=
∞→ m

k
km

m

k
km

m

z

x

π

π
 

uniformly on 

( ) .  ,1:, 2

⎭
⎬
⎫

⎩
⎨
⎧ ≤≤∈ rz

r
xzx C  

Summarizing, we have showed that 

( )

( )
0lim

0
,

1

0
,

=
−

−

∏

∏

=

−

=
∞→ m

k
km

m

k
km

m

z

x

π

π
 

compactly into the open neighborhood  

( ) Dofrz
r

xzxr ×
⎭
⎬
⎫

⎩
⎨
⎧ ≤≤∈= <≤ D    ,1:,: 2

10 CUϖ . 

Since ϖ  contains also C ×{0}, the Proof of Corollary 2.1.8 is complete. 
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2.2. Integral Representations 

2.2.1. Integral Representations and Padé-Type Operators 

Until now, we have defined and studied Padé and Padé-type approximation to harmonic 

functions in the unit disk D, as well as to −π2 periodic real-valued −pL functions on the unit 

circle C  or the compact interval [ ]ππ ,− . In any case, the structural development and main 

ideas of our theory were analogous to the classical theory on rational approximation to analytic 

functions. 

Really, no situation is quite as pleasant as the −2L case. In this Paragraph, we shall 

look for another way to introduce Padé-type approximants to −2L functions and to harmonic 

functions. Our method will rely on integral representation formulas and lead to a number of 

interesting approximation results. 

To begin our discussion, let us consider any real-valued −2L function ( )zu  defined on 

the circle C . Suppose the Fourier series expansion of ( )iteu  is  

ivt
v

v
eσ∑

∞

−∞=

. 

Since u is square integrable, the sequence of its partial sums  

⎭
⎬
⎫

⎩
⎨
⎧

=∑
−=

,...2,1,0:neivt
v

n

nv

σ  

converges to ( )iteu  in the −2L norm. Let ( )CP  be the vector space of all complex-valued 

analytic polynomials with coefficients in C . For every  

( ) ( )CP∈= ∑
=

v
v

m

v

xxp β
0

, 

we denote by ( )xp  the polynomial  
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( ) ( )CP∈= ∑
=

v
v

m

v

xxp β
0

. 

Define the linear functionals  

( ) CCP →:uT  and ( ) CCP →:uS  

associated with u  by  

( ) ( ) ( ).,...2,1,0:: === − νσσν
ν

v
v

uu xSandxT  

As it is well known, the Poisson integral of ( ) ( )iteuzu =  ( )1=z  extends to a harmonic 

real-valued function  

( ) ( )itreuzu =  

in the unit disk D  ( )10,1 <≤< rz . This harmonic function being the real part of 

some analytic function in D , we immediately see that  

( ) ( )v
uvv

v
u xSxT === −σσ  

for any 0≥v .  

More generally, we have the following  

Proposition 2.2.1. For every ( ) ( )CP∈xp , it holds 

( )( ) ( )( )xpTxpS uu =    and   ( )( ) ( )( )xpTxpS uu = . 

Proof. Let  

( ) ( )CP∈=∑
=

v
v

m

v

xxp β
0

. 

By linearity, we obtain 
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( )( ) ( )

( ) ( )

( )( ) ,
0

00

00

xpTxT

xTxT

xSxSxpS

u
v

v

m

v
u

v
uv

m

v

v
uv

m

v

v
uv

m

v

v
v

m

v
uu

=⎟
⎠

⎞
⎜
⎝

⎛
=

==

=⎟
⎠

⎞
⎜
⎝

⎛
=

∑

∑∑

∑∑

=

==

==

β

ββ

ββ

 

and moreover 

( )( ) ( )

( ) ( )

( )( ) .
0

00

00

xpTxT

xTxT

xSxSxpS

u
v

v

m

v
u

v
uv

m

v

v
uv

m

v

v
uv

m

v

v
v

m

v
uu

=⎟
⎠

⎞
⎜
⎝

⎛
=

==

=⎟
⎠

⎞
⎜
⎝

⎛
=

∑

∑∑

∑∑

=

==

==

β

ββ

ββ

 

Corollary 2.2.2. For every ( ) ( ),CP∈xp  there holds 

   ( )( ) ( )( )xpSxpT uu ReRe =  

and 

( )( ) ( )( )xpSxpT uu ReRe = . 

Now, observe that the linear functional uS  can be extended continuously on the space 

( )CL2  of all complex-valued that are square integrable functions on the unit circle C . Indeed, if  
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( ) ( )CP∈=∑
=

v
v

m

v

xxp β
0

, 

then, by Hölder’s Inequality, we get  

( )( )

( )
2

0

2

0

2

0

2

2
1 dteeu

xpS

ivt
v

m

v

it

vv

m

v
vv

m

v
u

⎟
⎠

⎞
⎜
⎝

⎛
⋅⋅=

==

−

=
−

=
−

=

∑∫

∑∑

β
π

σβσβ

π

π

 

                                                    ( ) ( ) ( ) 2

2

2

2
1 xpcdtepeu u

itit ≤⋅= ∫−
π

ππ
, 

for some positive constant uc  depending only on u . Hence, by the Hahn-Banach 

Theorem, there is a continuous linear extension of uS  on ( )CL2 . It follows, from the 

Riesz Representation Theorem, that there exists a unique ( )CLFu
2∈  such that  

( ) ( ) ( ) ( ) ( )∫∫
−

==
π

π

θθθ θζζζ deeFegidFggS ii
u

i
u

C
u  

for all ( )CLg 2∈ . If, in particular,  

( ) vg ζζ =  , 

then 

( ) ( ) ( )∫∫
−

==
π

π

θθθ θζζζζ deeFeidFS ii
u

iv
u

v

C

v
u . 

But 

( ) ( )∫
−

− ==
π

π

θθ θ
π

σζ deeuS ivi
v

v
u 2

1
, 

and therefore 

( ) ( ) θθθ iii
u eeuieF −−= . 
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This implies that 

( ) ( ) ( ) θθθ
π

π

deueggS ii
u ∫

−

=  

for all ( )CLg 2∈ . In view of Corollary 2.2.2, we have thus obtained the 

Theorem 2.2.3. Let  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

be an infinite triangular interpolation matrix with complex entries and, for any 0≥m , let 

( )zxGm ,  be the unique polynomial of degree at most m  which interpolates the function  

( ) 11 −− zx  

at mmmmmx ,2,1,0, ,...,,, ππππ=  ( z : fixed and 1, <kmπ ). 

(a). For any real-valued function ( )CLu 2∈ , the corresponding Padé-type approximant 

( ) ( )zmm u1/Re +  to ( )zu  has the following integral representation 

( ) ( ) ( ) ( ){ } ζ
ζ
ζπζ

π
dzGu

i
zmm m

C
u

1,4Re
2

11Re −
⋅=+ ∫      ( ) .1=z  

Equivalently, 

( ) ( ) ( ) ( )

( ) ( ){ } ( ) .1,4Re
2
1

4
1,Re21Re

ππθπ
π

θ
π

θθ
π

π

θθ
π

π

≤≤−−⋅=

⎭
⎬
⎫

⎩
⎨
⎧ −=+

∫

∫

−

−

tdeeGeu

deeGeuemm

iti
m

i

iti
m

iit
u

 

(b). Let [ ]ππ ,2 −∈ Lf  be a −π2 periodic real-valued function, with Fourier coefficients 

{ }  .,...2,1,0: ±±=vcv Since  
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( ) ivt
v

v

ectf ⋅= ∑
∞

−∞=  

in the −2L norm, the function ( )tf  can be viewed as a function of the unit circle, and therefore 

the Padé-type approximant ( ) ( )tmm f1Re +  to ( )tf  has the following integral representation 

( ) ( ) ( ) ( )

( ) ( ){ } ( )  . 1,4Re
2
1

4
1,Re21Re

ππθπθ
π

θ
π

θ

θ
π

π

θ
π

π

≤≤−−⋅=

⎭
⎬
⎫

⎩
⎨
⎧ −=+

∫

∫

−

−

tdeeGf

deeGftmm

iti
m

iti
mf

 

In order to simplify the formalism, we shall also make use of the notation  

( )
ζ
ζ zBm ,Re

 

for the kernel  

( ){ }
ζ
ζπ 1,4Re −zGm , 

i.e. 

   
( ) ( ){ }

ζ
ζπ

ζ
ζ 1,4Re:,Re −

=
zGzB mm   

and  

                 ( ) ( ){ }   . 1,4Re:,Re −= iti
m

iti
m eeGeeB θθ π  

 

As it is pointed out in Paragraph 1.3.2, the function ( ) ( )zmm u1Re +  ( )1=z  

is continuous. Hence, the integral operator ( )1Re +mm  maps ( )CL2
R  into ( )CL2

R  and 

therefore, by the Closed Graph Theorem, it is continuous (of course, under the 
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assumption that 1, <kmπ  for all mk ≤ ). Here, ( )CL2
R  denotes the Hilbert space of all 

real-valued functions that are square integrable in the circle C . The integral operator 

 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
ζ

ζ
ζ

ζ
π

d
zB

u
i

zmmzu

CLCLmm

m

C
u

,Re
2

11Re

::1Re 22

∫=+

→+

a

RR

 

is called the Padé-type operator for ( )CL2
R .  

Its adjoint is given by  

 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
.

,Re
2

11Re

::1Re

*

22*

ζ
ζ

ζ
π

d
z

zB
u

i
zmmzu

CLCLmm

m

C
u ∫=+

→+

a

RR

 

In fact, to ( )1Re +mm  there corresponds a unique operator 

( ) ( ) ( )CLCLmm 22* :1Re RR →+  
satisfying  

( ) ( )*1Re,,1Re wu mmuwmm +=+ , 

i.e. 

  ( ) ( ) ( ) ( ) ( ) ( ) dzzmmzudwmm w
C

u
C

*1Re1Re +=+ ∫∫ ζζζ  

for all ( )CLwu 2, ∈ . Since, by Fubini’s Theorem, 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ,,Re
2
1

,Re
2

11Re

dzd
z

zBw
i

zu

dwdz
z

zBzu
i

dwmm

m

CC

m

CC
u

C

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

=+

∫∫

∫∫∫

ζζζ
π

ζζζ
π

ζζζ

 

we conclude that 
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( ) ( ) ( ) ( )
ζ

ζ
ζ

π
d

z
zB

w
i

zmm m

C
w

,Re
2

11Re * ∫=+ ( )( )CLw 2
R∈ . 

 

Similarly, as it is pointed out in Paragraph 1.3.2, for any real-valued −π2 periodic 

function [ ]ππ ,2 −∈ Lf , the Padé-type approximant ( ) ( )tmm f1Re +  is continuous, and, by 

construction, −π2 periodic. It follows that the integral operator ( )1Re +mm  maps the space 

( )[ ]πππ ,2
2, −− perLR  of real-valued −π2 periodic functions of [ ]ππ ,2 −L  into itself. Hence, by 

the Closed Graph Theorem, this operator 

( ) ( )[ ] ( )[ ]

( ) ( ) ( ) ( ) ( ) θθ
π

ππππ

θ
π

π

ππ

deeBftmmtf

LLmm

iti
mf

perper

,Re
2
11Re

:,,:1Re 2
2,

2
2,

∫
−

−−

⋅=+

−→−+

a

RR

 

is continuous. It is called the Padé-type operator for ( )[ ]πππ ,2
2, −− perLR . Its adjoint 

operator is then given by

 ( ) ( )[ ] ( )[ ]

( ) ( ) ( ) ( ) ( ) .,Re
2
11Re:

,,:1Re

*

2
2,

2
2,

*

θθ
π

ππππ

θ
π

π

ππ

deeBftmmtf

LLmm

iit
mf

perper

∫
−

−−

⋅=+

−→−+

a

RR

 

In fact, to ( )1Re +mm  we associate the unique operator 

( ) ( )[ ] ( )[ ]ππππ ππ ,,:1Re 2
2,

2
2,

* −→−+ −− perper LLmm RR  
satisfying 

( ) ( ) ,1Re,,1Re *
gf mmfgmm +=+  

or, in other words, 

( ) ( ) ( ) ( ) ( ) ( ) θθθ
π

π

π

π

dmmfdttgtmm gf
*1Re1Re +=+ ∫∫

−−

 



PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES  N.J.DARAS 

 

224 
HELLENIC ARMS CONTROL CENTER PUBLISHING 

published on line as an e‐book in 2007 

www.armscontrol.info 

 

for all ( )[ ]πππ ,, 2
2, −∈ − perLgf R .It follows, from Fubini’s Theorem, that 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ,,Re
2
1

,Re
2
11Re

θ
π

θ

θθ
π

θ
π

π

π

π

θ
π

π

π

π

π

π

ddteeBtgf

dttgdeeBfdttgtmm

iti
m

iti
mf

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

=+

∫∫

∫∫∫

−−

−−−  

and consequently 

( ) ( ) ( ) ( ) dteeBtgmm iti
mg ,Re

2
11Re * θ

π

ππ
θ ∫

−

=+ ( )[ ]( )πππ ,2
2, −∈ − perLg R . 

Summarizing, we have proved the 

Theorem 2.2.4. If 0≥m , then, for any ( ) ( )CLzu 2
R∈  and any ( ) ( )[ ] ,,2

2, πππ −∈ − perLtf R  it 

holds  

( ) ( ) ( ) ( )
ζζζ

π
d

z
zBu

i
zmm m

C
u

,Re
2

11Re * ∫=+  

and  

( ) ( ) ( ) ( ) .,Re
2
11Re * θθ
π

θ
π

π

deeBftmm iit
mf ∫

−

=+
 

 

 

The continuity property of Padé-type operators ( )1/Re +mm  can be used to 

prove new convergence results: 
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Theorem 2.2.5. (a). If the sequence ( ){ }   ,...2,1,0:2 =∈ nCLun R  converges to ( )CLu 2
R∈  in 

the −2L norm, then 

( ) ( ) ( ) ( )zmmzmm uun n
1Re1Relim +=+∞→  

in the −2L norm . 

(b). If the sequence  ( )[ ]{ }   ,...2,1,0:,2
2, =−∈ − nLf pern πππR  converges to 

( )[ ]πππ ,2
2, −∈ − perLf R  in the −2L norm, then 

( ) ( ) ( ) ( )tmmtmm ffn n
1Re1Relim +=+∞→  

in the −2L norm. 

For series of functions, there is a direct consequence of this Theorem: 

Corollary 2.2.6. (a). If the series of functions 

( ) ( )∑
∞

=

⋅=
0n

nn zuazu  ( )( )CLua nn
2, RR ∈∈  

converges in the −2L norm, then  

( ) ( ) ( ) ( )∑
∞

=

+=+
0

1Re1Re
n

nnu zummazmm
 

in the −2L norm. 

(b). If the series of functions  

( ) ( )∑
∞

=

⋅=
0n

nn tfatf  ( )[ ]( )πππ ,, 2
2, −∈∈ − pernn Lfa RR  

converges in the −2L norm then 
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( ) ( ) ( ) ( )∑
∞

=

+=+
0

1Re1Re
n

nfnf tmmatmm
 

 in the −2L norm. 

Let us now determine conditions under which the integral operator ( )1Re +mm  is 

compact onto ( )[ ]πππ ,2
2, −− perLR . Since, for each fixed [ ]ππ ,−∈t , the kernel function 

( )iti
m eeB ,Re θ  is bounded in θ , it follows, from Tonelli’s Theorem, that 

Theorem 2.2.7. If there is a constant ∞<*c  such that 

( ) ( ) *
22

2,Re cdeeB iti
m πθθ

π

π

≤∫
−

 

for almost all [ ]ππ ,−∈t , then the Padé-type operator  

( ) ( )[ ] ( )[ ]ππππ ππ ,,:1Re 2
2,

2
2, −→−+ −− perper LLmm RR  

is compact. Moreover   

( ) ( ) *
2/521Re cmm ⋅≤+ π  

and ( )*1Re +mm  is also compact. 

It is readily seen that if the Padé-type operator  

( ) ( )[ ] ( )[ ]ππππ ππ ,,:1Re 2
2,

2
2, −→−+ −− perper LLmm RR  



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

227 

 

is compact, then it is not one-to-one. This follows from the fact that  

( )[ ] ,,dim 2
2, ∞=−− πππ perLR  

and therefore 0  must be an eigenvalue of ( )1Re +mm .  

 However, it would be interesting to know necessary and sufficient conditions under 

which, for any ( ) [ ],,2
2, πππ −∈ − perLh R  there is a ( )[ ]πππ ,2

2, −∈ − perLf R  with 

( ) hmm f =+1Re . 

Of course, a general such a condition is given by the inequality 

( )
22

*1Re fcmm f ≥+ . 

This inequality can also be written in the form 

( ) ( ) ( ) dtdeeBfcdttf iit
m

2
2 ,Re θθ θ

π

π

π

π

π

π
∫∫∫
−−−

≤  

for some constant 0>c  and any ( )[ ]πππ ,2
2, −∈ − perLf R . Obviously, this inequality 

holds if and only if 

( ) ( ) ( ) θθ θ
π

π

deeBfctf iit
m ,Re∫

−

≤  

for almost all [ ]ππ ,−∈t , and thus we have proved the following 

 

Theorem 2.2.8. If there is a constant 0>c  such that 

( ) ( ) ( ) θθ θ
π

π

deeBfctf iit
m ,Re∫

−

≤  
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almost everywhere on [ ]ππ ,− , for every ( )[ ]πππ ,2
2, −∈ − perLf R , then the  range of 

( )1Re +mm  equals ( )[ ]πππ ,2
2, −− perLR . 

Let us finally turn to integral representation formulas in the harmonic case. If u  is 

harmonic and real-valued in the unit disk, then, for any 10 <≤ r , the restriction  

( ) ( )it
r erutu =  ( )ππ ≤≤− t  

of ( )zu  to the circle of radius r can be interpreted as a real-valued, −π2 periodic function in 

[ ]ππ ,2 −L . According to Theorem 2.2.3, the Padé-type approximant ( ) ( )tmm
ru1Re +  to ( )tur  

is given by the integral representation formula: 

 

( ) ( ) ( ) ( ){ }

( ) ( ){ }   .1,4Re
2
1

1,4Re
2
11Re

θπ
π

θπθ
π

θθ
π

π

θ
π

π

dererGeru

dererGutmm

iti
m

i
r

iti
mrur

−=

−=+

∫

∫

−

−  

After applying the simple change of variables  
iterz =  and θζ ier= , 

we obtain 

  

( ) ( ) ( ) ( ){ }

( ) ( ) ,,Re
2

1

1,4Re
2

11Re

ζ
ζ
ζζ

π

ζ
ζ
ζπζ

π

ζ

ζ

dzBu
i

dzGu
i

zmm

m

r

m

r
u

∫

∫

=

=

=

−
=+

 

and hence we can state the following 

 

 

 



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

229 

 

Theorem 2.2.9. Let  

( )
mkmkm ≤≤≥

=Μ
0,0,π

 
be an infinite triangular interpolation matrix with complex entries and, for any 0≥m . Let also 

( )zxGm ,  be the unique polynomial of degree at most m  which interpolates the function 

( ) 11 −− zx  at mmmmmx ,2,1,0, ,...,,, ππππ=  ( z  is fixed and 1, <kmπ  whenever mk ≤ ). 

The Padé-type approximant ( ) ( )zmm u1/Re +  to the harmonic real-valued function 

( )zu  in the disk is given by the following integral representation formula: 

  ( ) ( ) ( ) ( ) ζζ
ζ
ζ

π ζ

dzBu
i

zmm m
z

u ,Re
2

11Re ∫
=

=+     ( )Dz∈ . 

As it is mentioned in Paragraph 1.2.1, the function ( ) ( )zmm u1Re +  is the real part of 

an analytic function in the unit disk, and therefore, it is a harmonic real-valued function in D  (of 

course, under the assumption 1, <kmπ  for all mk ≤ ). If ( )DHR  is the space of all harmonic 

real-valued functions in D , the integral operator 

  

:)1/Re( +mm ( )DHR → ( )DHR  

                          
( ) ( ) ζζ
ζ
ζ

π ζ

dzBu
i

zmmzu m
z

u ,Re
2

1)()1/Re()(: ∫
=

=+a  

is said to be a Padé-type operator of ( )DHR . 

It is easily seen that a  Padé-type operator of  ( )DHR   is  continuous.  

For, if ∈nu{ ( )DHR ,...}2,1,0: =n  and  

( )DHuunn R∈=∞→lim  
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compactly in the disk D , then, by the maximum principle for harmonic functions, we 

have 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )[ ] ( )

( ){ } ( ) ( ){ }
( ) ( ) ( ){ }ζζ

ζζζπ
π

ζ
ζ
ζ

ζζ
π

ζ

ζζ

ζ

ζ

uumrL

uuzBr
r

d
zB

uu

zmmzmm

zmmzmm

nr

nrmrrz

m
n

r
rz

uur

uurz

n

n

−≤

−≤

−=

+−+=

+−+

=

===

=
=

=

≤

∫

sup,

sup,Resup2
2

1

,Re
sup

2
1

1Re1Resup

1Re1Resup

,

 

for any 1<r . Hence, the continuity of ( )1Re +mm : ( ) ( )DHDH RR →  follows. 

As for the −2L case, the continuity of the Padé-type operator for ( )DHR  leads to some 

interesting convergence results. 

Theorem 2.2.10. If the sequence { },...2,1,0: =nun  of harmonic real-valued functions in the 

open unit disk converges compactly to ( )DHu R∈ , then there holds 

( ) ( ) ( ) ( )zmmzmm uun n
1Re1Relim +=+∞→  

compactly in D . 

Corollary 2.2.11. If the series of harmonic real-valued functions 

   ( ) ( )∑
∞

=

=
0n

nn zuazu      ( )( )DHua nn RR ∈∈ ,  

converges compactly in the disk, then 



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

231 

 

   ( ) ( ) ( ) ( )∑
∞

=

+=+
0

1Re1Re
n

unu zmmazmm
n

 

the convergence of the series being compact in D . 

 

 

Remark 2.2.12. In [23], Brezinski showed that the (Hermite) interpolation polynomial ( )zxGm ,  

of ( ) 11 −− xz  at mmmmx ,1,0, ,...,, πππ=  is given by 

( ) ( )
( )⎟⎟⎠

⎞
⎜⎜
⎝

⎛
−

−
= −

+

+
1

1

11
1

1,
zV
xV

zx
zxG

m

m
m       ( )mkz km ,...,1,0,1

, =≠ −π , 

where ( )xVm 1+  is any generating polynomial  

( ) ( )∏
=

+ −=
m

k
kmm xxV

0
,1 πγ  ( )0≠γ . 

We thus obtain the following analytic expressions for the two kernels 

( )
ζ
ζ zBm ,Re

 and ( )iti
m eeB ,Re θ  : 

( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−

−
−

−
= ∏

=

+− 1
1

1
1

4Re,Re
0 ,

,11
m

k km

kmmm

z
z

z
zB

π
πζ

ζ
ζ

ζ
ζ

 

and 

( ) ( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−

−
−

−
= ∏

=
− 11

1
4Re,Re

0 ,

,
m

k km
it

km
i

ti
iti

m e
e

e
eeB

π
ππ θ

θ
θ , 

respectively. 
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The investigation of more useful and simple expressions for these two kernels, 

as well as their deeper properties remain to be studied and could be constitute an 

interesting direction of research. 

2.2.2. Integral Representations and Composed Padé-Type Operators 

We are now in position to generalize definitions and results of Paragraph 2.2.1 to the 

context of composed Padé-type approximation. 

Set 

( ) ( ){ }   :: functionvaluedcomplexisuCLuCL pp −∈=C  

( )[ ] { [ ] andvaluedcomplexisfLfL pp
per −−∈=−− :,:,2, πππππC  

( ) }functionffperiodic )()(:2 πππ =−−  
and 

( ) }{ .::: functionvaluedcomplexandharmonicisuCDuDH −→=C  
 

From Theorems 2.2.3 and 2.2.9, it follows immediately the 

 

Theorem 2.2.13. For 2,1=j , let 

( ) ( )( )
mkm

j
km

j
≤≤≥

=Μ
0,0,π  

be an infinite triangular interpolation matrix with complex entries ( ) Dj
km ∈,π , and, for any 

0≥m , let ( )( )zxG j
m ,  be the unique polynomial of degree at most m  which interpolates the 

function ( ) 11 −− xz  at ( ) ( ) ( )j
mm

j
m

j
mx ,1,0, ,...,, πππ=  ( z  is regarded as a parameter). If  

( )( ) ( )( )∑
=

=
m

v

vmj
v

j
m xzgzxG

0

,, , 

we denote by ( )( )zxG j
m ,  the polynomial 
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( )( ) vmj
v

m

v
xzg ,

0
∑
=

. 

Put 
( )( ) ( )( ) 1,4, −= zxGzxB j

m
j

m π . 

(a). For any ( )CLuiuu 2
21 C∈⋅+= , the corresponding composed Padé-type approximant 

( ) ( )zmm u1+  to ( )zu  has the following integral representation 

( ) ( ) ( )
( )( ) ( )

( )( )
ζ

ζ
ζ

ζ
ζζ

π
dzBzuizBu

i
zmm mm

C
u

⎭
⎬
⎫

⎩
⎨
⎧

+=+ ∫
,Re,Re

2
11

2

2

1

1

 

( ) .1=z Equivalently 

( ) ( ) ( ) ( )( ) ( ) ( )( ){ } θ
π

θθθθ
π

π

deeBeuieeBeuemm iti
m

iiti
m

iit
u ,Re,Re

2
11 2

2
1

1 +=+ ∫
−  

( )ππ ≤≤− t . 

(b). For any ( )[ ]πππ ,2
2,21 −∈+= − perLfiff C , the corresponding composed Padé-type 

approximant ( ) ( )tmm f1+  to ( )tf  has the following integral representation 

( ) ( ) ( ) ( )( ) ( ) ( )( ){ } θθθ
π

θθ
π

π

deeBfieeBftmm iti
m

iti
mf ,Re,Re

2
11 2

2
1

1 +=+ ∫
−  

( )ππ ≤≤− t . 

(c). For any ( )DHuiuu C∈+= 21 , the corresponding composed Padé-type approximant 

( ) ( )zmm u1+  to ( )zu  has the following integral representation 

( ) ( ) ( )
( )( ) ( )

( )( )
ζ

ζ
ζζ

ζ
ζ

π ζ

dzBuizBzu
i

zmm mm

z
u

⎭
⎬
⎫

⎩
⎨
⎧

+=+ ∫
=

,Re,Re
2

11
2

2

1

1

    

( )1<z . 
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 In view of Theorem 1.2.15, we can also give integral representation for classical Padé-type 
approximants to analytic functions: 

Corolary 2.2.14. Let  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

be an infinite triangular interpolation matrix with complex entries Dkm ∈,π , and, for any 

0≥m , let ( )zxGm ,  be the unique polynomial of degree at most m  which interpolates the 

function ( ) 11 −− xz  at mmmmx ,1,0, ,...,, πππ=  ( z  is regarded as a parameter).  

If 

( ) ( )( )∑
=

=
m

v

vm
vm xzgzxG

0
, , 

denote by ( )zxGm ,  the polynomial  

( )( ) vm
v

m

v
xzg∑

=0

, 

and put 

( ) ( ) 1,4:, −= zxGzxB mm π . 

For any ∈f O(D), the corresponding Padé-type approximant ( ) ( )zmm f1+  to ( )zf  (in the 

Brezinski sense of [20]) has the following integral representation  

( ) ( ) ( ) ( ) ζ
ζ
ζζ

π ζ

dzBf
i

zmm m

z
f

,Re
2

11 ∫
=

=+     ( )1<z . 
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Under the assumptions of Theorem 2.2.13, each one of the following integral operators 

( ) ( ) ( )
( ) ( )

( )
( )( ) ( )

( )( ) ,,Re,Re
2

1

1
::1

2

2

1

1

21

22

ζ
ζ
ζζ

ζ
ζζ

π
dzBuizBu

i

zmmiuuu
CLCLmm

mm

c

u

⎭
⎬
⎫

⎩
⎨
⎧

+=

++=
→+

∫

a

CC

 

( ) ( )[ ] ( )[ ]
( ) ( )

( ) ( )( ) ( ) ( )( ){ } θθθ
π

ππππ

θθ

π

ππ

deeBfieeBf

tmmfiff

LLmm

iti
m

iti
m

f

perper

,Re,Re
2
1

1

:,,:1

2
2

1
1

21

2
2,

2
2,

+=

++=

−→−+

∫
−

−−

a

CC

 

and 

          

( ) ( ) ( )
( ) ( )

( )
( )( ) ( )

( )( ) ζ
ζ
ζζ

ζ
ζζ

π ζ

dzBuizBu
i

zmmuiuu
DHDHmm

mm

z

u

⎭
⎬
⎫

⎩
⎨
⎧

+=

++=
→+

∫
=

,Re,Re
2

1

1
::1

2

2

1

1

21 a

CC

 

is called a composed Padé-type operator for ( )[ ]πππ ,, 2
2,

2 −− perLL CC  and ( )DHC , 

respectively. 

Under the assumptions of Corollary 2.2.14, the integral operator 

:)1/( +mm O(D)→O(D) ( ) ( ) ( ) ( )
ζ

ζ
ζ

ζ
π ζ

d
zB

f
i

zmmf m

z
f

,Re
2

11/: ∫
=

=+a  

is called a Padé-type operator for O(D). 

 

 The continuity property for these integral operators  follows  directly  from arguments cited 

in Paragraph 2.2.1 and leads to some new convergence results: 
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Theorem 2.2.15. Under the assumptions and notations of Theorem 2.213 and Corollary 2.2.14, 

(a). if the sequence ( ){ }   ,...2,1,0:2 =∈ nCLun C  converges to ( )CLu 2
C∈  in the −2L norm, then  

( ) ( ) ( ) ( )zmmzmm uun n
11lim +=+

∞→
 

in the −2L norm; 

(b). if the sequence ( )[ ]{ }   ,...2,1,0:,2
2, =−∈ − nLf pern πππC  converges to 

( )[ ]πππ ,2
2, −∈ − perLf C , with respect to the −2L norm, then  

( ) ( ) ( ) ( )tmmtmm ffn n
11lim +=+

∞→
 

in the −2L norm; 

(c). if the sequence ( ){ }  ,...2,1,0: =∈ nDHun C  converges to ( )DHu C∈  compactly in D, then  

( ) ( ) ( ) ( )zmmzmm uun n
11lim +=+

∞→  

compactly in D; 

(d). if the sequence { ∈nf O(D): },...2,1,0=n  converges to ∈f O(D) compactly in D,  

then  

( ) ( ) ( ) ( )zmmzmm ffn n
11lim +=+

∞→
 

compactly in D. 
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Especially, for series of functions, we have the following immediate consequence: 

Corollary 2.2.16. Under the assumptions of Theorem 2.2.13 and Corollary 2.2.14,  

(a). if the series of functions  

( ) ( )∑
∞

=

=
0n

nn zuazu  ( )( )CLua nn
2, CC ∈∈  

converges in the −2L norm, then  

( ) ( ) ( ) ( )∑
∞

=

+=+
0

11
n

unu zmmazmm
n

 

in the −2L norm; 

(b). if the series of functions  

( ) ( )∑
∞

=

=
0n

nn tfatf  ( )[ ]( )πππ ,, 2
2, −∈∈ − pernn Lfa CC  

converges in the 2L -norm, then  

( ) ( ) ( ) ( )∑
∞

=

+=+
0

11
n

fnf tmmatmm
n

 

in the −2L norm; 

(c). if the series of functions  

( ) ( )∑
∞

=

=
0n

nn zuazu  ( )( )DHua nn CC ∈∈ ,  

converges compactly in the disk D, then  

( ) ( ) ( ) ( )∑
∞

=

+=+
0

11
n

unu zmmazmm
n

 

compactly in D; 
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(d). if the series of analytic functions  

( ) ( )∑
∞

=

=
0n

nn zfazf  ( ∈na C,  ∈nf O( ))D  

converges compactly in D, then  

( ) ( ) ( ) ( )∑
∞

=

+=+
0

11
n

fnf zmmazmm
n

 

compactly in D. 

 

 

Remark 2.2.17. Padé and Padé-type approximants to arbitrary series of functions were first 

considered by Brezinski in [20] and [26]. 
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Chapter 3 

Higher Dimensional Analogous: 

Generalized Padé and Padé-Type 

Approximation and  

Integral Representations 

Summary 

For complex dimensions greater than one, the most highly appreciated theorems on rational approximation 
have no obvious analogous. Further, the “iterated” Padé and Padé-type theory is based on the multidimensional Cauchy 
kernel and leads to extremely complicated computations. In this Chapter, we will replace the multidimensional Cauchy 
kernel by the Bergman kernel function KΩ(x,z), and we will define generalized Padé and Padé-type approximants to any 
f in the space OL2(Ω) of analytic functions on Ω which are of class L2. The characteristic property of these 
approximants is that their Fourier series representations with respect to some orthonormal basis for OL2(Ω) match the 
Fourier series expansion of f as far as possible. After studying the error formulas and the convergence problems related 
to this approximation, we will show that generalized Padé-type approximants have integral representations that give 
rise to the consideration of an integral operator, the so-called generalized Padé-type operator. This operator maps every 
f ∈  OL2(Ω) to a generalized Padé-type approximant to f. By using the continuity property of this operator, we will 
obtain convergence results about series of analytic functions of class L2. Next, we will discuss extensions for the notion 
of generalized Padé-type approximation to continuous functions on a compact set E in Rn satisfying Markov’s 

inequality (M2) with respect to some measure or classical Markov’s inequality (M ∞ ). Further, we will give integral 
representations and consider generalized Padé-type operators for the space C(E) of all continuous functions on E. Our 
study will conclude with an extension of these ideas into every functional Hilbert space H and also with the definition 
and properties of generalized Padé-type approximants to a linear operator of H into itself. As an application, we will 
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prove a Painlevé-type theorem in case of arbitrary bounded open sets in Cn, and we will give numerical examples 
making use of generalized Padé-type approximants. 

Introduction 
Τhe principal aim of this Chapter is to present a generalization of Padé and Padé-type 

approximation theory in several variables.  

Translating a result from one complex variable to several is more involved than merely 

saying “Now, let 1>n ”. Indeed, many arguments in one variable use the Taylor power series 

expansion of analytic functions into the open disks. In several variables, the open polydisks do 

not enjoy a very elevated status and the domains of convergence of the power series 

representations exhibit a much greater variety than in one variable. On the other hand, if 1>n , 

the ring P(Cn) of complex analytic polynomials in Cn is not principal and henceforth it is not an 

Euclidean ring. This means that whenever 1>n  there is no division process in P(Cn), which in 

particular implies that the cherished notion of continued fraction is absent from the theory of 

functions of several complex variables. Furthermore, in contrast to the one variable setting, there 

is no facility in the management of a logical connection between two apparently related 

mathematical entities: the polynomial of Cn and its degree. 

So, if one would like to adapt the simple proofs in one variable to the case of several 

variables, then three major obstacles present themselves. First, the local representation of a 

function analytic into a domain in Cn by its Taylor series may lead to extremely complicated and 

difficult computations. Second, the polydisk does not qualify to be the general target domain 

because of the failure of the property to be the maximal domain of convergence of a multiple 

power series. Finally, there is no division process in P(Cn), when 1>n . 

Since, because of all these reasons, many of the most highly appreciated theorems on 

rational approximation have no obvious analogue in several complex variables, one might expect 

that the theory of Padé and Padé-type approximants in Cn lacks the appeal of the classical one 

variable theory. We want to show how some of our favorite results in one complex variable can 
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be viewed in order to obtain interesting generalizations in several variables. More precisely, we 

shall show how the proofs of multidimensional «rational» approximation theory can be cleared of 

their dependence on the polydisks and the methods of Taylor series and reconnected to 

Brezinski’s original ideas, on Padé-type approximation ([19], [20], [21], [22] and [23]). 

It is reasonable to suspect that the outlet lies with the consideration of another type of 

series representation for analytic functions. By the classical theory of Hilbert spaces, every 

function which is analytic and of class 2L  into a bounded open domain in Cn has a Fourier series 

representation in terms of an orthonormal basis. Thus, the natural perspective that comes to mind 

is simply this one: we will be able to extend Padé-type approximation theory to analytic 

functions, which are of class 2L  into a bounded open subset of Cn, if we know a few of its Fourier 

coefficients. Notice that a great gain in this new approach will be the global validity of our 

approximation results. 

We have probably convinced the reader that the treatment of such a global method is 

limited to the special class of analytic 2L  functions. We will feel better, if the reader discerns that 

analogous definitions and results hold also for continuous functions on a compact set in Rn 

verifying a Markov property, and, more generally, for the elements of any functional Hilbert 

space H , as well as for any linear operator HH → . This extension insures the powerful global 

character of the above ideas. 

In some sense, the development of these methods will manage to cut us off from the roots 

of Padé and of Padé-type approximation. We certainly do not advocate abandoning the beautiful 

machines that have been developed. What we do advocate is a reinvestigation of the basic 

directions of the subject. 

Since most numerical analysts are not familiar with complex analysis in Cn, Section 3.1, 

will first collect some standard definitions, terminology and results of the theory of several 

complex variables. Next, Section 3.2 will give a different approach to classical Padé-type 

approximation in many complex dimensions. For this purpose, we may observe that, when the 

complex dimension n  is equal to 1, the most important kernel in integral representations of 
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analytic functions is the Cauchy kernel ( ) 11 −− xz ; any Padé and Padé-type approximation in one 

complex variable is based on the free choice of polynomials interpolating this kernel. For 

complex dimensions n  greater than 1, the classical “iterated” Padé and Padé-type theory, 

developed briefly in Section 3.1, is based on interpolations of the multidimensional Cauchy kernel 

function ( ) ( ) 11
11 1...1 −− −− nnzxzx in polydisks. Unfortunately, this “iterated” approximation 

process is restrained only into polydisks and leads to extremely complicated computations. So, in 

Paragraph 3.2.3 of Section 3.2, we will replace the multidimensional Cauchy kernel by the 

Bergman kernel function into an arbitrary open bounded set Ω  in Cn: 

( ) ( ) .,...,,,...,, 11 nn xxzzKxzK ΩΩ =  

As it will be mentioned in Paragraph 3.2.1 of this Section, the Bergman kernel function 

( )xzK ,Ω  belongs to the Hilbert space OL2(Ω) of all functions that are analytic and of class 2L  in 

Ω . For any orthonormal basis { },...2,1,0: =jjϕ  for OL2(Ω), one has the representation  

( ) ( ) ( )xzxzK j
j

j ϕϕ∑
∞

=
Ω =

0

, , 

whenever Ω∈z  and Ω∈x . Our idea is then to replace ( )xzK ,Ω  by simpler interpolating 

expressions consisting of generalized polynomials. 

To do so, for any ,...,2,1,0=m  we will consider the ( )−+1m dimensional complex 

vector space 1+Φm which is generated by the Tchebycheff system { }110 ,...,, +mϕϕϕ and suppose 

that 1+Φm  satisfies the Haar condition into a finite set of pair-wise distinct points 

1+Μm ={ } Ω⊂mmmm ,1,0, ,...,, πππ  with  

=∩Μ ≤≤+ jmjm Kerϕ01 U Ø. 

(In other words, we will suppose that every function in 1+Φm  has at most m  roots in 1+Μm . For 

further information about Haar’s condition the reader is refereed to the Paragraph 3.3.2 of 
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Section 3.2.) Then, for any fixed point Ω∈z , there is a unique generalized polynomial  

( ) ( ) ( ) ,, 1
0

)(
+

=

Φ∈= ∑ mj

m

j

m
jm xzczxg ϕ  

such that  

( ) ( ) ,,, ,, kmkmm zKzg ππ Ω= for any mk ≤ . 

The Bergman kernel function ( )xzK ,Ω  is then replaced by interpolating generalized polynomials 

( )zxgm , , and, by using approximate quadrature formulas, we will define generalized Padé-type 

approximation to any ∈f OL2(Ω) : the function  

( )∈∑
=

zca m
j

m

j

f
j

)(

0

)( OL2(Ω) 

is said to be a generalized Padé–type approximant to f , with generating system 

1+Μm ={ }mmmm ,1,0, ,...,, πππ . Here )( f
ja is the thj  order’s Fourier coefficient of f  with respect to 

the basis { },...2,1,0: =jjϕ : 

.)( Vdfa j
f

j ∫
Ω

= ϕ  

Further, as it can be easily shown, 

( ) ( )
( ) ( ) .0

,

0 ,

,)( mj
zK

zc
m

k kmj

kmm
j ≤≤=∑

=

Ω

πϕ
π

 

The terminology used here is due to H.Van Rossum, who in [141] was first introduced 

the notion of generalized Padé approximants. 

The characteristic property of a generalized Padé-type approximant to ∈f OL2(Ω) is the 

following one: if 

( )zb
j

j
fm

j∑
∞

=0

),( ϕ  

is the Fourier series expansion of a generalized Padé-type approximant with respect to the basis 
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{ },...2,1,0: =jjϕ , then 

( ) )(, f
j

fm
j ab = , for any .mj ≤  

After studying error formulas and convergence problems related to such an 

approximation, we will show that the generalized Padé-type approximants have integral 

representations which give rise to the consideration of an integral operator, the so-called 

generalized Padé-type operator 

OL2(Ω)→OL2(Ω): ( ) ( ) ( )
( ) ( ) .,

0 0 ,

xVd
x

xzKxff
m

k

m

j kmj

j

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∑ ∑∫
= =

Ω
Ω πϕ

ϕ
a  

It maps every ∈f OL2(Ω) to a generalized Padé-type approximant to f . By the continuity 

property of this operator, we obtain convergence results about series of analytic functions of class 
2L . 

Next, Paragraph 3.3.1 of Section 3.3 will deal with brief presentations of some basic 

material needed in the sequel. More precisely, we will remind fundamental results about Fourier 

representations of continuous functions on compact subsets of Rn verifying a Markov inequality, 

and, we will give an expository reference to the main classes of compact sets having this 

property. Paragraph 3.3.2 will contain a natural extension of the notion of generalized Padé-type 

approximation to continuous functions on a compact set E⊂Rn satisfying Markov’s inequality 

( )2Μ  with respect to a measure on E . The characteristic property of such an approximation is 

exactly the same with the corresponding one for the case of analytic −2L functions into an open 

bounded subset of Rn. As in the analytic −2L setting, each generalized Padé-type approximant to 

a continuous function (on a compact subset of Rn satisfying ( )2Μ  with respect to a measure) has 

an integral representation, and thus, one can again define an integral operator, the so-called 

generalized Padé-type operator for the space ( )EC∞  of all continuous function of class ∞C on 

E : 

( )EC∞ ⎯→⎯ ( )EC∞  . 



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

245 

 

This operator maps every continuous function of class ∞C  on E  to a generalized Padé-type 

approximant to this function. Application of this operator furnishes useful convergence results. 

Comparatively with the analytic 2L  setting described in Paragraph 3.2.3 of Section 3.2, the 

continuous case will impose the self-summability property for the orthonormal basis 

{ },...2,1,0: =jjϕ  in ( )μ,2 EL . Finally, in Paragraph 3.3.2, it will be shown how one can 

approximate in the generalized Padé-type sense every function ( )ECu ∞∈ , whenever the 

compact set E  satisfies Markov’s classical inequality ( )∞Μ . 

In Section 3.4, our discussion will proceed with an extension of these approximation 

methods into every functional Hilbert space H . One purpose of this Section will be the suitable 

representation of generalized Padé-type approximants to elements of H , and, on the other hand, 

the consequent definition of generalized Padé-type approximation to any linear operator 

HH → . A second general purpose will be the study of the convergence behavior for a sequence 

of generalized Padé-type approximants to an element of H  or to a linear operator HH → . 

The last Section is devoted to applications and examples. In Paragraph 3.5.1, by using 

generalized Padé-type approximants to the Bergman projection operator, we will give an 

extension of Painlevé’s Theorem in the case of arbitrary bounded open sets in Cn. Finally, in 

Paragraph 3.5.2, two numerical examples will be considered making use of certain generalized 

Padé-type approximants. 

3.1. Preliminaries 
3.1.1. Some Well Known Results in Several Complex Variables 

This Paragraph begins at an elementary level with standard definitions and terminology, 

followed by a systematic brief discussion of the various fundamental concepts of complex 

convexity related to the remarkable extension properties of analytic functions in more than one 
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variable. It then continues with a comprehensive introduction to Padé-type approximation in 

many dimensions, and concludes with complete proofs of substantial local and global 

convergence results. 

The general theory of analytic functions of several complex variables was formulated 

considerably later than the more familiar theory of analytic functions of a single complex 

variable. Already by the middle of the 19th century, Georg Griedrich Bernhardt Riemann had 

recognized that the description of all complex structures on a given compact surface involved 

complex multidimensional moduli spaces. Before the end of the century, Karl Theodor Wilhelm 

Weierstrass (1815-1897) and Jules Henri Poincaré (1854-1912) had laid the foundation of the 

local theory and generalized important global results about analytic functions from regions in the 

complex plane to product domains in C2 or in Cn. In 1906, F. Hartogs (1874-1943) discovered 

domains in C2 with the property that all functions analytic on it necessarily extend analytically to 

a strictly larger domain, and it rapidly became clear that an understanding of this new 

phenomenon, which does not appear in one complex variable, would be a central problem in 

multidimensional function theory([75],[76]). But in spite of major contributions by F. Hartogs, 

E.E. Levi ([95],[96]), K. Reinhardt, S. Bergman, H. Behnke, H. Cartan, P. Thullen([32]), A. Weil, 

and others, the principal global problems were still unsolved by the mid 1930s. We emphasize the 

work of A. Weil, who generalized in 1935 the Cauchy integral formula to polynomial polyhedra 

in Cn and obtained an analogue of the Runge approximation theorem for such polyhedra([145]). 

The peculiarities of several complex variables were well exposed and the central difficulties 

clearly stated by the time of the appearance of the book [8] of H. Behnke and P. Thullen, but the 

main problems were still there. Then, K. Oka, equipped with the Weil formula, introduced some 

brilliant new ideas, and from 1936 to 1951 he systematically solved all the so-called fundamental 

problems (Cousin problems, Levi problem,...) one after the other([113]). However, K. Oka’s 

work had much more far-reaching implications. In 1940, H. Cartan began to investigate certain 

algebraic notions implicit in Oka’s work, and in the years thereafter, he and K.Oka, 

independently, began to widen and deepen the algebraic foundations of the theory, building upon 
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K. Weierstrass’ Preparation Theorem([30]). By the time the ideas of H. Cartan and K.Oka 

became widely known in the early 1950s, they had been reformulated by H. Cartan and J.P. Serre 

in the language of sheaves introduced in 1945 by J. Leray. During the 1950s and early 1960s, 

these new methods and tools were used with great success by H. Cartan, J. P. Serre, H. Grauert, 

R. Remmert, and many others in building the foundation for the general theory of complex 

spaces, i.e., the appropriate higher dimensional analogues of Riemann surfaces([69];[70]). The 

phenomenal progress made in those years simply overshadowed the more constructive methods 

present in K.Oka’s work up to 1942, and to the outsider, Several Complex Variables seemed to 

have become a new abstract theory which had little in common with classical complex analysis. 

In the sixties, L. Hörmander, J. J. Kohn and C. B. Morrey deduced the main results of K. Oka 

with the help of methods from the theory of partial differential equations and obtained, in 

addition, estimates in certain weighted −2L metrics for solutions of the Cauchy-Riemann 

equations([82]],[85],[86]). Around 1968-69, G. M. Henkin and E. Ramirez -in his dissertation 

written under H. Grauert- introduced Cauchy-type Ιntegral Formulas on strictly pseudoconvex 

domains. These formulas, and their application shortly thereafter by Grauert, Lieb and Henkin to 

solving the Cauchy-Riemann equations with supremum norm estimates, set the stage for the 

solution of hard analysis problems during the 1970s([79],[80]). In the seventies, integral 

representations turned out to be the natural method for solving several problems related to K. 

Oka’s theory, which are connected with the boundary behavior of analytic functions. The basic 

tool is an integral representation formula for analytic functions discovered in 1955 by J. J. Leray, 

which contains the Weil formula as a special case. A complete review on the integral 

representation formulas for analytic functions is given in [124]. Certain developments of this 

formula made it possible to solve several of such problems that are not easily obtained with other 

methods. Moreover, it turned out that by means of these formulas one can build up a large part of 

the theory of functions of several complex variables in a new and more constructive way. During 

the 1980´s these developments led to a renewed and rapidly increasing interest in Several 

Complex Variables by analysts with widely differing backgrounds. 
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Let us first present some of the basic notation in several complex variables. For 

,...,2,1=n  the −n dimensional complex number space Cn={ ( ) ∈= jn zzzzz :,...,, 21 C 

}njfor ,...,2,1=  is the Cartesian product of n  copies of C. The classical Hermitian inner 

product of Cn is defined by  

∈=〉〈 ∑
=

wzwzwz j

n

j
j ,(,

1

Cn). 

The associated norm 21, 〉〈= zzz  induces the Euclidean Metric. The open ball of radius ρ >0 

and center ∈z Cn is defined by ( ) { ∈= wzB n ρ, Cn:| }ρ<− wz . The collection of balls 

( ){ }numberpositiverationalaiszB n ρρ :,  forms a countable neighborhood basis at z  for 

the topology of Cn. The topology of Cn is thus identical with the one arising from the identification 

of Cn with R2n. In fact, given any ( )∈= nzzzz ,...,, 21 Cn, each complex coordinate jz  can be 

written as ijj yixz += j with ∈ii yx , R (i is always the imaginary unit 1− ); the mapping 

Cn ⎯→⎯ R2n: ( )nn yxyxyxz ,,...,,,, 2211a  establishes an R-linear isomorphism between Cn and 

R2n, which is compatible with the metric structures : a ball ( )ρ,zB n  in Cn is identified with an 

Euclidean ball in R2n of equal radius ρ , and conversely. Often it is convenient to use another 

system of neighborhoods: the open polydisk (or open polycylinder) ( )rzn ,Δ  of multiradius 

( ) ,0,,...,, 21 >= jn rrrrr  and center ∈z Cn is the Cartesian product of n open disks in C : 

( ) ( ){ ∈==Δ n
n wwwwrz ,...,,, 21 Cn : }njforrwz jjj ,...,2,1, =<−  

( ) ( ) ( ) .,...,, 22
2

11
1

nn
n rzrzrz Δ××Δ×Δ=  

More generally, a polydomain is the Cartesian product of n  planar domains. A setΩ ⊂Cn=R2n is 

open, if for every Ω∈z  there is a ball ( )ρ,zB n  ⊂ Ω  or a polydisk ( )rzn ,Δ ⊂ Ω . 
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For an open set Ω ⊂Cn and ∈d NU {∞}, ( )ΩdC  denotes the space of d  times 

continuously differentiable complex valued functions on Ω ; we also write ( )ΩC  instead of 

( )Ω0C . For a ∈f ( )ΩdC , with ∞<d , we define the −dC norm of f  over Ω  by 

( ) ( )
,)(sup

2

zfDf
n

d

d
zC

ν

νν
∑

Ν∈≤
Ω∈Ω

=  

where νD  is the differential operator 

νD = ( )....
... 221

11

||

21221 n
nn

nn yxyx
νννν

ϑϑϑϑ
ϑ

νννν

ν

+++=
−

 

The space { }∞<Ω∈
Ω)(

:)( dC
d fCf  is complete in −dC norm 

)(Ω
⋅ dC

, and hence it 

is a Banach space. Similarly, if Ω  is bounded, the space  

( ) { :)(Ω∈=Ω dd CfC ∈Ω νν allfortolycontinuousextendsfD N2n with  

⎭
⎬
⎫

≤= ∑
=

d
n

j
j

2

1

νν  

with norm 

( ) ( )
( )( )Ω∈= ∑

Ν∈≤
Ω∈Ω

d

d
zC

CfzfDf
n

d ,)(sup
2

ν

νν

 

is also a Banach space. A function :f Ω →C is said to be analytic (or holomorphic) on Ω , if 

∈f ( )Ω1C  and f satisfies the following system of partial differential equations 

( )hCR  0)( =z
z
f

jϑ
ϑ

  for 1≤ j≤ n and z∈Ω , 

where we have used the notation  

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

jjj yixz ϑ
ϑ

ϑ
ϑ

ϑ
ϑ 1.

2
1

. 

The most elementary examples of analytic functions on Cn are the analytic polynomials  
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( ) ( ) ∑ ∑
= =

==
1

1

1
0 0

)(
,...,21 ...,...,,

k k
p

n

n

n

n
axxxpxp

ν ν
νν

nv
n

v xx ...1
1 , 

with ∈)(
,...,1

p
n

a νν C. The multi-index ( )∈= nkkk ,...,1 Nn is the degree of ( )xp . We will denote by 

P(Cn) the space of all analytic polynomials in Cn. Equation ( )hCR  is called the system of 

homogeneous Cauchy-Riemann equations. 

Let us give another representation for the solutions of the homogeneous Cauchy-Riemann 

equations. Let Ω  be an open subset of Cn and let ( )Ω∈ 1Cf ; its differential ( )zdf  at ∈z Ω  is 

the unique R-linear map R2n→R2 which approximates f  near z  in the sense that  

( ) ( ) ( ) ( ) +−+= zdfzff z ζζ o ( ).z−ζ  

In terms of the real coordinates ( )nn yxyx ,,...,, 11  of Cn=R2n, one has 

( ) ( )( ) ( )
zj

n

j j
zj

n

j j
z dy

y
f

dxz
x
f

df ∑∑
==

+=
11 ϑ
ϑ

ϑ
ϑ

 

where jxd  and jyd  are the differentials of the real coordinate functions. Via the identifications 

R2n=Cn and R2=C, the differential ( )zdf  can be viewed as a map Cn→C which is R-linear, though 

not necessarily C-linear. In particular, the differentials jxd  and jyd  are not linear over C. One 

therefore considers the differentials jjj ydixdzd +=  (this is C-linear) and 

jjj xdixdzd −=  (this is conjugate C-linear) of the complex coordinate functions. A simple 

computation shows that  

( ) ( )( ) ( )
zj

n

j j
zj

n

j j
z zd

z
f

dzz
z
f

df ∑∑
==

+=
11 ϑ
ϑ

ϑ
ϑ

 

were we have introduced the operator  
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⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+=

jjj yixz ϑ
ϑ

ϑ
ϑ

ϑ
ϑ 1.

2
1

, for 1≤ j≤ n . 

It is directly verified that a function ∈f ( )Ω1C  is analytic on Ω  if  

( ) ( )( )
zj

n

j j
z dzz

z
f

df ∑
=

=
1 ϑ
ϑ

 

or equivalently, if and only if its differential ( )zdf  at z  is a C-linear map, whenever Ω∈z . 

Furthermore, it is obvious that any function ∈f ( )Ω1C  fulfilling ( )hCR  satisfies the Cauchy-

Riemann equations in the jz -coordinate for any j , and hence is analytic in each variable 

separately. It is a remarkable phenomenon of complex analysis that, conversely, any function 

Ω:f →C which is analytic in each variable separately is analytic in Ω  ([71]). This shows that 

the requirement ∈f ( )Ω1C  can be dropped in the definition of analyticity. 

The set of all functions analytic on Ω  will be denoted by O (Ω ). It is closed under 

point-wise addition and multiplication. We will always consider O (Ω ) equipped with the natural 

topology in which convergent sequences are precisely those which converge compactly on Ω . As 

in the case of one complex variable, the basic local properties of analytic functions follow from 

the Cauchy Integral Formula on polydisks : if ( )),( rzCf nΔ∈ ∩O ( )rzn ,(Δ , then 

( )CIF   ( ) ( )
( ) ( )( )

,...
...

2)( 1
,...,2,1

11
11

1 n
njrz nn

n dd
ww

fiwf
jjj

n
ζζ

ζζ
ζπ

ζ
νν∫

==−
++

−

−−
=  

for ( ) ( ).,,...,1 rzwww n
n Δ∈=  

Applying Cauchy’s Integral Formula to ( ) ( )rzz nn ,, Δ⊂⊂Δ δ and differentiating under 

the sign integral, we obtain 

!)( νν =zfD ( ) ( )
( ) ( )( )

,...
...

2 1
,...,2,1

11
11

1 n
njrz nn

n dd
ww

fi
jjj

n
ζζ

ζζ
ζπ

ζ
νν∫

==−
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−
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(with !!...! 1 nννν = ). One can, of course, extend the Cauchy Integral Formula for analytic 

functions with continuous extension on the distinguished boundary nb Ω××Ω=Ω ϑϑ ...1  of a 

polydomain nΩ××Ω=Ω ...1 . It is also readily seen that for any ∈ν Nn, 1≤ p≤ ∞  and 

⊂U ⊂ Ω , there is a constant ),,,( Ω= Upcc ν  such that 

)(
)(sup

Ω∈ ≤ pLUz fczfDν ,  for all ∈f O .)()( Ω∩Ω pL  

The space O )()( Ω∩Ω pL  of analytic −pL functions on Ω  will be denoted by 

OLP(Ω). The Cauchy Integral Formula ( )CIF  implies also strong convergence results: the 

classical Weierstrass and Montel Theorems have natural generalizations in several variables. 

Moreover, one can show that, via Cauchy’s Integral Formula, every analytic function can be 

represented locally by a convergent power series. 

To see this, we first remind the basic facts about multiple series, that is, formal 

expressions 

∑ ∑
Ν∈

∞

=

=
ν

ν
ν νν

ννν ββ
0,...,

,...,
1

1

n

   ∈=
nvvv ,...,1

( ββ C). 

The multiple series ∑
Ν∈ νν

νβ  is called convergent if 

.:sup ∞<
⎭
⎬
⎫

⎩
⎨
⎧

Λ= ∑∑
Λ∈Ν∈ ν

ν
ν

ν ββ finiteis
n

 

It is well known that the convergence of  

∑
Ν∈ nν

νβ , 

as defined above, is necessary and sufficient for the following to hold: given any bijection 

:σ N→Nn, the ordinary series  

( )∑
∞

=0j
jσβ  

converges in the usual sense to a limit ∈B C which is independent of σ ; this number B  is called 
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the sum (or limit) of the multiple series, and one writes 

.∑
Ν∈

=
n

B
ν

νβ  

A power series in n  complex variables nζζζ ,...,, 21  centered at the point 

( )∈= nzzzz ,...,, 21 Cn is a multiple series  

∑
Ν∈ nν

νβ  

with general term  

( ) ( ) ( ) ( ) n

n nn zzzczc ννν
ννν

ν
νν ζζζζβ −−−=−= ...21

21 2211,...,, , 

where ∈νc Cn for v∈Nn. Without loss of generality, we will only consider multiple power series 

centered at 0=z . The domain of convergence of the power series 

∑∑
∞

=Ν∈

=
0,...,

1,...,
1

1

1
...

n

n

n
n

ncc
νν

νν
νν

ν

ν
ν ζζζ  

is the interior of the set of all points ∈ζ Cn for which this series converges. Many familiar results 

from the theory of ordinary series have easy extensions to multiple series. For example, the 

following result generalizes Abel’s Lemma and gives the basic general behavior of convergent 

power series: suppose ∈νc C for v∈Nn and that for some w∈Cn there holds  

∞<
Ν∈

ν
νν

wcnsup ; 

letting ( )nwwwr ,...,, 21= , the power series 

ν

ν
ν ζ∑

Ν∈ n

c  

converges on the polydisk ( )rn ,0Δ . From Weierstrass’ Theorem, it follows that a power series  

( ) ν

ν
ν ζζ ∑

Ν∈

=
n

cf , 
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with nonempty domain of convergence Ω  defines an analytic function ∈f O (Ω ). The domain 

of convergence Ω  of the power series  
ν

ν
ν ζ∑

Ν∈ n

c  

is a (possibly empty) complete Reinhardt domain. Recall that a Reinhardt domain Ω  with center 

0 is an open circled (around 0) set in Cn, in the sense that for every ∈ζ Ω  the torus  

{ ∈w Cn: ( ) }njwheneverwitheew j
i

n
i n ,...,120,,...,1

1 =≤≤= πθζζ θθ  

lies in Ω  as well; a Reinhardt domain Ω  is complete if for every Ω∈ζ  one has  

( )( ) .,...,0 1 Ω⊆Δ n
n ζζ  

We now show that, for every ∈f O ( )( )rzn ,Δ , the Taylor series expansion of f  at z  

converges to f  on ( )rzn ,Δ : 

( )Tse ( ) ( ) ( ) ,
!

ν

ν

ν

ν
zwzfDwf

n

−= ∑
Ν∈

for ( ) ., rzw nΔ∈  

In the Cauchy Integral Formula ( )CIF , applied to ( ) ( )rzzw nn ,, Δ⊂⊂Δ∈ δ , one expands 

( ) ( ) ( ) 11
11

1 ... −−− −−=− nn www ζζζ  into a multiple geometric series 

( )Gs ( ) ( )
( )

.1
1 ∑

Ν∈
+

−

−
−

=−
n z

zww
ν

ν

ν

ζ
ζ  

This series converges uniformly for ( )δζ ,zb nΔ∈ , since 

( ) ( ) 1<−≤−− jjjjjjj zwzzw δζ  

for such any ζ  and all nj ≤≤1 . It is therefore legitimate to substitute ( )Gs  into ( )CIF  and to 

interchange summation and integration, leading to ( )Tse : 



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

255 

 

( ) ( ) ( )
( )

( )

( ) ( ) .
!

)(...2

,...,2,1

11
ν

ν

ν
ν

ν δζ
ν ν

ζζ
ζ

ζπ zwzfDzwdd
z

fiwf
nn

jjj
nj

z
n

n −=−
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
= ∑∑ ∫

Ν∈Ν∈
=

=−
+

−  

The following results are easy generalizations of the corresponding classical one variable results: 

* if there is a nonempty open set Ω⊂U , such that ( ) 0=zf for all Uz∈ , and if Ω  is 

connected, then 0≡f  on Ω  (:Identity Theorem); 

* if f  has a local maximum at the point ∈z Ω ,then f  is constant on Ω  (:Maximum 

Principle). 

Next, let us consider a map :F Ω →Cm   (Ω is always an open set in Cn). By writing 

( )mfffF ,...,, 21=  and kkk viuf += , where ku  and kv  are real valued functions on Ω , we 

can view ( )mm vuvuvuF ,,...,,,, 2211=  as a map from Ω ⊂R2n into R2m. If F  is differentiable 

at ∈z Ω , its differential ( )zdf : R2n→R2m is a R-linear transformation with matrix 

representation given by the real Jacobian matrix 

JR(F) = 

⎟⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜

⎝

⎛

n

m

n

mmm

nn

y
v

x
v

y
v

x
v

y
u

x
u

y
u

x
u

ϑ
ϑ

ϑ
ϑ

ϑ
ϑ

ϑ
ϑ

ϑ
ϑ

ϑ
ϑ

ϑ
ϑ

ϑ
ϑ

...
............................

...

11

11

1

1

1

1

   (: nm 22 ×  matrix) 

evaluated at z. The map ( )mfffF ,...,, 21= :Ω →Cm is called analytic, if its complex 

coordinates mfff ,...,, 21  are analytic functions on Ω . The composition of two analytic maps is 

again an analytic map (:chain rule). If F is analytic, its differential ( )zdF  at z  is a C-linear 

transformation with complex matrix representation 
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JC(F) = 

⎟⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜

⎝

⎛

−

−
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m

n

mmm

nn

z
f

z
f

z
f

z
f

z
f

z
f

z
f

z
f

ϑ
ϑ

ϑ
ϑ

ϑ
ϑ

ϑ
ϑ

ϑ
ϑ

ϑ
ϑ

ϑ
ϑ

ϑ
ϑ

121

1

1

1

2

1

1

1

...
............................

...

     (: nm ×  matrix) 

evaluated at z ; it is easily verified that the analyticity of F  implies that  

det JR(F)= | det JC(F)|2. 

If, moreover, :F Ω →Cm is nonsingular at ∈z Ω  (,i.e., det JC(F) 0)( ≠ζ ), then there are open 

neighborhoods zU of z  and ( )zFU  of ( )zF , such that   

[ ]:zUF zU → ( )zFU  

is a homeomorphism with analytic inverse  

[ ] :1−
zUF ( )zFU → zU . 

Motivating by this result, we may give the following Definition: given two open sets Ω⊆Cn and 

Ω´⊆Cm, we say that the map ': Ω→ΩF  is bianalytic if F  is an analytic homeomorphism with 

analytic inverse Ω→Ω− ':1F . If F  is bianalytic, it follows from the chain rule that 

[JC( 1−F )] ( ))(zF  is the inverse matrix of [JC(F)](z); in particular, F  is nonsingular on Ω  (,i.e., 

det[JC(F)](z) 0≠ at every Ω∈z ) and nm = . If ( ) ':,...,, 21 Ω→Ω= nfffF  is bianalytic, we 

also say that ( )nfff ,...,, 21  is an analytic (or complex) coordinate system on Ω . We are now in 

position to introduce a local generalization of the concept of complex linear subspace of Cn which 

is invariant under complex coordinate changes : a set ⊆M Cn is called a complex submanifold of 

Cn, if for every point Mz∈  there are an analytic coordinate system ( )nfff ,...,, 21 on a 

neighborhood zU  at z , and an integer k  ( nk ≤≤0 ), such that 

( ){ };0: kjforzfUzUM jz >=∈=∩  the integer k  is called the complex dimension of M  
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at z  and is denoted by =k dimC zM . Notice that dimC zM  is independent of the analytic 

coordinate system ( )nfff ,...,, 21  and that dimC zM  is locally constant on M and hence is 

constant on each connected component of M . The dimension of M is defined by 

dimCM=sup z M∈ dimC zM . Every open set Ω ⊂Cn is a complex submanifold of Cn. For another 

example of complex submanifold, one can consider the zero set ( ) ( ){ }0:, =Ω∈=Ω zfzfZ  of 

an analytic function f  defined on the open set Ω : if Ω  is connected and if ( ) ≠Ω,fZ Ø, 

0≠f , then there exists an open set Ω⊂D  such that ( )DfZ ,  is a nonempty complex 

submanifold of D  of dimension 1−n . In contrast to the one complex dimension case, the 

zeroes of a function analytic in 2  or more variables are never isolated. Let us give a useful 

description of complex submanifolds: a subset M  of Cn is a complex submanifold if and only if 

for every Mz∈  there are a neighborhood zU  of z , an open ball ( )⊂ε,aB k Ck, and a 

nonsingular analytic map. :H ( )ε,aB k →Cn such that ( ) .),( z
k UMaBH ∩=ε  The map H is 

called a local parametrization of M  at z . A function →Mf : C is called analytic at Mz ∈  if 

1−Hf o  is analytic into an open neighborhood of ( )zH 1− , (for a local parametrization H  of 

M  at z ); f  is said to be analytic on M  if it is analytic at every Mz∈ . The reader familiar 

with differentiable submanifolds of Rn (, i.e., curves, surfaces, e. t. c.) will have recognized the 

obvious formal similarities between those concepts and the theory of complex submanifolds. But, 

there are surprising differences as well, as evidenced by the following result, which has no 

counterpart for differentiable or even analytic submanifolds of Rn: any compact complex 

submanifold of Cn consists of finitely many points. More surprising is the fact that an injective 

analytic map F  from an open subset Ω  of Cn into Cn is necessarily nonsingular, and hence 

bianalytic from Ω  onto ( )ΩF . The proof of this fact is a consequence of some technical 

elementary information about the zero set of analytic functions. No comparable result exists in 
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real calculus.  

In several complex variables it is important to study not just the zero set of one analytic 

function, but also of several analytic functions, i.e., of analytic maps. As it is pointed out, the case 

of nonsingular analytic maps leads us to the concept of a complex submanifold. The general case 

is quite a bit more complicated. A subset Α  of the region ⊂Ω Cn is called analytic in Ω  if Α  is 

closed in Ω  and if for every Α∈p  there are an open neighborhood pU  of p  in Ω  and an 

analytic map →pp UH : C pm  such that ( ){ }.0: =∈=Α∩ zHUzU ppp  A point Α∈p  of an 

analytic set Α  is called a regular point of A if there is a neighborhood pW  of p , such that 

pW∩Α  is a complex submanifold of pW , and a singular point otherwise. The set of regular 

points of Α  is denoted by ( )ΑR : it is the maximal complex submanifold contained in A. Every 

(closed in Ω ) submanifold M  of Ω ⊂Cn is analytic in Ω , with ( ) Α=ΑR ; in particular, Ω  

itself is analytic in Ω . Each analytic subset A of a connected region Ω ⊂Cn is thin, (and hence 

Α−Ω  is connected) or equal to Ω . For further studies, the interested reader should consult 

some of the specialized literature, for example [70], [71], or [107]. 

Let us now present a brief discussion of a phenomenon, which distinguishes, more than 

anything else, function theory in several variables from the classical one-variable theory. In 1906, 

Hartogs discovered a serious and fundamental difference between the case of one and many 

complex dimensions stating that if K is a compact subset of an open set Ω  in Cn, 2≥n , such that 

K−Ω  is connected, then every function f  analytic in K−Ω  can be extended analytically 

into Ω ([75]). The methodology of Hartogs’s Proof (which was adopted also by Bochner in 1943, 

when he referred to the general problem of analytic and meromorphic extension ([12])) is based 

on the use of Cauchy’s integral formula or Stokes’ theorem. In 1961, Ehrenpreis claimed that this 

phenomenon is attributed to the behavior of the functions-solutions of the inhomogeneous 

Cauchy-Riemann equations ([54]). Recall that the inhomogeneous system of Cauchy-Riemann 

equations is the following: 
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( )inhCR ,j
j

u
z
F

=
ϑ
ϑ

 for 1≤ j≤ n, 

where nuuu ,...,, 21  are given −1C functions defined on an open subset Ω  of Cn. For 1=n , this 

system is degenerated to an equation with one unknown complex function f , or equivalently to a 

system of 2  real equations with unknowns the real functions fRe  and fIm . On the contrary, 

when 2≥n , the system ( )inhCR  is over-determinate, because in this case we have more 

equations than unknowns. It is easily seen that if there exists a solution )(2 Ω∈Cf  for ( )inhCR  

then the functions nuuu ,...,, 21  must necessarily satisfy the following integral conditions: 

( )Σ  ,
κ

κ

ϑ
ϑ

ϑ
ϑ

z
u

z
u j

j

=    1≤ j≤ n. 

It is obvious for 2≥n  these restrictive conditions may cause great differences 

comparatively with the case when 1=n . Thus, the problem of solving the inhomogeneous 

Cauchy-Riemann equations ( )inhCR  can be formulated equivalently in the following form: 

 

( −ϑ equation) 

given an open set Ω  in Cn and  

j

n

j
j zduu ∑

=

=
1

 

in C 1
)1,0(
(Ω )={differential forms on Ω , of type (0,1) and with 

coefficients )(1 Ω∈Cu j }, find )(2 Ω∈Cf  such that  

,uf =ϑ  

 

where ϑ is the differential operator  

.
1

j

n

j j

zd
z

∑
=

=
ϑ
ϑϑ  
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Notice that, with this terminology, the integral conditions ( )Σ  are equivalent to the equation 

.0=uϑ  Historically, the first who presented results in this direction was Oka in 1937 ([113]). 

Later, in 1965, Hörmander ([82]) used weight functions in order to modify −2L norms (as 

Carleman had done for questions of partial differential equations) and presented a complete 

collection of important facts, achieving to include in his theory some results that have already 

appeared through the works of Garabedian, Spencer, Morrey, Ask, Kohn and Nirenberg. One of 

the fundamental theorems of modern Complex Analysis, as is developed based on the ground of 

partial differential equations, is that the equation uf =ϑ  has a solution ∈f C ( , )0 q
∞ (Ω ) for 

every ∈u C ( , )0 1q+
∞ (Ω ) such that 0=uϑ  if and only if Ω  is a domain of holomorphy. Remind 

that an open subset Ω  of Cn is called a domain of holomorphy if there is no part of the boundary 

of Ω  across which every function analytic in Ω  can be continued analytically. Thus, the 

−ϑ equation is solved exclusively (at least for the ∞C case) into the open subsets of Cn which are 

the biggest domains of definition of analytic functions. In the complex plane every open set is a 

domain of holomorphy. To see this, it is sufficient to see that for every point p  in the boundary 

ϑ Ω  of an open planar set Ω , the analytic function ( ) 1−− pz  can not be extended analytically 

past the point p. We can also prove that  

dist( $KO(Ω),ϑ Ω )=dist(K,ϑ Ω ), 

for  any K⊂⊂ Ω ; ( )ΒΑ,dist  is  the  notation  used  for inf{dist(a,b):a∈A,b∈B}; $K O(Ω) is the 

analytic hull of K defined by $K O(Ω) := fzfz Ksup)(:{ ≤Ω∈ for all ∈f O (Ω )}. So, the 

analytical (and not only topological) generalization in Cn of an open planar set is not simply an 

open set, but a domain of holomorphy in Cn. The attempts and contributions for the 

characterization of domains of holomorphy began from the first decade of the 20th century. The 

basic examples of domains which are not domains of holomorphy are −H shaped Hartogs 

figures in C2. These are of the form 



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

261 

 

( ){ ∈= 21 , zzH ε C2: } ( ){ ∈+< 211 ,1 zzz Uε C2: }111 21 <+<<− zandz εε . 

Any complex function analytic on εH  extends to the convex hull of εH  using Cauchy’s Integral 

Formula ( )CIR . Hartogs analyzed this phenomenon. He considered a slight generalization of 

this basic Hartogs figure, namely the Hartogs domains 

( ){ ∈= 21 , zzHϕ C2 : insetopenUz :1 ∈ C ( )}1
2

zezand ϕ−< . 

He showed that analytic functions on these generalized H ’s extend beyond the boundary 

precisely when the function ϕ fails to be a Hartogs function ([76]). Loosely speaking Hartogs 

functions are the lattice generated by the functions fc log , where c>0 and f is analytic. A 

Hartogs function is the same as a subharmonic function ([77]) –but this was about 15 years before 

subharmonic functions were invented– and, anyway, this equivalence was not proved until 1956 

by Bremermann. This brought the topic of subharmonic functions into the theory of several 

complex variables. In other words, Hartogs’ discovery showed that Hartogs domains in C2 are 

domains of holomorphy precisely when ϕ  is a subharmonic (:Hartogs) function. Notice that ϕ  

can be interpreted as ( )2log dist− , on the base 0∗=UU , where 2dist  denotes the distance 

from a point to the boundary in the −2z direction. It took the genius of Oka to see how this could 

be used for general domains. The Hartogs domains are, after all, rather special. Oka proved in 

1942 that a general domain in C2 is a domain of holomorphy if and only if the function 

( )distlog−  is subharmonic on each complex line. Oka called such functions pseudoconvex 

([113]). This class of functions was simultaneously introduced by Lelong, who called them 

plurisubharmonic ([93]). So to be more precise, an upper semicontinuous function whose 

restriction to any complex line is subharmonic is said to be plurisubharmonic. The terminology of 

Lelong has prevailed, so these functions are nowdays called plurisubharmonic. Lelong’s 

motivation to introduce the plurisubharmonic functions is rooted in a similar way in the Hartogs 

extension phenomenon. Levi, in 1910, observed that a smoothly bounded strongly convex domain 
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in C2 is a domain of holomorphy([95]). Such a domain has a defining function which is strongly 

convex. The property of being a domain of holomorphy is invariant under bianalytic maps. The 

bianalytic image of a strongly convex domain is, therefore, a domain of holomorphy. Carrying 

over the convex defining function gives us a plurisubharmonic defining function. Lelong’s 

motivation for introducing plurisubharmonic functions was that they could be used to describe in 

this way a complex analytic version of convexity : a region Ω ⊂Cn is called plurisubharmonic 

convex, if for every compact set K⊂ Ω  its plurisubharmonic convex hull $K PS(Ω):= 

{ Ω∈z : ( ) uzu Ksup≤ for any  plurisubharmonic function u  in Ω } is relatively compact in 

Ω . For a plurisubharmonic convex region Ω  in Cn, there holds. 

$K PS(Ω) = $K O(Ω),  whenever K⊂ ⊂ Ω . 

(Here, $K O(Ω) denotes, as above, the holomorphic (or analytic) hull of K, that is 

$K O(Ω):= fzfz Ksup)(:{ ≤Ω∈ for all ∈f O (Ω )} ) The statement that a region Ω  in Cn is 

a domain of holomorphy involves a surrounding space Cn, and thus, it is not clear whether it 

describes an intrinsic property of Ω . It was a major achievement when in 1932, H. Cartan and 

Thullen ([29]) discovered an intrinsic characterization of domains of holomorphy in terms of 

convexity conditions with respect to the algebra of analytic functions. A region Ω ⊂Cn is called 

holomorphically convex, if for every compact set K⊂ ⊂ Ω  its holomorphic hull $K O(Ω) is 

relatively compact in Ω . According to H. Cartan–Thyllen’s theory, a region Ω ⊂Cn is domain 

of holomorphy if and only if Ω is holomorphically convex. It follows that a plurisubharmonic 

convex region in Cn is a domain of holomorphy. To prove the converse we must first observe that 

if there is a plurisubharmonic exhaustion function for the region Ω  in Cn, then Ω  is 

plurisubharmonic convex.. Remind that an open set Ω ⊂Cn is said to be pseudoconvex if there is 

a continuous exhaustion plurisubharmonic function defined on Ω . With this terminology, we can 

reformulate the above observation: any pseudoconvex open set in Cn is plurisubharmonic convex. 

The identity of domains of holomorphy with pseudoconvex open sets was proved independently 
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by Oka (1953), Norguet (1954) and Bremermann (1954) ([113], [110], [14]). We conclude that a 

domain of holomorphy in Cn is a plurisubharmonic convex region. Summarizing, the following 

properties are equivalent for an open subset of Cn : 

(i). Ω  is a domain of holomorphy, 

(ii). Ω  is pseudoconvex, 

(iii). Ω  is plurisubharmonic convex, 

(iv). Ω  is holomorphically convex, 

(v). ( )( )⋅⋅− ,log dist  is plurisubharmonic on Ω  . 

In order to present a more complete discussion of  pseudoconvexity,  we intro- 

duce a version of the classical “continuity principle” describing a geometrical very intuitive 

analogue of linear convexity. If ⊂Δ ⊂C is an open disk and Ω→Δ:u  is a continuous map 

which is analytic on Δ , we shall say that ( )Δu  is an analytic disk S in Ω  and call the set )( Δϑu  

the boundary ϑ S of S. A region Ω  in Cn is said to satisfy the continuity principle if for every 

family {Sa :a∈I} of analytic disks in Ω  with  

U a∈Iϑ Sa⊂ ⊂ Ω , 

it follows that  

U a∈I Sa⊂ ⊂ Ω . 

Regarding 

(vi).  For every disk S in Ω  one has dist (S, ϑ Ω )=dist (ϑ S, ϑ Ω ), 

it is obvious that (vi) implies that 

(vii). Ω  satisfies the continuity principle. 

Further, (vii) ⇒ (v).  Conversely,  the  maximum  principle  for  subharmonic  

functions shows that (v) implies (vi). Thus, properties (vi) and (vii) give other characterizations 

for domains of holomorphy. Property (vi) exhibits once more the strong analogy between 

pseudoconvexity and linear convexity : just observe that Ω ⊂R2n is convex if and only if for 

every line segment L⊂ Ω  one has  
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dist(L, ϑ Ω )=dist(ϑ L, ϑ Ω ). 

It is natural to ask at this point if there is a «maximal» region ( )ΩE  to which every ∈f O (Ω ) 

extends analytically. For example, the bidisk Δ2(0,1) clearly is such a maximal region for a 

Hartogs figure εH . The situation is analogous to the problem of finding a «maximal» domain of 

definition for a single function like z  ( ∈z C-{0}), which can only be handled adequately by 

introducing more abstract spaces, i.e., Riemann surfaces. Similarly, in several variables, one is led 

to consider domains which have different layers spread over Cn:these are called Riemann 

domains. One can then show that for every domain Ω ⊂Cn, there is a Riemann domain ( )ΩE , 

called the envelop of holomorphy of Ω , so that every ∈f O (Ω ) has an analytic extension to 

( )ΩE  and ( )ΩE  is «maximal» with respect to this property ([68],[108]). All these remarks 

suggest that in order to deal with certain global questions it is necessary to extend function theory 

from domains in Cn to more abstract spaces. In a pioneering paper [136], published in 1951, K. 

Stein discovered a class of abstract complex manifolds that enjoy complex analytic properties 

similar to those of domains of holomorphy. The fundamental importance of these manifolds for 

global complex analysis was soon recognized, and already in 1952 H. Cartan referred to them as 

Stein manifolds ([30]). Among the axioms which define a Stein manifold X is the requirement 

that X be holomorphically convex. The other axioms are more technical and they are trivially 

satisfied for any open set Ω ⊂Cn or even for any (not necessarily closed) complex submanifold 

of Cn. 

Before continuing our discussion of the various fundamental concepts of «complex 

convexity», let me mention an approximation theorem ([124]) extending Cartan–Thullen’s 

results. As we have seen, a domain Ω  in Cn is a domain of holomorphy if and only if it is 

holomorphically convex, that is if and only if $K O(Ω) ⊂ ⊂ Ω  for every K⊂ ⊂ Ω . An open set 

Ω ⊂Cn is called a Runge domain if the algebra of complex analytic polynomials P(Cn) is dense in 

O (Ω ), when endowed with the Fréchet topology of compact convergence in Ω . More generally, 
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two open sets Ω ⊂ Ω ´ are called a Runge pair if O (Ω ´) is dense in O (Ω ). Obviously, Ω  is 

Runge if and only if (Ω , Cn) is a Runge pair; moreover, it is classical that an open set Ω ⊂C is a 

Runge domain if and only if Ω  is simply connected. The following statements are equivalent for 

two domains of holomorphy Ω ⊂ Ω ´ in Cn and generalize Cartan–Thullen’s fundamental result 

on holomorphic convexity: 

(a). O (Ω ´) is dense in O (Ω ), i.e., (Ω ,Ω ´) is a Runge pair, 

(b). Ω  is O (Ω ´)-convex, i.e., $K O(Ω΄)∩ Ω ⊂ ⊂ Ω  for every compact set  

        K⊂ ⊂ Ω . 

By the time the ideas of Cartan and Oka became widely known in the early 1950s, they 

had been reformulated by Cartan and Serre in the language of sheaves. During the 1950s and 

early 1960s, these new methods and tools were used with great success by Cartan, Serre, Grauert 

and Remmert and many others in building the foundation for the general theory of complex 

spaces, i.e., the appropriate higher dimensional analogues of Riemann surfaces ([30], [58], [68], 

[69], [70], [72]). In the late 1960s, the fusion of functional analysis and several complex variables 

created a new branch of Mathematics: infinite dimensional analyticity. The systematic approach 

for analytic continuation of analytic mappings in infinitely many variables and  the original 

sources of the major ideas and results in this direction are included into the excellent book of G. 

Coeuré [35] (see also [2], [15], [16], [17], [34], [51], [111], [123], [148] and the bibliography 

given therein). 

We end our brief summary of standard basic properties for analytic functions in open 

sub-domains in Cn by defining the very important class of strictly pseudoconvex sets. As it is 

mentioned above, plurisubharmonic functions are a useful tool in multidimensional complex 

analysis. The profound conception and orientation of their properties is been determined from the 

analogy between different kinds of real convexity (for domains and functions) and corresponding 

concepts in complex case. For a domain Ω ⊂Rn with −2C boundary, convexity is characterized 

by a differential condition in terms of a defining function r, as follows: 
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( )1RConv  

if Ω  is convex near ∈p ϑ Ω , then the real Hessian ( )ξ,rLR
p  of r at  

p is positive semi-definite on the real tangent space R
pT (ϑ Ω ) to ϑ Ω   

at p, that is  

( ) ( ) ,0,
1,

2

≥= ∑
=

kj

n

kj kj

R
p p

xx
rrL ξξ
ϑϑ

ϑξ  

for all ( )∈= nξξξ ,...,1
R

pT (ϑ Ω ) { ∈= ξ Rn: ( ) ( ) }.0
1

==∑
=

j

n

j j
p p

x
r

rd ξ
ϑ
ϑ

ξ  

and 

 

 

 

( )2RConv
 

if ∈p ϑ Ω  and the real Hessian ( )ξ,rLR
p  of r at p is strictly positive 

 semi-definite on R
pT (ϑ Ω ), that is if 

( ) ( ) ,0,
1,

2

≥= ∑
=

kj

n

kj kj

R
p p

xx
rrL ξξ
ϑϑ

ϑξ  

for all ( )∈= nξξξ ,...,1
R

pT (ϑ Ω ), then Ω  is strictly convex at p  (,i.e., 

 there is a convex neighbourhood pU  of p  such that Ω ∩Up is convex). 

In 1910, Levi discovered that domains of holomorphy with −2C boundary satisfy a 

complex analogue of ( )1RConv . More presisely, a domain Ω  in Cn with −2C boundary is said 

to be Levi pseudoconvex at ∈p ϑ Ω , if the complex Hessian ( )ξ,rLC
p  of the defining function 

r  at p  is positive semi-definite on the complex tangent space C
pT (ϑ Ω )= 

R
pT (ϑ Ω )∩ R

pTi (ϑ Ω ) to ϑ Ω  at p , that is if  

( )CLConv  ( ) ( ) ,0:,
1,

2

≥= ∑
=

kj

n

kj kj

C
p p

zz
rrL ξξ
ϑϑ

ϑξ  

for all ( )∈= nξξξξ ,...,, 21
C
pT (ϑ Ω ). Ω  is said to be Levi pseudoconvex if the Levi condition 
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( )CLConv  holds at all points ∈p ϑ Ω . Ω  is said to be strictly Levi pseudoconvex at 

∈p ϑ Ω  if  

( )CSLConv  ( ) ( ) ,0,
1,

2

>= ∑
=

kj

n

kj kj

C
p p

zz
rrL ξξ
ϑϑ

ϑξ  

for all ( )∈= nξξξξ ,...,, 21
C
pT (ϑ Ω ) { }0− ; if strict Levi condition ( )CSLConv  holds at all 

points ∈p ϑ Ω , then Ω  is called strictly Levi pseudoconvex. The fundamental Levi’s results 

were:  

( )1CConv
 

if Ω  is pseudovonvex in Cn with −2C boundary, then Ω  is Levi 

 pseudoconvex ([89], [95]). 

and 

( )2CConv
 

if Ω  is strictly Levi pseudoconvex, then every ∈p ϑ Ω  has 

 a neighborhood pU  such that pU∩Ω  is pseudoconvex ([96]). 

The first natural question which may be now asked is whether in case of differentiable 

−2C boundaries, Levi pseudoconvexity coincides with pseudoconvexity. The answer is 

affirmative, so 

(viii). (for an open subset Ω  of Cn with −2C boundary) Ω  is pseudoconvex if and only 

if Ω  is Levi pseudoconvex . 

A second problem that also arises is the description and generalization of strict Levi 

pseudoconvexity, given that strict Levi pseudoconvexity can be viewed as the exact complex 

translation of real strict convexity. (To justify this last assertion, we intimate that, for an open set 

Ω ⊂  Cn with −2C boundary near ∈p ϑ Ω , Ω  is strictly Levi pseudoconvex at p  if and only 

if there is an analytic coordinate system ( )zww =  in a neighborhood of p , so that Ω  is strictly 

convex with respect to the −w coordinates; in other words, strict Levi pseudoconvexity is 

precisely the locally bianalytically invariant formulation of strict Euclidean convexity.) In order 
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to face this second problem, it is important to observe that a function ( )Ω∈ 2Cφ , defined on an 

open subset Ω  of Cn (not necessarily with −2C boundary) is plurisubharmonic if and only if 

( ) ,0, ≥ξφC
zL  for  all ∈z Ω  and all ∈ξ Cn. We shall say that the function ( )Ω∈ 2Cφ  is strictly 

plurisubharmonic if ( ) ,0, >ξφC
zL  for all z∈Ω  and all ∈ξ Cn–{0}. A bounded domain Ω  in 

Cn is called strictly pseudoconvex, if there are a neighborhood ΩϑU  of ϑ Ω  and a strictly 

plurisubharmonic function )(2
Ω∈ ϑUCr such that Ω Ω∩ ϑU ={z Ω∈ ϑU : ( ) 0<zr }. Notice that 

every bounded planar domain is strictly pseudoconvex and that we do not require that ( ) 0≠zdr  

for z∈ϑ Ω , so that a strictly pseudoconvex domain does not necessarily have a −2C boundary. 

It is easy to see that a strictly pseudoconvex domain is pseudoconvex, and that every bounded 

subdomain of Cn with −2C boundary is strictly Levi pseudoconvex if and only if it is strictly 

pseudoconvex. It should also be mentionned that most of the well known important developments 

is complex analysis concern the strictly pseudoconvex case : integral representation formulas 

([80], [124]), Fefferman’s mapping theorem ([59]), the Chern-Moser invariants ([32]), the work 

of Henkin and Skoda on zero sets on Nevanlinna functions ([79], [128]), sharp estimates for the 

−ϑ problem, e. t. c. 

In order to limit the size of this Paragraph, many important topics – for which 

fortunately excellent references are available–had to be  omitted.  If,  after reading  the above 

condensed, elementary and introductory discussion, you want to learn more about several 

variables, we highly recommend the text books [13], [60], [69], [72], [82], [87] and [108]. 

After this brief exposition of some of the standard definitions and results on several 

complex variables, we are ready to give a first approach to Padé-type approximation in many 

dimensions. In what follows, our purpose is to define and study the convergence of Padé-type 

approximants to a function which is analytic into an open polydisk centered at 0 . Our discussion 

will follow the development adopted in [38], [39] and [40]. 
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3.1.2. Classical Padé and Padé-Type Approximants to Analytic  

Functions of Several Complex Variables 
Let 

( ) ( )
nnnnn mkm

n
kmnmkmkm ≤≤≥≤≤≥

=Μ=Μ
0,0

)(
,0,0

)1(
,1 ,...,

11111
ππ  
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be an analytic polynomial of degree at most ( )nmm ,...,1  which interpolates 
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Let Ω  be an open subset of Cn, containing 0 . Let also ( )rn ,0Δ  be the maximal open 

polydisk of Cn which is contained in Ω  and centered at 0 . Let also f be a function of O (Ω ) 

with Taylor power series expansion around the origin 
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It is clear that to f  there corresponds a C-linear functional distribution fT  on P(Cn) determined 

by  

( ) ( ) ( ) .,...2,1,0,...,...,2,1,0... 1,...,1 1

1 === n
f

nf n

n axxT νννν
νν  

The following Theorem is a direct consequence of Cauchy’s Integral Formula ( )CIF . 

The Proof is exactly similar to that of [37] or [38] except for the fact that here we need to 

consider the Banach space  

A ))),...,(,0(( 11
1

−−Δ n
n ρρ :=C ))),...,(,0(( 11

1
−−Δ n

n ρρ ∩O ))),...,(,0(( 11
1

−−Δ n
n ρρ  

instead of the space O ))),...,(,0(( 11
1

−−Δ n
n ρρ :={ f  is analytic function in the neighborhood of 

)),...,(,0( 11
1

−−Δ n
n ρρ }. This consideration is an essential simplification and its consequences will 

be appearing in the sequel. 

Theorem 3.1.1. The distribution fT  is continuous. Further, for any ( )njrjj ,...,2,1=<ρ , there 

is a continuous extension of  fT  into A ))),...,(,0(( 11
1

−−Δ n
n ρρ . 

Proof. Let ( ) ( )njrjjn ,...,2,10,,...,1 =<<= ρρρρ . If  

( ) n
n

n

n n

k k
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ν ν
ννβ ...,..., 1

1

1

1 1
0 0

,...,1 ∑ ∑
= =

= L  

is an analytic polynomial in ( )nxxx ,...,1=  of degree at most ( )nkk ,...,1 , then by Cauchy’s 

Integral Formula there holds 
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where ( )ρL  is a constant depending only on ρ . The Hahn-Banach Τheorem completes now the 

Proof. 

The most useful consequence of this Theorem is described in the following 

Corollary 3.1.2. For every ( ) ( )rzzz n
n ,0,...,1 Δ∈= , the number  

( ) ( )( )11
11 1...1 −− −− nnf zxzxT  

is well defined and equals ( )zf . 

Proof. If ( ) ( )rzzz n
n ,0,...,1 Δ∈= , then there is an open polydisk 

( ) ( )( )n
nn ρρρ ,...,,0,0 1Δ=Δ ⊂ ⊂ ( )rn ,0Δ  such that ( )ρ,0nz Δ∈ . By Theorem 3.1.1, the 

number  

( ) ( )( )11
11 1...1 −− −− nnf zxzxT  

is well defined (: fT  acts on the variable ( )nxx ,...,1 ∈ )),...,;0(( 11
1

−−Δ n
n ρρ  and z  is taken as a 
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parameter). The continuity of the C-linear form fT  implies now that 
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nnf

n
f

zxzxT

zxzxT

zzxxT

zzazf

n

nn

nn

n

n

n

n

νν

νννν

νννν

νν

ν

νν

ν
νν

 

Definition  3.1.3. The function 

( ) ( )( )⋅,,...,1
xQT

nmmf :Cn ( ) ( ){ }njandmkforsss jj
j

kmjn jj
,...,2,1:,..., 1)(

,1 =≤=−
−

π →C: 

( ) ( )( )zxQTz
nmmf ,,...,1

a  

is called a Padé-type approximant to f. The analytic polynomial  

( ) ( ) ( )j

n

j
mnmm xVxxV

jn ∏
=

+++ =
1

111,...,1 ,...,
1

γ , 

with 

( ) ( )∏
=

+ −=
j

j

jjj

m

k

j
kmjjm xxV

0

)(
,1 π  

is the generating polynomial of this approximation ( ∈γ C { }0− ). 
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Before entering into more results, let us show how to construct rational approximations to 

f . It is well known that the interpolation polynomial of the function ( ) ( ) 11
11 1...1 −− −− nn zxzx  

at the points ( )n
n

kmkm zz
nn

,...,,,..., 1
)(
,

)1(
, 11

ππ  is given by 

( ) ( ) ( ) ( )
( )
( )

( )
( ) .1...1

1...1,...,,,...,

1
1

1
1

11

11

11
1111,...,

1

1

1

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

−−=

−
+

+

−
+

+

−−

nm

nm

m

m

nnnnmm

zV
xV

zV
xV

zxzxzzxxQ

n

n

n

 

Setting 

$W ),...,( 1 nmm ( ) ( )[( ( ) ( ) L+−= ++
+

nmm
n

f
m
n

m
n xVxVTzzzz

n

n
111

1
11 ...1...:,...,

1

1  

( ) ( ) ( ) ( ) ( )1
1

1
111

1
11

1
1

1
1 ......

111

−
+

−
+++

−
−+

−

=
+ +−∑+ nmjmjmjm

n

j
m zVzVxVzVzV

njjj
L  

( ) ( )]1
1

1
11 ...

1

−
+

−
+− nmm zVzV

n
 

                                                         ( ) ( )[ ]),... 1111
11

−−−− −−× nn zxzx  

and 

$V )1,...,1( 1 ++ nmm ( ) ( ) ( ) ,,...,...:,..., 11
11,...,1

11
1

11
1 1

1 −−
++

++−− = nmm
m
n

m
n zzVzzzz

n

n  

it is easily verified that 

( ) ( )( )nnmmf zzxxQT
n

,...,,,..., 11,...,1
 

= $W ),...,( 1 nmm ( )nzz ,...,1
$V )1,...,1( 1 ++ nmm ( ).,..., 11

1
−−
nzz  

Thus,  

( ) ( )( )nnmmf zzxxQT
n

,...,,,..., 11,...,1
 

is a rational function in ( )nzz ,...,1  of type ( ) ( )( )1,...1,,..., 11 ++ nn mmmm , which means that it 

has a numerator with degree in ( )nzz ,...,1  at most ( )nmm ,...,1  and a denominator with degree in 

( )nzz ,...,1  at most . ( )1,...,11 ++ nmm  Hence, we will make use of the notation  
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( ) ( ) ( ) ( )( ).,...,,,...,:,...,1,...,1/,... 11,...,111 1 nnmmfnfnn zzxxQTzzmmmm
n

=++  

A sequence ( ) ( ){ },...2,1,0,,...,2,1,0:,..., 111,...,11
==++ nnmm mmxxV

n
L  of generating 

polynomials being given, we now want to study the convergence of the corresponding Padé-type 

approximation sequence  

( ){ ( ) ∈++ jfnn mzmmmm :1,...,1/,..., 11 N }.,...,2,1, njfor =   

It is readily seen that 

( ) ( )zmmmm fnn 1,...,1/,..., 11 ++  

( ) ( ) ( ) ,...
1

1

1

1

1

1

11
0 0 0

1,...,
)(
,

0

)1(
, ∑ ∑ ∑∑

= = ==
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

k m

k

k

n
fn

km

m

k
km

n

n

n

n

n

nnn
zzazz

ν ν

νν
ννσσ LL  

where ( ) ( ) ( )njzj
km jj

,...,2,1, =σ  is a rational function in ( )nzzz ,...,1=  determined by 

( ) ( )nmm xxV
n

,...,11,...,11 ++ . Hence, our problem is equivalent to the following one: «If 

( ) ( ) ( )( ) ( )njzz
jjj

jj mkm

j
kmj ,...,2,1

0,0, ==Ν
≤≤≥

σ  

are n  infinite triangular matrices of complex functions, find the largest open subset of Ω, into 

which the ( ) −ΝΝ n,...,1 transform of the sequence of partial sums of any ∈f O(Ω) around the 

origin 

{ ( ) ( ) ( ) :...
1

1

1

1

1

1

11
0 0 0

1,...,
)(
,

0

)1(
, ∑ ∑ ∑∑

= = ==
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛k m

k

k

n
fn

km

m

k
km

n

n

n

n

n

nnn
zzazz

ν ν

νν
ννσσ LL ( )∈= nzzz ,...,1  Cn, 

∈jm N ( )}nj ≤≤1  

converges compactly to f .» 

Let 

D N Nλ λμ1 ,..., (Ω ):={U⊆ Ω :for any ∈f O (Ω ),  the ( ) −ΝΝ n,...,1 transform  of  the  
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sequence of partial sums of f  around 0 , converges to f , compactly on U , if 

∞→
1λ

m ,..., ∞→
μλ

m }, 

and let 

E N Nλ λμ1 ,..., (O (Ω )):= U )(,...,1
Ω∈

μλλ NNU UD . 

Consider the sequence  

( ) ( ) ( ) ( ){ },...2,1,0,,...,2,1,0:,...,,,...,, 111,...,,..., 11
=== nnnmmmm mmzzxxqzxq

nn
L  

of functions of the n2  complex variables ,,...,,,..., 11 nn zzxx  which have the form 

( ) ( ) ( ) ( ) ....,
1

1

11
1

1

111
0 0 0

11
)(
,

0

)1(
,,..., ∑ ∑ ∑∑

= = ==
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

k m

k

k

nn
n

km

m

k
kmmm

n

n

n

n

nn

nnn
zxzxzzzxq

ν ν

ννννσσ LL  

Suppose ω is the maximal open subset of C2n, into which the functions ( ) ( )zxq
nmm ,,...,1

 are 

continuous and the sequence  

( ) ( ){ },...2,1,0,,...,2,1,0:, 1,...,1
== nmm mmzxq

n
L  

converges compactly to ( ) ( ) 11
11 1...1 −− −− nn zxzx , if ∞→

1λ
m ,..., ∞→

μλ
m . Set 

( ) ( ){ ∈==Ω nzzzg ,...,, 1ω Cn: ( ) ωζζ ∈−−
nn zz ,...,,,..., 1

11
1 , 

∀ 1ζ ∈ C ( )Ω− 1pr ,...,∀ nζ ∈ C ( )}Ω− npr . 

We will show that if Ω  is an open polydisk in Cn or Ω =Cn, then  

( )Ω,ωg ⊂E N Nλ λμ1 ,..., (O (Ω )). 

When 1=n , our assertion follows directly from Eiermann’s theorem. As it is pointed out 

in [55], the case 1=n  can be viewed as an extension of Okada’s classical result ([114]) in a 

generalized form which is due to Gawronski and Trautner ([62]): «if ≠Ω C,  

( ) ,
0,0, mkmkm ≤≤≥

=Μ π  ∈km,π C, 

and the sequence  
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∑∑
==

∈
⎩
⎨
⎧ km

k
km zz

00
, :
ν

νπ C, },...2,1,0=m  

converges compactly into an open set H containing 0  to ( ) 11 −− z , then 

ζ∈ −C ΩI ζ Η⊂E N1
(O (Ω )).» 

We begin with the following Proposition, which lists some of the main properties of the 

set ( )Ω,ωg : 

 

Proposition 3.1.4. ([37]) (a). ( ) ( ) ( ) ;, 1 Ω××Ω⊂Ω nprprg Lω  

(b). ( )Ω,ωg  is an open subset of Cn; 

(c). ⊃ω Cn { }0×  if and only if  

( ) ( ) ;100lim
1

1

111
0 0

)(
,

)1(
,,..., =∑ ∑

= =
∞→∞→

m

k

m

k

n
kmkmmm

n

n

nn
σσ

μλλ
L  

(d). if ( ){ },...2,1,0:,0 )()( =Δ=Ω iini δ  is a sequence of open polydisks such that  

( )0)1()( ≥Ω⊆Ω + iii and Cn= U
∞

=
Ω

0
)(

i
i  , 

then  

( ) ( ) ( ,,, )1()( ωωω ggg ii ⊂Ω⊂Ω +  C )n  ( )0≥i  and ( ,ωg C ) ( ).,
0

)(U
∞

=
Ω=

i
in g ω  

Proof. (a). Let ( ) ( ) ( ) .,..., 11 Ω×Ω∉= nn prprzzz L  Suppose ∈jz C ( ) .Ω− jpr  If 

( ) ,,Ω∈ ωgz  then 

( ) ,,...,,,..., 1
11

1 ωζζ ∈−−
nn zz  

whenever ∈1ζ C ( ),1 Ω− pr ..., ∈nζ C ( ) .Ω− npr  

Choosing jj z=ζ , the convergence 
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( ) ( )nnjjjmmmm zzzq
n

,...,,,...,,,,...,lim 1
11

1
11

1
1

1,...,,..., 11

−−
+

−−
−

−
∞→∞→ ζζζζ

μλλ
 

= ( ) ( ) ( ) ( ) ( ) 111
1

1
1

111
1

1
1

1
1

1
1 .1....1..1..1....1 −−−

+
−
+

−−−

−
−
−

−− −−−−− nnjjjjjj zzzzzz ζζζζ  

leads to a contradiction. 

(b). Setting 

n
j 1=× ( )[ ] ( ){ ∈=Ω

−

n
c

jpr ζζ ,...,)( 1

1
Cn : ∈−1

jζ  C ( ) },,...,2,1, njforprj =Ω−  

one can write 

( ) ∈=Ω zg {,ω Cn: ( ) ∈∈ ζωζ forz, n
j 1=× ( )[ ] .})(

1−
Ω c

jpr  

Fix ),...,( 1
°°° = nzzz  ∈ ( ) .,Ωωg  Since ω is an open set, for every  

∈ζ n
j 1=× ( )[ ] 1

)(
−

Ω c
jpr , 

there are ( ) ( ) ( ) ( ) 0,...,0,0,...,0 11 >>>> ζδζδζεζε nn  with 

( ) ( ) ( )ζδζεζξωξ jjjjjj zzandifz <−<−∈
o

,, (for nj ,...,2,1= ). 

Further, the set 

n
j 1=× ( )[ ] 1

)(
−

Ω c
jpr  

is closed (because ( ) ( )ΩΩ nprpr ,...,1  are open) and bounded (because for any nj ,...2,1=  the 

projection ( )Ωjpr  contains a neighborhood of 0 ). Thus,  

n
j 1=× ( )[ ] 1

)(
−

Ω c
jpr  

is compact in Cn, and, consequently, we can choose  

∈)()1( ,..., Nξξ n
j 1=× ( )[ ] 1

)(
−

Ω c
jpr  

such that 

n
j 1=× ( )[ ] 1

)(
−

Ω c
jpr ⊂ ( )( )., )()(

1
iiN

i
n ξεξU =

Δ  

Defining 
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( ){ } ( ){ },,...,2,1:min,...,,...,2,1:min )()(
11 NirNir i

nn
i ==== ξδξδ  

we obtain 

( ) ωζ ∈z,  

for every ∈ζ n
j 1=× ( )[ ] 1

)(
−

Ω c
jpr  and every ∈z Cn with | 11 zz −° |< 1r ,...,| nn zz −° |< nr . Thus,  

( )( ) ( ) ,,,...,, 1 Ω⊂Δ ωgrrz n
n o

 

and therefore ( )Ω,ωg  is open. 

(c). It is an immediate consequence of the fact that 

( ) ( ) ( ) ( ) .01...010,lim 11
1,...,,..., 11

−−
∞→∞→ −−= nmmmm xxxq

nμλλ
 

(d). It is clear that  

( ) ( ) ( ,,, )1()( ωωω ggg ii ⊂Ω⊂Ω + C )n , ∀ ,...2,1,0=i  

Thus, we have only to show that  

( ) ( ,, )(
0 ωω gg i

i =Ω∞
=U C )n . 

From the trivial inclusion ( ) ( ,, )( ωω gg i ⊂Ω C )n , it follows that  

( ,ωg C )n ⊃ ( ))(
0 , i

i g Ω∞
= ωU . 

This means that for every i  there exist  

( ) ( ))(1)()(
1

1)(
1 ,0,...,,0 i

n
i

n
ii δζδζ Δ∈Δ∈  

such that ( ) ( )( ) .,...,,,..., 1
1)(1)(

1 ωζζ ∉
−−

n
i

n
i zz  Obviously,  

∞=∞→
)(lim i

ji ζ  

for any ,,...,2,1 nj =  and therefore, ∉z ( ,ωg C )n . Hence,  

( ,ωg C )n ( ))(
0 , i

i g Ω= ∞
= ωU  , 

which ends the Proof of Proposition 3.1.4.  
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Remarks 3.1.5. (a) Part (c) of Proposition 3.1.4 can be regarded as a generalization of the 

assumption H∈0  in Gawronski-Trautner’s Theorem. 

(b). A question which may be asked is whether the domain ( )Ω,ωg  is contained in Ω . The 

following counterexample shows that the answer is, in general, negative. For, choose 

( ){ ∈=Ω 21 , zz  C2: }10 21 <<< zz U ,
2
1,

2
1),0,0(2

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛Δ  

and 

( ) ( )
0,0,0,0, ≥≥≤≤≥

==Μ
kmkmmkmkm δπ  

where km,δ  is the Kronecker symbol. Let 

( ){ ∈= 2121 ,,, zzxxω C4: ( )2121 ,,, zzxx ∈FM,M }, 

with 

FM,M=
MMQ ,Q∈U Q, 

and 

QM,M={Q ⊂C2:the (M,M)-transform of the sequence of partial sums of the geometric 

series 

21

1

21

2
0,

. vv zz∑
∞

=νν

 

         converges to ( ) ( ) 1
2

1
1 11 −− −− zz  compactly on Q, if ∞→m }. 

Evidently, 0∈Ω, 0∈FM,M but 

( ) ( ) .1,0, 2 Ω⊄Δ=Ωωg  

For our purposes, we shall need the following Lemma. 

 

Lemma 3.1.6. Let ( ) ( )),...,,(,)0,...,0,0(,0 21 n
nn rrrr Δ=Δ  be an open polydisk in Cn, with center 

at 0. If K is a compact subset of ( )rn ,0Δ  , one can find another open polydisk 
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( ) ( )),...,,(,)0,...,0,0(,0 21 n
nn ρρρρ Δ=Δ , such that 

K⊂ ⊂ ( )ρ,0nΔ ⊂ ⊂ ( )rn ,0Δ . 

Suppose that the functions ( ) ( )zxq
nmm ,,...,1

 are continuous in the set 

( )[ ] ×Δ
−1,0 ρnb K= ( ){ ∈nζζζ ,...,, 21 C: }njforjj ,...,2,1,1 == −ρζ × K. 

If ∈f O ( ( )rn ,0Δ ), then for all ( )nmmm ,...,, 21   there holds 

( ) ( )( )zxqTzf
nmmfz ,)(sup ,...,1

−Κ∈  

≤L ( )ρ,f sup
Κ×Δ∈ −1)];0([),( ρnbzt
( ) ( ) ( ) ( ) ,,1...1 ,...,

11
11 1

ztqztzt
nmmnn −−− −−  

where L ( )ρ,f  is a positive constant depending only on f  and ρ . 

Proof. Let z∈K. By applying Corollary 3.1.2 and Cauchy’s Integral Formula for polydisks, we 

obtain 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )zxqzxzxTzxqTzf
nn mmnnfmmf ,1...1, ,...,

11
11,..., 11

−−−=− −−  

=
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

−−

−−− −−

Δ∈

− ∫
−

n
nn

mmnn

bs

n
f dsds

xsxs
zsqzszs

iT n

n

...
))...((

),()1...()1(
.)2( 1

11

),...,(
11

11

)];0([

1

1ρ

π  

= [ 11
1111

11

11
1

)];0([

).1().1(.
).1)...(.1(

...
.)2(

1

−−
−−

−−

Δ∈

− −−⎥
⎦

⎤
⎢
⎣

⎡
−−∫

−
nn

nn

n
f

bs

n zszs
sxsx

ss
Ti

n ρ

π  

] nmm dsdszsq
n

...),( 1),...,( 1
−  

[ ][ ] nmmnnnn
bs

n dsdszsqzszsssfssi
n

n

...),().1...().1(.),...,(.....)2( 1),...,(
11

11
11

1
11

1
)];0([

1
1

−−−= −−−−−−

Δ∈

− ∫
−ρ

π

 

≤L ( )ρ,f sup
Κ×Δ∈ −1)];0([),( ρnbzt
( ) ( ) ( ) ( ) ,,1...1 ,...,

11
11 1

ztqztzt
nmmnn −−− −−  
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which completes the Proof of the Lemma. 

The following Τheorem is a consequence of Lemma 3.1.6, but is more useful since the 

choice of the compact K and of the polydisk ( )ρ,0nΔ  is eliminated. 

Theorem 3.1.7. If Ω = ( )rn ,0Δ  or Ω =Cn, then 

( )Ω,ωg ⊆E N Nλ λμ1 ,..., (O (Ω)). 

Proof. First, we assume that Ω = ( )rn ,0Δ . It is sufficient to prove the following assertion: 

 for  every z z zn
° ° °= ( ,..., )1 ∈ ( )( )rg n ,0,Δω , there exists a closed polydisk 

)),...,(,( 1
°°°Δ n

n rrz ⊂ ( )( )rg n ,0,Δω  satisfying °
jr ≠ 0 ∀ nj ,...,2,1=  and 

lim
∞→1λm ,..., ∞→μλm ( ) ( )( ) ( )zfzxqT

nmmf =,,...,1
 

uniformly on )),...,(,( 1
°°°Δ n

n rrz , whenever ∈f O ( ( )rn ,0Δ ). 

We must distinguish two cases: z ° ≠ 0 and z ° =0. 

1st case : °z ≠ 0. Since ( )( )rg n ,0,Δω  is open (Proposition 3.1.4.(b)), one can find 

),...,( 1
°°° = nrrr ∈ n

+R such that ),( °°Δ rzn ⊂ ( )( )rg n ,0,Δω . By the definition of 

( )( )rg n ,0,Δω , the compact set  

{ ( )∈zx, C2n: ∈x n
j 1=× [ ] 11 ),0( −

Δ− jrC and ∈z ),( °°Δ rzn } 

is contained in the open set ω. Therefore, there exist 0,...,01 >> nεε  such that  

{ ( )∈zx, C2n: ∈x n
j 1=× [ ] 11 ),0( −

Δ− jrC and ∈z ),( °°Δ rzn }⊂ω. 

Since ),( °°Δ rzn ⊂ ( )( )rg n ,0,Δω ⊂ ( )rn ,0Δ  (Proposition 3.1.4.(a)), we obtain 
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[( 1udist ∈ ( )1
1 ,0 rΔ : 1u = max { 11 ε−r ,

);(),...,( 1
sup

°°Δ∈= rzzzz n
n

1z ]} , ( ) )1
1 ,0 rΔϑ = ε1

' >0, 

…....................................................................................................................................... 

[( nudist ∈ ( )nr,01Δ : nu =max{ nnr ε− ,
);(),...,( 1

sup
°°Δ∈= rzzzz n

n
nz ]} , ( ) )nr,01Δϑ = ε n

' >0. 

Defining  

−= 11 rρ ε1
' ,..., −= nn rρ ε n

' , 

we see that Lemma 3.1.6 can be applied to ( ) ( )),...,,(,)0,...,0,0(,0 21 n
nn ρρρρ Δ=Δ  and the 

compact set ),( °°Δ rzn  and, thus our assertion follows. 

2nd case: °z =0. Choose ( )nρρρ ,...,1=  such that ),0( ρnΔ ⊂ ( )rn ,0Δ . By assumption, the 

compact set { ( )0,x ∈C2n: ∈x ),0( ρnΔ } is contained in the open set ω . Hence, { ( )zx,  ∈C2n: 

∈x ),0( ρnΔ , ∈z ( )τ,0nΔ } ⊂ω for a suitably chosen small polydisk ( )τ,0nΔ . It is obvious 

that Lemma 3.1.6 can be applied to the polydisk ( )ρ,0nΔ  and its compact subset 

=Δ °° ),( rzn )),...,(,( 1
°°°Δ n

n rrz  where 0< °
1r <min{ }11 ,τρ ,…,0< °

nr <min{ }nn τρ ,  and our 

assertion is again proved. 

We conclude that 

( )( )rg n ,0,Δω ⊂E
N Nλ λμ1 ,...,

(O ( ( )rn ,0Δ )). 

Next , suppose  Ω =Cn. As before, it is enough to show that  

 «for   every   ),...,( 1
°°° = nzzz ∈ ( ,ωg C )n   there   is   a   closed   polydisk 

)),...,(,( 1
°°°Δ n

n rrz ⊂ ( ,ωg C )n , satisfying 0≠jr  ∀ j=1,...,n  and  

∞→1
lim

λm ,..., mλμ →∞ ( ) ( )( ) ( )zfzxqT
nmmf =,,...,1

 

uniformly on )),...,(,( 1
°°°Δ n

n rrz , whenever ∈f O (Cn)». 
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Let z z zn
° ° °= ( ,..., )1 ∈ ( ,ωg C )n  and let ∈f O (Cn). Choose a sequence 

{ ( )( ) },...2,1,0:,0 =Δ iin δ  a sequence of open polydisks in Cn such that  

( )( ) ( )( )1,0,0 +Δ⊆Δ inin δδ  and Cn ( )( )U
∞

=
Δ=

0
,0

i
in δ  . 

By Proposition 3.1.4.(d), 

( )( ) ( )( )),0,(),0,( 1+Δ⊆Δ inin gg δωδω   and  ( ,ωg C )n = ( )( )),0,(
0U

∞

=
Δ

i
ing δω . 

Thus, we can find 0i , such that ( )( ) .),0,( oo ingz δω Δ∈  Since ( )( )),0,( oing δω Δ is an open set 

in Cn (Proposition 3.1.4.(b)), there exist ,...,01 ≠°r 0≠°
nr  with   

)),...,(,( 1
°°°Δ n

n rrz ⊂ ( )( ) .),0,( oing δω Δ  

On the other hand ∈f O (Cn). Hence ∈f O ( ( )( )oin δ,0Δ ). Evidently, the first part of this 

Theorem can be applied to the polydisk ( )( )oin δ,0Δ  and the compact set )),...,(,( 1
°°°Δ n

n rrz  to 

obtain 

( ) ( )( ) ( )zfzxqT
nmmfmm =∞→∞→ ,lim ,...,,..., 11 μλλ

 

uniformly on )),...,(,( 1
°°°Δ n

n rrz . This implies that 

( ,ωg C )n ⊂E N Nλ λ μ1 ,..., (O (Cn) 

and Proof of the Theorem is complete. 

 

Corollary 3.1.8. ([38]) Let f be a complex function analytic in an open polydisk ( )rn ,0Δ . Let ω 

be the maximal open neighborhood of ( )),...,(,0 11
1

−−Δ n
n rr × ( )rn ,0Δ  into which the series 

nn

n

nn zxzx ννν

νν

ν ...1

1

1
1

0,...,
1∑

∞

=

 ( )njzx jj ,...,2,1,1 =<  

converges compactly to ( ) ( ) .1...1 11
11

−− −− nn zxzx  
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If the generating polynomials  

( ) ( ) ( )j

n

j
mnmm xVxxV

jn ∏
=

+++ =
1

111,...,1 ,...,
1

γ  

of a Padé-type approximation satisfy 

( )nC  
∞→1

lim
λm ,..., ∞→μλm ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
− −

+

+

−
+

+

)(
)(

1...
)(
)(

1 1
1

1
1

11

11

1

1

nm

nm

m

m

zV
xV

zV
xV

n

n =1 

compactly in ω , then , for any ∈f O ( ( )rn ,0Δ ), there holds 

∞→1
lim

λm ,..., ∞→μλm
( ) ( ) ( )zfzmmmm fnn =++ 1,...,1/,... 11  

compactly in ( )rn ,0Δ . 

Proof. It suffices to see that condition ( )nC  implies that 

( ) ( ) ( ) ( ) 11
111,...,,..., 1...1,lim

11

−−
∞→∞→ −−= nnmmmm zxzxzxq

nμλλ
 

and then apply Theorem 3.1.7. 

 

 

Corollary 3.1.9.([38]) Let us consider the sequence of generating polynomials 

{ ( ) ( ) ( )
1

1
11,...,1 ,...,

1

+

=
++ ∏ −=

j

n

mn

j
jjnmm xxxV βγ : ∈γ C { }0− , ∈jβ C, ( )}njm j ,...,1,...1,0 ==  

If ∈f O ( ( )rn ,0Δ ), then the corresponding sequence of Padé-type approximants to f  

converges to f  compactly in some open subset of ( )rn ,0Δ , more precisely 

∞→1
limm ,..., ∞→nm ( ) ( ) ( )zfzmmmm fnn =++ 1,...,1/,... 11  

uniformly on every compact subset of  

( ) ( ){ }.,...,2,1,sup:,0,..., 11
1 njforzrzzz jjrjj

n
n jj

=−>−Δ∈= −
>

− βζβ
ζ
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Corollary 3.1.10 ([38]) Let us consider the sequence of generating polynomials 

{ ( ) ( ) ( )∏∏
= =

++ −=
n

i

m

j

j
iinmm

j

n
xxxV

1 0

)(
11,...,1 ,...,

1
βγ : ∈γ C },0{− ( ) ∈j

iβ C, 

( )}njimi ≤≤= ,1,...1,0  

Let also ∈f O ( ( )rn ,0Δ ). If 

( ) ( ) ( ) ,,...,2,11,...,1,0,lim niks i
s

i
skj

ij
i =−==+

∞→ γβ  

then 

∞→1
limm ,..., ∞→nm

( ) ( ) ( )zfzmmmm fnn =++ 1,...,1/,... 11  

compactly on  

n
i 1=× { ∈z C: 1−

iz ∉ )( °
iL ρ } ( )rn ,0Δ∩ , 

where we have used the notations 

( ) { ∈= ii zL :ρ C: ( )( ) } 0,
1

0

><−∏
−

=
ii

k

j

j
ii

i

z ρργ  

and 

°
iρ :=sup

ii r>||ζ
( )( ) .

1

0

1∏
−

=

− −
ik

j

j
ii γζ  

Proof. From Theorem 3.1.7, it follows that 

∞→1
limm ,..., ∞→nm

( ) ( ) ( )zfzmmmm fnn =++ 1,...,1/,... 11  

uniformly on every compact subset of  

( ) ( ){ :,0,...,1 rzzz n
n Δ∈=  
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∞→1
limm ,..., ∞→nm

( )( )

( )( )

( )( ) ( )( )

( )( ) ( )( )( )

L+
−−

−−
−

⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

∑
∏ ∏

∏ ∏
∑
∏

∏

≠
=

= =

−−

= =

−−

=

=

−

=

−

n

ki
ki

m

j

m

j

j
kk

j
ii

m

j

m

j

j
kk

j
iin

i
m

j

j
ii

m

j

j
ii

i k

i k

i

i

zzz 1,

0 0

11

0 0

11

1

0

1

0

1

ββ

βξβξ

β

βξ
 

( )
( )( )

( )( )
}nnn

i

m

j

j
ij

n

i

m

j

j
ii

n rrwhenever
z

i

i

≥≥

⎥
⎥
⎥
⎥
⎥

⎦

⎤

−

−
−+

∏∏

∏∏

= =

−

= =

−

+ ξξ
β

βξ
,...,,1 11

0 0

1

0 0

1

1
L  

⊃  

( ){ ( )
( )( )

( )( )
}nnk

j

j
ii

k

j

j
ii

n
n rrwhenevernifor

z
rzzz

i

i

≥≥=<
−

−
Δ∈=

∏

∏
−

=

−

−

=

−

ξξ
β

βξ
,...,,...,2,1,1:,0,..., 111

0

1

1

0

1

1

= 

( ){ ( )
( )( )

( )( )
}nnk

j

j
ii

k

j

j
ii

n
n rrwhenevernifor

z
rzzz

i

i

≥≥=<
−

−
Δ∈=

∏

∏
−

=

−

−

=

−

ξξ
β

βξ
,...,,...,2,1,1:,0,..., 111

0

1

1

0

1

1
= 

( ) ( )
( )( )

( )( )
⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=≤

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−
Δ∈=

∏

∏
−

=

−

−

=

−
≥

nifor
z

rzzz
i

i

ii

k

j

j
ii

k

j

j
iir

n
n ,...,2,1,1

sup
:,0,..., 1

0

1

1

0

1

1

γ

γξξ

 

= 

( ) ( ) ( )( ) ( )( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=−≥−Δ∈= ∏∏
−

=

−
≥

−

=

− niforzrzzz
i

ii

i k

j

j
iir

k

j

j
ii

n
n ,...,2,1,sup:,0,...,

1

0

1
1

0

1
1 γξγ ξ = 

( ) ( ) ( ){ },,...,2,1,:,0,..., 1
1 niforLzrzzz ii

n
n =∉Δ∈= − oρ  
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this completes the Proof. 

 

 

Corollary 3.1.11. ([38]) Assume that the generating polynomials have the form 

( ) ( ) ( ) ( ∈= ∏
=

+++ γγ j

n

j
mnmm xCxxV

jn
1

111,...,1 ,...,
1

C { } ),...1,0,,...,1,0,0 1 ==− nmm L  

where 

( ) ( ) ( )∏
=

−==ΗΤ
+

j

jj

m

i
imjjjjm xxArcmxC

0
,coscos

1
β  

are the Tchebycheff polynomials, and 

im j ,β = ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
+ π

)1.(2
12cos

jm
i

 

are the zeros of Tchebycheff’s polynomials (for jmi ,...,1,0= ). 

 If ∈f O ( ( )rn ,0Δ ), then 

∞→1
limm ,..., ∞→nm ( ) ( ) ( )zfzmmmm fnn =++ 1,...,1/,... 11  

compactly on  

( ){ ( )
( ) ( ) }.,...,2,1,11sup11

:,0,...,
1111

1

njforzz

rzzz

jjrjj

n
n

jj
=++−>++−

Δ∈=
−−

≥
−− ξξ

ξ

 

Proof. By Theorem 3.1.7, we have 

( ) ( ) ( )zfzmmmm fnnmm n
=++∞→∞→ 1,...,1/,...,lim 11,...,1

 

uniformly on every compact subset of  

( )∩Δ rn ,0 { ∈=× j
n
j z1 C: 
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},...2,1,1

)1.(2
12cos

)1(2
12cos

1

0

1

0
=≥<

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
+

−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
+

−

−

=

−

=

∏

∏
jjj

j
j

m

i

j
j

m

i
mandr

m
iz

m
i

j

j

ξ

π

πξ

 

⊃  

( )∩Δ rn ,0 { ∈=× j
n
j z1 C:

( ) ( ) }.,...,2,10,
12

12cos
12

12cossup 11 niandmfor
m
iz

m
i

j
j

j
j

jrjj
=≥⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
+

−<⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
+

− −−
≥

ππξ
ξ

 

The desired conclusion follows now from the relations 

( ) ( ) ,11sup
12

12cossup 111 ++−<⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
+

− −−
≥

−
≥ jjr

j
jr jjjj m

i ξξπξ
ξξ

 

and 

( ) ( ).11
12

12cos 111 ++−<⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
+

− −−−
jj

j
j zz

m
iz π  

A natural question which now arises is whether the inclusion 

( )Ω,ωg ⊂E
μλλ ΝΝ ,...,1

(O (Ω )) 

remains true into an arbitrary open set Ω ⊂Cn ( ∈0 Ω , n>1). We shall give two examples 

showing that the answer is, in general, negative ([39]). 

Let Ω  be an open subset of Cn, ∈0 Ω , such that 

( )( )1,0, nΔΩ  is not a Runge pair    and    ( ) ( )1,01Δ=Ωjpr , for nj ,...,2,1= . 

We will show that there are n  infinite triangular matrices ( ) ( )zz nΝ==Ν L1  satisfying 
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( )Ω,ωg ⊄ E
μλλ ΝΝ ,...,1

(O (Ω )). 

Let ∈f O (Ω ) and let 

( ) n

n

n

v
n

vf wwa ...1

11

1

,...,
0,...,

νν
νν
∑
∞

=

 

be the power series expansion of f , around the origin. Choosing,  

( ) ( ) ( )
0,0,1 ≥≥

=Ν==Ν
kmkmn zz δL  

( km,δ  is the Krönecker symbol), it is obvious that 

( ) ., Ω=Ωωg  

If we assume that  

( )Ω,ωg ⊂E
μλλ ΝΝ ,...,1

(O (Ω )), 

then we directly get 

E
μλλ ΝΝ ,...,1

(O (Ω ))=Ω . 

Consequently, it holds 

( ) ( )n

k m

k

k

n
f

km

m

k
kmmm zzfzza

n

n

n

n

n

nnn
,...,...lim 1

0 0 0
1,...,,

0
,,...,

1

1

1

1

1

1

111
=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑ ∑ ∑∑
= = ==

∞→∞→
ν ν

νν
ννδδ

μλλ
LL  

compactly on Ω  and therefore, f  is the limit of a sequence of analytic functions in ( )1,0nΔ . 

Hence, ( )( )1,0, nΔΩ  is a Runge pair, which is in direct contrast with the imposed hypothesis. We 

conclude that the assumption  

( )Ω,ωg ⊂E
μλλ ΝΝ ,...,1

(O (Ω )) 

is wrong and thus, we have proved the 

 

Proposition 3.1.12. Let Ω  be an open subset of Cn(0∈Ω ), such that  
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( ) ( )1,01Δ=Ωjpr  for nj ,...,2,1=  

and ( )( )1,0, nΔΩ  is not a Runge pair. Then, there are n  infinite triangular matrices 

( ) ( )zz nΝ==Ν L1 , such that  

( )Ω,ωg ⊄E
μλλ ΝΝ ,...,1

(O (Ω )) . 

 

 

Corollary 3.1.13. Let Ω  be the domain of C2 defined by 

( ) ( ){ ∈−Δ=Ω 21
2 ,1,0 zz C2 }.1: 21 =+ zz  

Then there are two infinite triangular matrices ( )z1Ν  and ( )z2Ν  with  

( )Ω,ωg ⊄E N N1 2, (O (Ω)). 

Proof. It suffices to show that Ω  satisfies the presuppositions of Proposition 3.1.12. Obviously, 

0∈Ω  and ( ) ( ) ( ) .1,01
21 Δ=Ω=Ω prpr  Further, the open set Ω  is a domain of holomorphy. In 

fact, it is enough to see that ( )1,02Δ  is a domain of holomorphy of C2 and that 

( ){ ∈21 , zz C2: }121 =+ zz  is a hypersurface in C2. In order to show that ( )( )1,0, nΔΩ  is not a 

Runge pair, it is enough to find a set K⊂ Ω  such that $
( ( ;1))KO Δ

Ω2 0 ∩ is not compact in Ω. If we 

choose  

K= ,20:
4
3,

2
1

⎭
⎬
⎫

⎩
⎨
⎧

≤≤⎟
⎠
⎞

⎜
⎝
⎛ πθθie  

then 
1
2

1
2

,⎛
⎝⎜

⎞
⎠⎟
∈ $

( ( ; ))
K

O Δ2 0 1
. Since 

1
2

1
2

,⎛
⎝⎜

⎞
⎠⎟
∈ϑ Ω , the Proof is complete. 

 

 

Next, assume that Ω  is the open subset of C2 defined by 



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

291 

 

( ){ ∈=Ω 21 , zz C2: }.1,1,1 2121 <+<< zzzz  

It is clear that ∈0 Ω  and that ( ) ( ) ( ) .1,01
21 Δ=Ω=Ω prpr  Moreover, it is easily verified that 

( )( )1,0, nΔΩ  is a Runge pair. We shall show that there are two infinite triangular matrices ( )z1Ν  

and ( )z2Ν  satisfying  

( )Ω,ωg ⊄E N N1 2, (O (Ω)). 

The Proof is due to Professor G. Coeuré (private communication). 

Choose 

→Ω:f C ( ) ( )
)(1

1,,:
21

2121 zz
zzfzz

+−
=a ∈O (Ω ). 

Evidently, f  can be expressed, in a neighborhood of 0 , as 

( ) ( ) ,, 21
0,0 0

21
0

2121
pq

pq

p
pq

p

ppp wwCwwCwwwwf ∑∑ ∑∑
∞

=
+

∞

=

∞

=

−
∞

=

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=+=

ν

ν
ν

ν

ν

 

where pq −=ν  and )(νp
p

vC = . For any ( )∈21 , ww Ω , set 

( ) ( ) .,...2,1,0, 21
0,

21 == ∑
∞

=
+ kwwCwwS pq

pq

p
pqk  

Let us study the difference  

( ) ( )21211 ,, wwSwwS kk −+ , for ( )∈21 , ww Ω . 

Suppose ( )21 , zz  is a point of Ω . We have  

( ) ( ) .,, 1
2

1
1

1
22

1
21

0

1
12

1
1

0
121211

+++
+

+

=

+
++

+

=
+++ ++=− ∑∑ kkk

k
kq

k

q

k
kq

pk
k

p

p
pkkk zzCzzCzzCzzSzzS  

In particular, when 12 zz −=  and '21 kk =+  (i.e., even), the above difference becomes 

( ) ( ) ( ) ( )111211221211 ,,,, '' zzSzzSzzSzzS kkkk −−−=−
−+  
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( ) .1
''

'

'
'

'

'

'
'

'
4
1

2
4

2
1

12

0

2
2

2
1

12

0
2

kk
k

qk
k

q

k
qk

pkp
k

p

p
pk zCzCzC ++−= +

−

=
+

+
−

=
+ ∑∑  

If we restrain our attention to 01 >z , then it is easily seen that 

( ) 01
'

'
'

'

'
'

'
2
1

12

0

2
2

2
1

12

0
2

>+− +
−

=
+

+
−

=
+ ∑∑ qk

k

q

k
qk

pkp
k

p

p
pk

zCzC and .0
''

'
4
1

2
4

>kk
k

zC  

Assuming that 

( ) ( ) ,
1

1,lim
21

21 ww
wwSkk +−

=∞→ whenever ( ) ,, 21 Ω∈ww  

we obtain 

( ) ( )( ) 0,,lim 21211 =−+∞← wwSwwS kkk for any ( ) Ω∈21 , ww . 

Consequently, 

.0lim
''

''
4
1

2
4

=
∞→

kk
kk

zC  

Since 

( )
( )[ ] ,

!2

!4
2'

'
2
4

'

'

k

kC k
k
=  

it follows, from Stirling’s Formula, that  

( )
( ) ( )

0
2

2
lim

42

84
limlim

'

4
1

4
4
12

'
4'

'
4'

4
1

2
4

''

'

'

'

'

'

''

'' ≠=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

=
∞→∞→∞→ k

z
z

ke
k

ke
k

zC
kk

k
k

k

k

k
kk

kk ππ

π
 

for a 01 >z , suitably chosen near to 1. This shows that the assumption  

( ) ( )[ ] 1
2121 1,lim −

∞→ +−= wwwwSkk  whenever ( ) Ω∈21 , ww  

is erroneous. Hence, the point ( ) Ω∈− 11 , zz  (with 11 ,0 zz >  near to 1) satisfies 

( ) ( ) ( ) ., 21

21

21

11,
0,

11
νν

νν
νν

zzazzf f −≠− ∑
∞

=
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Choosing  

( ) ( ) ( )
0,0,21 ≥≥

=Ν=Ν
kmkmzz δ  

( km,δ  is again the Krönecker symbol), it is readily seen that 

( ) ( ) ( ) ( ) .lim 21

21

21

1

1

2

2

2

2

21

2122

1

1

112 11,
0,0 0 0

11,,
0

,,
νν

νν
ννν ν

νν
ννδδ zzazza f

k m

k

k
f

km

m

k
kmmm −=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
− ∑∑ ∑ ∑∑

∞

== = ==
∞→∞→  

This implies that  

( )∉− 11 , zz E N N1 2, (O (Ω )). 

But, on the other hand, there holds  

( )11 , zz − ∈ ( ) ,, Ω=Ωωg  

and hence we have proved the following 

 

Proposition 3.1.14. Let Ω  be the domain of C2 defined by 

( ){ ∈=Ω 21 , zz C2: }.1,1,1 2121 <+<< zzzz  

There are two infinite triangular matrices ( )z1Ν  and ( )z2Ν  fulfilling 

( )Ω,ωg ⊄E N N1 2, (O (Ω )). 

 

 

We shall now modify the form of the set ( )Ω,ωg  and construct a new domain ( )Ω,ωG  

always contained in E
μλλ ΝΝ ,...,1

(O (Ω)), under a general sufficient assumption. 

Consider the family of sets 
∞
nE)( ={Ω :open set in Cn, with 0∈Ω  and for any z∈Ω , there is a simply   

 connected polydomain )()1( ... n
zzz DDD ××=  such that 

{ } Ω⊂⊂ zDz,0  
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and  
( )j
zDϑ  is −∞C smooth ( ) .},...,2,1 nj =  

It is clear that if Ω  is a polydomain of Cn, then ∈Ω ∞
nE)( . For Ω ∈ ∞

nE)( , we set 

( ){ ∈= nz xx ,...,1ω Cn: ( ) } ,,...,,,..., 11 ω∈nn zzxx  

and 

( ) [ ]{ }.:, 1
zzz bDthatsuchDaistherezG ωω ⊂Ω∈=Ω −  

Here we have used the notation [ ] ( ) ( ){ }znnz bDttttbD ∈= −−− ,...,:,..., 1
11

1
1 , where zbD denotes the 

Shilov boundary of the polydomain )()1( ... n
zzz DDD ××= , that is its distinguished boundary 

ϑ )1(
zD × ...× ϑ )(n

zD . 

Our next Theorem can be regarded as a modified form of Okada-Gawronski-Trautner’s 

Theorem. Indeed, according to the classical Theorem for 1=n , if Ω  is a domain of C ( ∈0 Ω ), 

then the ( )−Ν z transform of the sequence of partial sums of any ∈f O (Ω ), around 0 , 

converges to f , compactly on  

( ) ∈∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Ω∈=Ω ζω

ζ
ω anyforzzg ,,1:{, C .}Ω−  

We shall show how to obtain compact convergence for the same as above sequence into the 

domain 

( ) ∈∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Ω∈=Ω ζω

ζ
ω anyforzzG ,,1:{, .}zz DsomeandDϑ  

 

Theorem 3.1.15. If  ∞∈Ω nE)( , then there holds ( ) ⊆Ω,ωG E
μλλ ΝΝ ,...,1

(O (Ω )). 

 

In order to prove this Theorem, we shall use a Lemma, which is a direct consequence of 

Cauchy’s Integral Formula on polydomains. 
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Lemma 3.1.16. Let ∞∈Ω nE)(  and let Ω∈w . Suppose the functions ( )zxq
nmm ,),...,( 1

 are 

continuous in  

[ ] { }wbDw ×−1  

( )njandm j ,...,2,1,...2,1,0 == , where wD  is a polydomain in Cn. If ∈f O (Ω ), then there 

holds 

( ) ( ) ( ) ( ) ( )∑ ∑ ∑ ∑
= = = =

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

1

1

1

1

1

111
0 0 0 0

1,...,,
)1(
, ...

m

k

k m

k

k

n
fn

kmkm

n

n

n

n

n

nnn
wwawwwf

ν ν

νν
ννσσ LL  

( ) [ ] ( ) ( ) ( ) ( )nnmmnnbDtw zzttqwtwtDfM
nw

,...,,,...,1...1sup, 11,...,
11

11 11 −−−≤ −−

∈ −  

( ) ,,...,2,1,...2,1,0 njandm j ==  where ( )wDfM ,  is a constant which depends on f  and 

wD , but is independent of ( ) .,...,1 nmm  

Proof. It suffices to note that 

( )
( ) ( )

n
nn

n

bD
n dd

ww
f

i
wf

wn

ζζ
ζζ
ζζ

π ζζζ

...
))...((

),...,(
2

1
1

11

1

,...,1
−−

= ∫
∈=

 

   
( ) ( ) [ ]

n
nn

n

bD
n dd

ww
f

i
wn

ζζ
ζζ

ζζ
π ζζζ

...
)1)...(1(

),...,(
2

1
1

11

1

,..., 1
1

−−
= ∫

−∈=

 

and 

( ) ( ) ( ) ( ) ( )∑ ∑ ∑ ∑
= = = =

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛1

1

1

1

1

111
0 0 0 0

1,...,,
1

, ...
m

k

k m

k

m

n
fn

kmkm

n

n

n

n

n

nnn
wwaww

ν ν

νν
ννσσ LL  

( ) ( )
( ) ( ) ( ) ( ) ( )

nn

m

k

k m

k

k

n

nn
kmkm

bD
n

dd

ww
wwf

i

n

n

n

n

n

nn

wn

ζζζζ

ζζ
σσζ

π ν ν

νν

ζζζ

......

...
2

1

1
11

1

0 0 0 0 1

1
,

1
,

,...,

1

1

1

1

1

11

1

−−

= = = =∈= ⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ∑ ∑ ∑ ∑∫ LL

 

( ) ( ) [ ]
( ) ( ) ( ) .......,

2
1

11,...,
1

,...,
1

1
1

nnmm
bD

n ddwqf
i n

wn

ζζζζζζ
π ζζζ

−

∈=
∫

−

=  
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Proof of Theorem 3.1.15. Let ∈f O (Ω ) and let ( )Ω∈= °°° ,),...,( 1 ωGzzz n . From the 

definition of ( )Ω,ωG , it follows that there is a °z
D with  

[ ] .1
oo zzbD ω⊂−  

Consequently, the compact set  

({ ∈°° ),...,,,..., 11 nn zzxx C2n: ( ) [ ] }1
1 ,..., −∈ ozn bDxx  

is contained in the open set ω. Applying Lemma 3.1.16 for °= zw , we obtain  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )∑ ∑ ∑ ∑
= = = =

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

1

1

1

1

1

111
0 0 0 0

1,...,,
1

, ...
m

k

k m

k

k

n
fn

kmkm

n

n

n

n

n

nnn
zzazzzf

ν ν

νν
ννσσ LL ooooo  

( ) ( ) [ ] ( ) ( ) ( ) ( ) ,,1...1sup, ,...,
11

11,..., 1
1

1

ooo

o
o ztqztztDfM

n
zn

mmnnbDtttz −−−≤
−−

∈= −  

for ,...2,1,0=jm  and .,...,2,1 nj =  Since ( )Ω,ωG  is open, there is a compact neighborhood 

°zU  of °z  satisfying 

°zU ⊂ ( )Ω,ωG ∩ °z
D . 

Clearly, for any °∈ zUz , one can choose zD  equal to °zD . Repetition of the Proof shows that 

( ) ( ) ( ) ( ) ( ) ( )∑ ∑ ∑ ∑
= = = =

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

1

1

1

1

1

111
0 0 0 0

1,...,,
1

, ...
m

k

k m

k

k

n
fn

kmkm

n

n

n

n

n

nnn
zzazzzf

ν ν

νν
ννσσ LL  

( ) ( ) [ ] ( ) ( ) ( ) ( ) ,,1...1sup, ,...,
11

11,..., 1
1

1
ztqztztDfM

n
zn

mmnnbDtttz −−−≤
−−

∈= −
o

o

 

for ,...2,1,0=jm  and nj ,...,2,1= , and for any ( ) ozn Uzzz ∈= ,...,1 . Hence, 

( ) ( ) ( ) ( ) ( ) ( )∑ ∑ ∑ ∑
= = = =

∈ ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

1

1

1

1

1

111
0 0 0 0

1,...,,
1

, ...sup
m

k

k m

k

k

n
fn

kmkmUz

n

n

n

n

n

nnnz
zzazzzf

ν ν

νν
ννσσ LL
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( ) ( ) [ ] ( ) ( ) ( ) ( ) .],1...1sup,[sup ,...,
11

11,..., 1
1

1
ztqztztDfM

n
znz mmnnbDtttzUz

−−−≤
−−

∈=∈ −
o

oo

 

By passing to the limit, as ,,...,
1

∞→∞→
μλλ mm  we see that 

( ) ( ) ( ) ( ) ( ) ( ) ,...lim
1

1

1

1

1

1111
0 0 0 0

1,...,,
1

,,..., zfzzazz
m

k

k m

k

m

n
fn

kmkmmm

n

n

n

n

n

nnn
=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑ ∑ ∑ ∑
= = = =

∞→∞→
ν ν

νν
ννσσ

μλλ
LL  

uniformly on °zU , and the Theorem follows. 

 

 

In particular, we have the  

Corollary 3.1.17.(a). If nΩ××Ω=Ω ...1  is a polydomain of Cn, with Ω∈0 , then  

( ) ⊂Ω,ωG E
μλλ ΝΝ ,...,1

(O (Ω )). 

(b). If Ω  is complete Reinhardt domain in Cn( Ω∈0 ), then  

( ) ⊂Ω,ωG E
μλλ ΝΝ ,...,1

(O (Ω )). 

 

 

The final aim of this Paragraph is the study of some general and sufficient 

presuppositions for the global convergence of Padé-type approximants in Runge subdomains of 

Cn. 

Let Ω  be a bounded Runge domain in Cn ( Ω∈0 ), and ∈f O (Ω ). Since Ω  is bounded, 

there are open polydisks 

( ) ( ) ( )( ),,...,,0,...,0,0,0 1 n
nn ddd Δ=Δ  

( ) =Δ ρ,0n ( ) ( )( )n
n ρρ ,...,,0,...,0,0 1Δ  and  
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( ) ( ) ( )( ),,...,,0,...,0,0,0 1 n
nn rrr Δ=Δ  

such that  

( )dn ,0Δ ⊂ ⊂ ( )ρ,0nΔ ⊂ ⊂ ( )rn ,0Δ ⊂ ⊂ Ω  

⊂ ⊂ ( ) ( )( )11
1 ,...,,0,...,0,0 −−Δ n

n rr ⊂ ( ) ( )( )11
1 ,...,,0,...,0,0 −−Δ⊂ n

n ρρ  

( ) ( )( )11
1 ,...,,0,...,0,0 −−Δ⊂⊂ n

n dd . 

Observe that ∈f O ( ( )rn ,0Δ ). Following Theorem 3.1.1, the distribution fT  is 

continuous and linear into the Banach space )),...,(,0(( 11
1

−−Δ n
nA ρρ . Since Ω  is a Runge 

domain, there is a sequence  

{ ∈kf O ( ( ) ( )( )11
1 ,...,,0,...,0,0 −−Δ n

n dd : },...2,1,0=k  

such that  

ff kk =∞→lim   compactly on Ω . 

Repetition of the Proof of Theorem 3.1.1 (with only formal change to substitute p  with kf ) and 

application of the Banach-Steinhauss Theorem imply that 

.lim ffk TT
k
=∞→  

Denote by 1−ω  the maximal open neighborhood of  

( )rn ,0Δ × ( ) ( )( )11
1 ,...,,0,...,0,0 −−Δ n

n rr  

into which the series 

,1(...11

1

11
0,...,

<∑
∞

=
jjnn zxzxzx nn

n

νννν

νν

for ),...,2,1 nj =  

converges compactly to ( ) ( ) .1...1 11
11

−− −− nn zxzx  
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Theorem 3.1.18. ([40]) If ( ) ( )nnmm zzxxp
n

,...,,,..., 11,...,1
 are analytic polynomials in 

( )nn zzxx ,...,,,..., 11  satisfying 

( ) ( ) ( ) ( ) 11
1111,...,,..., 1...1,...,,,...,lim

11

−−
∞→∞→ −−= nnnnmmmm zxzxzzxxp

nn
 

compactly into the open set 1−ω  and 

( ) ( )
( )

( ) ( ) ∞<
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

Ω∈
==Ν∈ − nnmm

zz
njdsmm

zzssp
n

n

jj
n

n
,...,,,...,supsup 11,...,

,...,
,...,2,1,..., 1

1

1
1

 

for some ( )ndddd ,...,, 21=  with ( ) ,,...,2,10 njrd jj =<<  then 

( ) ( )( ) ( )nnnmmfmm zzfzzxxpT
nn

,...,,...,,,...,lim 111,...,,..., 11
=∞→∞→  

point-wise in Ω . 

Proof. For any ,Ω∈z we have 

( ) ( )( )nnmmfmm zzxxpT
nn

,...,,,...,lim 11,...,,..., 11 ∞→∞→  

= ( ) ( )( )nnmmfkmm zzxxpT
nkn

,...,,,...,limlim 11,...,,..., 11 ∞→∞→∞→  

= ( ) ( )( )nnmmfmmk zzxxpT
nkn

,...,,,...,limlim 11,...,,..., 11 ∞→∞→∞→  

= ( )nk zzf ,...,lim 1∞→  (by Lemma 3.1.6) 

= ( ) .,...,1 nzzf  

 

We can now investigate the global point-wise convergence of a sequence of Padé-type 

approximants to an analytic function defined in a Runge domain: 
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Theorem 3.1.19. ([40]) Suppose the generating polynomials  

( ) ( ) ( )∏
=

+++ =
n

j
jmnmm xVxxV

jn
1

111,...,1 ,...,
1

γ  

of a Padé-type approximation satisfy 

( )nC       lim
∞→∞→ nmm ,...,1

1
)(
)(

1...
)(
)(

1 1
1

1
1

1

11

11

1 =⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
− −

+

+
−

+

+

nm

nm

m

m

zV
xV

zV
xV

n

n
 

compactly in 1−ω  and 

( )nB       sup ),...,( 1 nmm ∞<
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−− −

+

+

−
+

+

Ω∈
== −

)(
)(

1...
)(
)(

1sup 1
1

1
1

1

11

),...,(
),...,1(||

11

1

1

1

nn

n

n

jj zV
sV

zV
sV

m

nm

m

m

zz
njds

 

for some ( )nddd ,...,1=  with ( )njrd jj ≤≤<< 10 . Then, for any ∈f O (Ω ), it holds 

( ) ( ) ( ) ,1,...,1/,...,lim 11,...,1
zfzmmmm fnnmm n

=++∞→∞→  

whenever z∈Ω . 

The Proof of Theorem 3.1.19 is an easy consequence of Corollary 3.1.8 and Theorem 

3.1.18.  

The cases 1=n  and 2=n  are of particular significance: 

Corollary 3.1.20. (a). Let Ω  be a simply connected bounded planar region, containing 0 . If the 

generating polynomials ( )xVm 1+  of a Padé-type approximation satisfy 

( )1C  0
)(

)(
lim 1

1

1 =−
+

+
∞→ zV

xV

m

m
m  

 compactly in 1−ω ⊂C2 and  
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( )1B  ∞<⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
− −

+

+
Ω∈=Ν∈ −

)(
)(

1supsup 1
1

1
,|| 1

zV
sV

m

m
zdsm  

for some ( )rd < , then for any ∈f O (Ω ) it holds 

( ) ( ) ( ) ,1/lim zfzmm fm =+∞→
 

whenever Ω∈z . 

(b). Let Ω  be a bounded Runge domain of C2, containing the origin. If the generating 

polynomials  

( ) ( ) ( )211121)1,1( 121
, xVxVxxV

nmmmm ++++ = γ  

of a Padé-type approximation fulfil 

( )2C 0
),(

)()()()()()(
lim 1

2
1

1),(

2111
1

211121
1

11
,

21

222121

21
=

−+
−−

++
−

+++
−

+
∞→∞→ zzV

xVxVzVxVxVzV

mm

mmmmmm
mm  

compactly in 1−ω ⊂C4 and 

( )2B  ∞<
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−− −

+

+

−
+

+

Ω∈
==Ν∈ −−

)(
)(

1
)(
)(

1supsup 1
21

21
1

11

11

),(
||,||,

2

2

1

1

21

1
22

1
1121 zV

sV
zV
sV

m

m

m

m

zz
dsdsmm , 

for some ( )21 ,dd , with ,2211 rdandrd <<  then for any ∈f O (Ω ) there holds 

( ) ( ) ( ) ,1,1/,lim 2121, 21
zfzmmmm fmm =++∞→∞→

 

whenever .Ω∈z  
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3.2. Generalizations: The Analytic Case 
3.2.1 The Bergman Kernel Function 

Let Ω  be any bounded domain in Cn, and let ( )∈zzh , ( )ΩC  be a positive function in Ω . 

We consider the Hilbert space ( )Ω2
hL , with inner product 

,, dVhgfgf h ∫
Ω

=〉〈  

where dV  is the volume element, and the integral is understood as an improper integral. The 

space OL 2
h (Ω ) of all analytic functions ∈f ( )Ω2

hL  is a closed subspace of ( )Ω2
hL  and hence is 

itself a Hilbert space with finite norm 

( ) .
2

2
dVhff h

∫
Ω

=  

For each Ω∈z , the evaluation map 

:zτ OL 2
h (Ω )→C, defined by ( ) ( )zffz =τ  

is a bounded linear functional on OL 2
h (Ω ). Therefore, by the Riesz Representation Theorem, 

there is a unique element in OL 2
h (Ω ), denoted by ( )zK ,⋅Ω , such that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ,,,,, ζζζζζτ VdhzKfzKffzf hz Ω
Ω

Ω ∫=〉⋅〈==  

for all ∈f O L 2
h (Ω ). The function  

Ω×ΩΩ :K → C, 

with ( )∈⋅Ω zK , O L 2
h (Ω ), is called the Bergman kernel function for Ω  with respect to the 

weight h  or simply the Bergman kernel function. As it is easily seen, the Bergman kernel 

function satisfies the following fundamental symmetry property: 
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( ) ,,),(, Ω∈= ΩΩ zallforzKzK ζζζ  

and hence ( )zK ,ζΩ  is conjugate analytic in z . 

Further, it can be shown in the usual way that there are complete orthonormal systems in 

O L 2
h (Ω ). The Bergman kernel function ΩK  has an interesting representation in terms of such a 

system: 

Theorem 3.2.1. For any orthonormal basis  

{ },...2,1,0: =jjϕ  

for O L 2
h (Ω ), one has the representation 

( ) ( ) ( ) ( ) ,,,
0

Ω×Ω∈= ∑
∞

=
Ω zzzK j

j
j ζϕζϕζ  

with uniform convergence on compact subsets of Ω×Ω . For a fixed Ω∈z , this series 

converges in the −2
hL norm with respect to ζ . 

Proof. Given any orthonormal basis { },...2,1,0: =jjϕ  for O 2
hL (Ω ), the function ΩK  has the 

representation 

( ) ( ) ( ) ( ) .,,,,
0

Ω×Ω∈〉⋅〈= ∑
∞

=
ΩΩ zzKzK jhj

j

ζζϕϕζ  

Since 
( ) ( ) ( ) ,,,,, zzKzK jhjhj ϕϕϕ =〉⋅〈=〉⋅〈 ΩΩ  

the representation 

( ) ( ) ( ) ( ) Ω×Ω∈= ∑
∞

=
Ω zzzK j

j
j ,,

0

ζϕζϕζ  

follows. For the remaining statement, it is enough to prove uniform boundedness of the partial 
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sums 

( ) ( ) ( ),...2,1,0
0

=∑
=

mzj

m

j
j ϕζϕ  

on Κ×Κ , for an arbitrary compact ⊂Κ Ω⊂ . Compact convergence then follows by a 

normality argument. 

First, notice that, for all Ω∈z  and all ∈f  O 2
hL (Ω ), the Cauchy Estimates imply that 

( ) ( )[ ] ( )hn
n fzdistCzf

2
, −Ω≤ ϑ , 

where the constant nC  depends only on the dimension n . Since 

( ) ( ) ( ) ( ){ ∈==⋅Ω fzfzK hh :sup,
22

τ O 2
hL (Ω ) ( ) },1,

2
≤hf  

we infer that the Bergman kernel ΩK  satisfies the estimate 

( ) ( ) ( )[ ] ( ) .,,
2

Ω∈Ω≤⋅ −
Ω zzdistCzK n

n
h ϑ  

Let now Κ  be a compact subset of Ω . Then ( ) 0, >ΩΚ ϑdist , and, from the above estimate, it 

follows that there is a constant Κσ  such that 

( ) ( ) ( ) .,
2

Κ∈≤⋅ ΚΩ zzK h σ  

Since 

( ) ( )[ ] ( ) ( ) ( ) ,,,,,,
2

0

2

0

2

0

2

2 ∑∑∑
∞

=

∞

=
Ω

∞

=
ΩΩ =〉⋅〈=〉⋅〈=⋅

j
j

j
j

j
j

h zzKzKzK ϕϕϕ  

we obtain 

( ) .sup
0

2

Κ

∞

=
Ω∈ ≤∑ σϕ

j
jz z  



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

305 

 

So, by the Cauchy-Schwarz Inequality, one has 

( ) ( ) ( ) ( ) ,2
2

1

0

2
2

1

0

2

0
Κ

∞

=

∞

=

∞

=

≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤ ∑∑∑ σζϕϕζϕϕ

j
j

j
jj

j
j zz  

for all Κ∈ζ,z , which completes the Proof of the Theorem. 

 

 

Let us now give some examples of computation for the Bergman kernel function, 

confining ourselves to complete circular domains Ω  and to the weight function 1≡h . Recall 

that a domain ⊂Ω Cn is said to be circular if Ω∈zeiθ  whenever Ω∈z  and θ  is real. It is 

convenient to take the set of monomials 

( ) ( ){ }),...,2,1,...(2,1,0,,...,:... 11,...,
1

1
nkkkkzzAzA n

k
n

k
kk

k
k

n

n
==== νν  

as a complete orthonormal system, with 

( ) .
2
1

2
−

Ω
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ∫ zVdzA k

k  

The completeness of this system follows from the fact that analytic functions can be expanded in 

a Taylor series for the class of domains under consideration. The orthonormality follows from 

kA ’s definition and from the fact that 

( ) ,0
'

=∫
Ω

zVdzz
kk for .'kk ≠  

 

Theorem 3.2.2. The Bergman kernel function for the polydisk ( ) ( ),,...,,,0 1 n
n rrrr =Δ  is 
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( ) ( ) ( ) ( )( ) .,0,1,
1

22

2

,0
rz

zr

r
zK n

n

nrn Δ∈
−

= ∏
=

Δ
ζ

ζπ
ζ

ν ννν

ν  

Proof. For the polydisk ( )rn ,0Δ , we get from the definition of kA  that 

nkA
π
12 = ∏

=
+

+n

kr
k

1
22

1
ν ν

ν
ν

. 

Then, by Theorem 3.2.1 (here 2−= νννν ζ rzx ), 

( ) ( )

( ) ( )

( ) ( )

( ) ,1

1...1
1

...
1

1...1
1

......
1

......
1

11,

1
22

2

22
1

22
1

11
22

1

1
22

1

1
22,0

∏

∑

∏∑

=

=
+Δ

−
=

−−
=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

=

=

+
=

n

n

nn
n

nn

n

n
n

k

k n

n

n
n

kk
n

k
k

nr

zr

r

xxrr

xxxxrr

x
xxrr

z
r
k

zK n

ν ννν

ν

ν ν

ν

ζπ

π

ϑϑ
ϑ

π

ϑϑ
ϑ

π

ζ
π

ζ
ν

 

for all ( ) ( ) ( ) .,0,0, rrz nn Δ×Δ∈ζ  

 

 

Theorem 3.2.3. The Bergman kernel function for the ball ( ) 0,,0 >RRB n , is 

( ) ( ) ( ) 1
11

2

2

12

2

,0
...

!

,

!
++

−−
=

〉〈−
= n

nn
nnnRB

zzR

Rn

zR

RnK n

ζζπζπ
 

for any ( ) ( )RBn
n ,0,...,1 ∈= ζζζ  and ( ) ( )RBzzz n

n ,0,...,1 ∈= , where we have used the 
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notation 〉〈 z,ζ  for the usual inner product of Cn: 

.:,
1

ν
ν

νζζ zz
n

∑
=

=〉〈  

Proof. For the ball ( )RB n ,0 , the definition of kA  gives us that 

( )
( ) .

!!...
!...

...2
1

12
1 nkkn

n

n
k nRkk

nkk
A +++

+++
=

π
 

So, by Theorem 3.2.1 (here 1,,2

1

2 <〉〈== −

=

− ∑ xzRzRx
n

ζζ ν
ν

ν ), 

( ) ( ) ( )
( )

( )

( )

( )

( ) 1
11

2

2

12

2

12

0

... 10
2

...2
1

1
2,0

...

!
,

!
1
!

1
11

1

!!...
!))...(1(1

!!...
!...1,

1

1

+

+

+

∞

=

=++

∞

=

++

−−−
=

〉〈−
=

−
=

⎟
⎠
⎞

⎜
⎝
⎛
−

=

=

++
=

+++
=

∑

∑∑

∑

n
nn

n

nn

nnn

n

n

nn

m

m
n

n

nn

kk

mkk nm
nnn

kk

k
kk

n

n
nnRB

zzR

Rn
zR

Rn
xR

n
xxd

d
R

x
xd

d
R

z
kk

m
R

nmm
R

z
Rkk

nkk
R

zK

n

n
n

ζζπ

ζπ

π

π

π

ζ
π

ζ
π

ζ

 

for all ( ) ( ) ( )RBRBz nn ,0,0, ×∈ζ , which completes the Proof of the Theorem. 
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3.2.2. Haar’s condition 
Up to this point we have been considering the approximation of functions by  

ordinary analytic polynomials. In the one complex variable case, analytic polynomials of degree 

m≤  are of course simply linear combinations of the functions .,...,,,1 2 mxxx  It is natural to 

generalize the concept of a polynomial to include linear combinations of other prescribed 

complex functions, say  

.,...,,, 210 mgggg  

We shall always assume that such functions are continuous on some fixed compact metric space 

S , containing at least ( )1+m  points. Their linear combinations  

i

m

i
i gc∑

=0
 

will be termed generalized polynomials over S  ( ).Sci ∈  

 

Definition 3.2.4. Let 1+mX  be the ( )−+1m dimensional complex vector space of generalized 

polynomials over S , which is generated by the continuous functions .,...,,, 210 mgggg We say 

that 1+mX  satisfies the Haar condition over S , if every function in 1+mX  has at most m  roots in 

S ; the functional discret set  

{ }mgggg ,...,,, 210  

is sometimes termed a Tchebycheff system. 

 

A systematic investigation of Haar’s condition is incorporated in [31] and [92]. His 

deeper advantage is connected with the characterization of best approximations. In order to limit 

the Section size, this important topic − for which fortunately excellent references are 

available− had to be omitted. Here, we will only discuss the “interpolatory” interpretation of this 

important condition. 
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Theorem 3.2.5. The following are equivalent: 

(a). 1+mX  satisfies the Haar condition over S . 

(b). { }mggg ,...,, 10  is a Tchebycheff system. 

(c). If  { }msss ,...,, 10  is any finite collection of pair-wise distinct points in S , then  

( )[ ] .0

)(...)()(
.................................

)(...)()(
)(...)()(

det

1

1111

1

,
≠=

mmmmo

mo

omooo

jkkj

sgsgsg

sgsgsg
sgsgsg

sg  

(d). If { }msss ,...,, 10  is any finite collection of pair-wise distinct points in S  and if myyy ,...,, 10  

are arbitrary complex numbers, then there exists only one generalized polynomial 

i

m

i
i gcg ∑

=

=
0

 in 1+mX  

such that ( ) .,...,2,1,0 mkforysg kk ==  

Proof. It is clear that (a)⇔ (b). To complete the Proof, we shall show that (d) ⇔ (c) and (a) 

⇔ (c). 

First, assume (d) We see that the interpolation condition 

( ) ( )mkforysg kk ,...,2,1,0==  is equivalent to the existence of a unique solution for the 

linear system 

( ) ( ) .0
0

mkysgc kkj

m

j
j ≤≤=∑

=

 

This is equivalent to the non-vanishing of the determinant  

( )[ ] .det
, jkkkj ysg =  

Hence, (d)⇔ (c). Next, a necessary and sufficient condition for (a) is that any generalized 

polynomial 
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1
0

+
=

∈= ∑ mi

m

i
i Xgcg , 

with ( )1+m  distinct roots  

msss ,...,, 10 , 

is identically equal to the zero function. In other words, a necessary and sufficient condition for 

(a) is that the homogeneous linear system (with respect to jc ’s) 

( ) ( ) ,,...,2,1,0
0

mkysgc kkj

m

j
j ==∑

=

 

has the unique solution ( ) ( ) .0,...,0,0,...,, 10 =mccc  But, this is equivalent to  

( )[ ] ,0det
,
≠=

jkkkj ysg  

that is (a)⇔ (c), which ends the Proof of the Theorem. 

 

 

It is important to know if Haar’s condition is satisfied over an arbitrary compact subset S  

of Cn. The following result, due to Mairhuber and to Sieklucki, shows that only a very small class 

of compact sets in Cn can be considered: 

 

Theorem 3.2.6. ([92]) Let S  be a compact subset of Cn. A necessary and sufficient condition for 

the existence of a ( )−+1m dimensional complex vector space 1+mX  satisfying Haar’s condition 

over S  is the homeomorphic identity of S  with a closed subset of the unit planar circle. 
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3.2.3. Generalized Padé-type Approximants to Analytic L2-Functions 

From the point of view of integral representations, a major difference between the case of 

one complex variable and the general case is due to the fact that in one variable there is 

essentially only one kernel function − the Cauchy kernel ( ) 11 −− xz − , while in several 

variables one has great freedom to modify, by a basically algebraic procedure, the original 

potential theoretic kernels.  

In particular, for complex dimension one, Padé and Padé-type approximation theory is 

based on the choice of polynomials interpolating the Cauchy kernel function in x . For dimension 

higher than one, we were faced with the problem to develop a coordinate Padé or Padé-type 

approximation method in polydisks, by interpolating the Cauchy kernel function  

( ) ( ) 11
11 1...1 −− −− nn zxzx . 

But, Section 3.1 showed that approximation results, obtained by this method, lead to 

extremely complicated computations if 3≥n . So, in the following, we will suggest a totally 

different method that applies to all bounded domains Ω  (and not only on polydisks) of Cn and 

can be considered as a natural extension of Brezinski’ s ideas from one to several variables.  

The general idea is to replace the Cauchy kernel with the Bergman kernel function 

( ) ., xzKΩ  

Even though the details of this method involve a general theoretical machinery, it should be 

stressed that its applications to the approximation of functions are readily accessible. But, on the 

other hand, the treatment of this method while having certain advantages is limited to the special 

class of analytic functions on Ω  which are in ( )Ω2L . Further, the computation of the Bergman 

kernel function for arbitrary domains is a difficult problem. However, at least for the case of 

bounded circular complete domains in Cn, we are able to obtain concrete results. 
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Let Ω  be a bounded domain in Cn. As in Paragraph 3.2.1, we will denote by OL2 ( )Ω  the 

collection of all functions f  analytic in Ω  with finite norm: 

,:
2

1

2

2 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ∫

Ω

dVff  

where dV  is the volume element; OL2 ( )Ω  is a Hilbert space with inner product 

( ∈=〉〈 ∫
Ω

gfdVgfgf ,:, OL2 ( )Ω ) . 

Let ∈f OL2 ( )Ω  and suppose  

( ){ },...2,1,0: =jzjϕ  

is a complete orthonormal system in OL2 ( )Ω . If ( )f
ja are the Fourier coefficients of f  with 

respect to this system, then the series 

( ) ( ) ( ) ( )Ω∈= ∑
∞

=

zzazf j
j

f
j ϕ

0
 

converges in the norm .
2
⋅ Let us introduce the linear functional 

fT : )( nCΦ → Cn
 : ( ) )(:)()( f

jjfj azTz =ϕϕ a , 

where )( nCΦ is the complex vector space generated by all finite complex combinations of 
jϕ ’s. 

If  

( ) ( ) )(
0

n
m

j xxp CΦ∈=∑
=ν

ν ϕβ , 

then 

( )( ) ( ) ( )( )∑∑
==

=⎟
⎠

⎞
⎜
⎝

⎛
=

m

f

m

jff xTxTxpT
00 ν

νν
ν

ν ϕβϕβ
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( )

.
0

00

dVpfdVf

dVfa

m

mm
f

∫∫ ∑

∑ ∫∑

ΩΩ =

= Ω=

=⎟
⎠

⎞
⎜
⎝

⎛
=

==

ν
νν

ν
νν

ν
νν

ϕβ

ϕββ

 

It follows, from Hölder's Inequality, that 

( )( )
22

2
1

22
1

2
pfdVpdVfxpTf =⎥

⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
≤ ∫∫

ΩΩ

 

and therefore, by the Hahn-Banach Theorem, fT  extends to a linear continuous functional on the 

Hilbert space ( )Ω2L  of all complex-valued functions g  in Ω , with inner product 

( ∈=〉〈 ∫
Ω

hgdVhghg ,:, L2 ( ) ) .Ω  

Obviously, for any Ω∈z  fixed, the Bergman kernel function ( )xzK ,Ω  belongs to ( )Ω2L  and 

thus, one can define the number 

( )( ) ,, xzKTf Ω  

where the extended functional fT  acts on the variable x . Furthermore, by continuity, there holds 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=== ∑∑∑

∞

=

∞

=

∞

=

zxTzxTzazf j
j

jfj
j

jfj
j

f
j ϕϕϕϕϕ

000

 

and, by Theorem 3.2.1, 

( ) ( )( ) ., xzKTzf f Ω=  

Thus, computing ( )zf  for a fixed value of z  is nothing else than computing ( )( ) ., xzKTf Ω  

It arises in practice that only a few Fourier coefficients ( )f
ja  of ∈f OL2 ( )Ω  are known 

or that the Fourier series expansion of f  (with respect to the basis ( ){ },...2,1,0: =jzjϕ ) 

converges too slowly. 
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Thus, the function ( )xzK ,Ω  has to be replaced by a simpler expression. To do so, for 

any ,...2,1,0=m , consider the ( )−+1m dimensional complex vector space 1+Φ m , generated by 

the Tchebycheff system  

{ }.,...,, 10 mϕϕϕ  

Denoting by 1+mZ  the analytic set  

U jmj Kerϕ≤≤0  

(: jKerϕ  is the kernel of jϕ ), suppose that 1+Φ m  satisfies the Haar condition into a finite set of 

pair-wise distinct points 

{ } .,...,, ,1,0,1 Ω⊂=Μ + mmmmm πππ  

This means that every function in 1+Φ m  has at most m  roots in 1+Μm . One can, for example, 

choose the set 1+Μm  so that  

=∩Μ ++ 11 mm Z ∅ . 

It follows that, for any Ω∈z , there is a unique 

( ) ( ) ( ) ( )∈= ∑
=

xzczxg j

m

j

m
jm ϕ

0
, 1+Φ m , 

such that  

( ) ( )kmkmm zKzg ,, ,, ππ Ω= for any mk ≤ , 

or explicitly   

( ) ( ) ( ) ( )kmkmj

m

j

m
j zKzc ,,

0
,ππϕ Ω

=

=∑ (for mk ,...,1,0= ). 

Note that to find )()( zc m
j it is enough to solve the above linear system: a necessary and sufficient 

condition for the existence of a unique solution is that the determinant 
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( )[ ]
jkkmj ,,det πϕ =

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )mmmmmmm

mmmm

mmmm

,,1,0

1,1,11,0

0,0,10,0

...
................................................

...

...

πϕπϕπϕ

πϕπϕπϕ
πϕπϕπϕ

 

is different from zero. This condition is equivalent to the Haar condition for 1+Φ m  into the set 

1+Μm . Obviously, for any Ω∈z , there holds 

)()( zc m
j  

= 

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )mmmmmmm

mmmm

mmmm

mmmmmjmm

mmmjm

mmmjm

mmjmmmm

mjmm

mjmm

zK

zK
zK

,,1,0

1,1,11,0

0,0,10,0

,,1,

1,1,11,

0,0,10,

,1,1,0

1,11,11,0

0,10,10,0

...
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......................................................
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...,

...
...............................................

...
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+Ω

+Ω

−
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or alternatively, 

( )jΕ  
( )
( )

( )
( )

( )
( )

( )
( )∑

=

ΩΩΩΩ =+++=
m

k kmj

km

mmj

mm

mj

m

mj

mm
j

zKzKzKzK
zc

0 ,

,

,

,

1,

1,

0,

0,)( ,,,,
)(

πϕ
π

πϕ
π

πϕ
π

πϕ
π

L  

( ) .,...,1,0 nj =  

In the formula  

( ) ( )( )xzKTzf f ,Ω=  

let us now replace ( )xzK ,Ω  by ( )zxgm ,  to obtain 
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( )( ) ( ) ( ) ( ) ( ) ( ) .,
00
∑∑
==

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

m

j

m
j

f
j

m

j
j

m
jfmf zcaxcTzxgT ϕ  

It is easily seen that each )()( zc m
j  belongs to OL2 ( )Ω  and therefore, for each j , there are Fourier 

constants ( )mjs ,
ν such that 

( ) ( ) ( ) ( ) .,
0

, Ω∈= ∑
∞

=

zzszc mjm
j ν

ν
ν ϕ  

It follows that  

( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .,
0 0

,

0 0

, Ω∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
== ∑ ∑∑ ∑

∞

= ==

∞

=

zzaszsazxgT
m

j

f
j

mj
m

j

mjf
jmf ν

ν
ν

ν
νν ϕϕ  

We may now give the following 

 

Definition 3.2.7. Any function ( ) ( )zmGPTA f/ , defined by 

( ) ( ) ( )( ) ( ) ( ) ( ) ,,/
0

zcazxgTzmGPTA m
j

m

j

f
jmff ∑

=

==  

is called a generalized Padé-type approximant to ∈f OL2 ( )Ω , with generating system  

{ }mmmmm ,1,0,1 ,...,, πππ=Μ + . 

If  

( )

( )
( ) ,,...,1,00,

0 ,

,

0
meveryforf

m

k kmj

km
m

j
j

j ==〉〈 ∑∑
=

≠
=

ν
πϕ

πϕ
ϕ ν

ν

 

then ( )( )zxgT mf ,  is said to be a Padé-type approximant to f , with generating system 1+Μm  

and is noted by 

( ) ( )./ zmPTA f  
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According to our preceding discussion, we have the following. 

 

Theorem 3.2.8.(a). A generalized Padé-type approximant ( ) ( )zmGPTA f/  to  

( ) ( ) ( )∈= ∑
∞

=

zazf f
ν

ν
ν ϕ

0
OL2 ( ) ( )∈Ω zνϕ, OL2 ( )Ω , 

is an analytic function in L2 ( )Ω . 

(b). Any Padé-type approximant ( ) ( )zmPTA f/  to ∈f OL2 ( )Ω  is a generalized Padé-type 

approximant. 

(c). If   

( ) ( )zfm
ν

ν
ν ϕβ∑

∞

=0

,  

is the Fourier expansion of a Padé-type approximant ( ) ( )zmPTA f/  to  

( ) ( ) ( )∈= ∑
∞

=

zazf f

0ν
νν ϕ OL2 ( )Ω , 

with respect to the orthonormal basis ( ){ },...2,1,0: =νϕν z , then there holds 

( ) ( ) .,...,2,1,0,, manyfora ffm == νβ νν  

 

Proof. It is clear that any Padé-type approximant to ∈f OL2 ( )Ω  is a generalized Padé-type 

approximant, and any generalized Padé-type approximant to an ∈f OL2 ( )Ω  belongs to 

OL2 ( )Ω .Now observe that, for any ,0≥ν we have 

( ) 〉〈== ∫
Ω

ννν ϕϕ ,fdVfa f  

and 
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,
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⎛
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Ω
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Ω
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∫∑ ∫∑
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m

j

m

k kmj

j

m

j

m

k kmj
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j

m

j

m
j

f
j

m

j

jmfm

fK

wdVwwfzdVz
zK

wdVwwfzdVzzcas

ϕϕπ
πϕ

ϕϕ
πϕ
π

ϕϕβ

ν

ν

ννν

 

Since  

( ) ( ) ( ) ,,, ,, kmkmK πϕϕπ νν =〉⋅⋅〈 Ω  

we see that, for any m,...,2,1,0=ν , it holds 

( )

( ) ( )

( )

( )

( )
( )

( )f
m

k kmj

km
m

j
j

j
f

jkm

m

j

m

k kmj

fm

afa

f

ν
ν

ν

ν

νν

πϕ
πϕ

ϕ

ϕπϕ
πϕ

β

=〉〈+=

〉〈=

∑∑

∑∑

=
≠
=

= =

0 ,

,

0

,
0 0 ,

,

,

,1

 

which ends the Proof. 

 

 

This Theorem justifies the notation “Padé-type approximant” to ∈f OL2 ( )Ω . 

Notice that to compute a generalized Padé-type approximant ( ) ( )zmGPTA f/  to ( )zf  it 

suffices to know only the Fourier coefficients  
( ) ( ) ( )f

m
ff aaa ,...,, 10  

of f  and the functions  

( ) ( ) ( ) ( ) ( ) ( ) ,,...,, 10 zczczc m
m

mm  

resulting from the solution of the equations ( ) ( ) ( ) ,,....,, 10 mEEE  respectively. 
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Evidently, the free choice of the orthonormal basis  

( ){ },...2,1,0: =jzjϕ  

and the generating system  

{ }mmmmmS ,1,0,1 ,,, πππ K=+  

may lead to a better approximation of the function. The best choice is a general and difficult 

question which is not studied herein. However, Theorem 3.2.9 gives a first theoretical account 

concerning the error of the approximation. Another problem connected with the choice of the 

basis and the generating system is the convergence of generalized Padé-type approximants. Some 

attempts to solve this problem will be presented below in Theorem 3.2.11 and its Corollaries 

3.2.12 and 3.2.13. 

 

 

Theorem 3.2.9.(a). The error of a generalized Padé-type approximation is  

( )( ) ( ) ( )
( ) ( ) .,,,

0 0 0 ,

, zffzfzxgT
m

j

m

k kmj

km
jmf ν

ν
ν

ν ϕϕ
πϕ
πϕ

ϕ∑ ∑ ∑
∞

= = = ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
〉〈−〉〈=−  

(b). The error of a Padé-type approximation equals 

( )( ) ( ) ( )
( ) ( ) .,,,

1 0 0 ,

, zffzfzxgT
m

m

j

m

k kmj

km
jmf ν

ν
ν

ν ϕϕ
πϕ
πϕ

ϕ∑ ∑ ∑
∞

+= = = ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
〉〈−〉〈=−  

Proof. Let ∈f OL2 ( )Ω . 

(a). If   

( ) ( )zmGPTA f/  

is a generalized Padé-type approximant to ( )zf , then 
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(β). If   

( ) ( )zmPTA f/  

is a Padé-type approximant to ( )zf , then, by Theorem 3.2.8.(c), we have 
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Repetition of the Proof of (a) gives 

( ) ( ) ( ) ( )
( ) ( ) .,,/

0 0 ,

, zffzfzmPTA
m

m
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m

k kmj

km
jf ν
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+= = = ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
〉〈−〉〈=−  

 

 

We can now immediately obtain bounds for the errors: 

 

Corollary 3.2.10. Let ⊂Κ Ω⊂  and let ∈f OL2 ( )Ω . 

(a). If ( ) ( )zmGPTA f/  is a generalized Padé-type approximant to ( )zf , then there is a positive 

constant ( )Κσ , depending only on the compact set Κ , such that 
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(b). If ( ) ( )zmPTA f/  is a Padé-type approximant to ( )zf , then there is a positive constant 

( )Κτ , depending only on the compact set Κ , such that 
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Proof. By Theorem 3.2.9, we have 
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since 

( ) ( ) ( ) ( ){ } ( ) .:,supsupsup 2
12

1

0

2
1

0

2 Κ==
⎭
⎬
⎫

⎩
⎨
⎧

=
⎭
⎬
⎫

⎩
⎨
⎧

ΩΩ∈

∞

=
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∞

=
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ν
νν

ν
ν zzKzzz zzz  

This completes the Proof of (a). The Proof of (b) is exactly similar. 

 

 

Let us now turn to the convergence problem of a generalized Padé-type approximation 

sequence. From Corollary 3.2.10, it follows directly the 

 

Theorem 3.2.11. Suppose Ω  is a bounded domain in Cn and ∈f OL2 ( )Ω . Let 

( ){ },...2,1,0: =jzjϕ  be any orthonormal basis in OL2 ( )Ω . Let also 

( )
mkmkmM

≤≤≥
=

0,0,π  
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be an infinite triangular matrix, with elements km,π in  

( )U jmj Kerϕ≤≤−Ω 0  

such that for any 0≥m  

',, kmkm ππ ≠  (if  'kk ≠ ) 

and the determinant 

( )[ ] =
jkkmj ,,det πϕ

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )mmmmmmm

mmmm

mmmm

,,1,0

1,1,11,0

0,0,10,0

...
..............................................

...

...

πϕπϕπϕ

πϕπϕπϕ
πϕπϕπϕ

 

is different from zero. If  

( )
( ) ,0lim

0

2

2
0 0 ,

, =
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∑ ∑ ∑
∞

= = =
∞→

ν
ν

ν ϕ
πϕ
πϕ

ϕ
m

j

m

k kmj

km
jm  

then the corresponding generalized Padé-type approximation sequence to ( )zf  

( ) ( ){ },...12,0:/ =mzmGPTA f  

converges to ( )zf  compactly in Ω . 

 

 

Corollary 3.2.12. Suppose Ω  is a bounded domain in Cn and ( )∈zf OL2 ( )Ω .Let 

( ){ },...2,1,0: =jzjϕ  be any orthonormal basis for OL2 ( )Ω  and let Μ  be an infinite triangular 

matrix  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

with elements  
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( )km,π ∈ ( )U jmj Kerϕ≤≤−Ω 0  

such that 

for any 0≥m  there holds ',, kmkm ππ ≠ (if 'kk ≠ ) 

and  

{ }mmmm ,1,0, ,..., πππ  

satisfies the Haar condition with respect to the Tchebycheff system  

{ },10 ,..., mϕϕϕ . 

If ( )Ω∈Cjϕ  for all 0≥j , and  

0>∀ε ( )εNN =∃ : ( ) ( )
( ) επϕ
πϕ

ϕϕ 〈−∑ ∑
= =

Ω∈

m

j

m

k kmj

kmi
jix

xx
0 0 ,

,)(sup  

andNm ≥∀ 0≥i , then the corresponding generalized Padé-type approximant sequence to 

( )zf  

( ) ( ){ },...12,0:/ =mzmGPTA f  

converges to ( )zf  compactly in Ω . 

It is well known that if Ω  is a bounded complete circular domain in Cn, then the 

monomials  

=ΦΩ { ( )n
k

n
k

kk
k

k kkkxxAxA n

n
,...,:... 11,...,

1

1
=⋅= ∈Nn}, 

with 
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2
1

2
)(:

−

Ω
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ∫ xdVxA k

k , 

is a complete orthonormal system for OL2 ( )Ω . By Corollary 3.2.12, we immediately get the 

following: 

Corollary  3.2.13. Suppose Ω  is a bounded complete circular domain in Cn and  

{ ),...,(),,...,(, 11 nkkmmkm κ
ππ ==Μ  ,0: ≥jm  }jj m≤≤ κ0 } 

is a sequence with elements 

( ){ ∈−Ω∈ nkm xx ,...,1,π Cn: }01 =nxx L , 

such that  

for any 0≥m : ',, kmkm ππ ≠  (if 'kk ≠ ), 

and each finite subsequence  

{ :),...,(),,...,(, 11 nkkmmkm κ
ππ = ,0 jj Mm ≤≤ ( )}njmk jj ,...,2,10 =≤≤  

satisfies the Haar property with respect to the Tchebycheff system  

{ :...1

1 1,...,
n

n

m
n

m
mm xxA ( ) ( )}.,...,2,1!0 njMm jj =≤≤  

If 

,0supsuplim , =
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

− ∑∑
≤

−

≤
Ω∈Ν∈∞→

mk

ji
km

mj

ji
xiim xxAn π  

then, for any ∈f OL2 ( )Ω , the corresponding generalized Padé-type approximant sequence to 

( )zf  

( ){ ( ) ( )( ) ∈= mzxgTzmGPTA mff :,/ Nn } 

converges to ( )zf  compactly in Ω  (as ∞→m ). 
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As we have seen, for any ∈f OL2 ( )Ω , the functional fT extends continuously and 

linearly onto the whole Hilbert space L2 ( )Ω . It follows, from the Riesz Representation Theorem, 

that there exists a unique function ∈F L2 ( )Ω , such that 

( ) ( ) ( ) ( )ζζζ dVFggTf ∫
Ω

=  

for all ∈g L2 ( )Ω . If, in particular, νϕ=g , then 

( ) ( ) dVfadVFT f
f ∫∫

ΩΩ

=== νννν ϕϕϕ , 

and therefore 

[ ] 0=−∫
Ω

dVFf νϕ , for any ,...2,1,0=ν  

This means that the function ( )Ff −  is orthogonal to every νϕ . By completeness of the basis 

{ },...2,1,0: =νϕν , we conclude that 

Ff = . 

Hence  

( ) ∫
Ω

= dVfggTf  ( ∈g L2 ( )Ω ). 

 

 

Theorem 3.2.18. Every generalized Padé-type approximant ( ) ( )zmGPTA f/  to ∈f OL2 ( )Ω , 

has the following integral representation 

( ) ( )zmGPTA f/ ∫
Ω

= )(),()( xdVzxDxf m , 

where the kernel ( )zxDm ,  equals  
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( ) ( ) ( )
( )∑∑

==
Ω=

m

j kmj

j
km

m

k
m

x
zKzxD

0 ,
,

0
.,,

πϕ

ϕ
π  

Proof. It holds 

( ) ( ) ( )( )
( ) ( )

( ) ( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( ) .,

,

)()()()()(),(

,/

0 0 ,
,

0 ,

,

0

0

xdV
x

zKxf

xdV
zK

xxf

xdVxfxzcxdVxfzxg

zxgTzmGPTA

m

k

m

j kmj

j
km

m

k kmj

km
m

j
j

j

m

j

m
jm

mff

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

=

==

=

∑ ∑∫

∑∑∫

∫ ∫∑

= =
Ω

Ω

=

Ω

=Ω

Ω Ω =

πϕ

ϕ
π

πϕ
π

ϕ

ϕ

 

 

 

By Theorem 3.2.8.(a), ( )( )⋅,xgT mf ∈OL2 ( )Ω , for any ∈f OL2 ( )Ω . It follows, from the 

Closed Graph Theorem, that the integral linear operator 

( )( )⋅,xgT mf :OL2 ( )Ω →OL2 ( )Ω : ( ) ( )( ) ∫
Ω

≡ )(),()(, xdVzxDxfzxgTzf mmfa  

is continuous. We call this operator the generalized Padé-type operator for OL2 ( )Ω . Its adjoint is 

the operator 

( )( )*,⋅xgT mf :OL2 ( )Ω →OL2 ( )Ω : ( ) ( )( ) ∫
Ω

≡ )(),()(*, xdVzxDxhzxgTzh mmha . 

In fact, to ( )( )⋅,xgT mf  there corresponds a unique operator  

( )( )*,⋅xgT mf :OL2 ( )Ω →OL2 ( )Ω  

satisfying 

( )( ) ( )( ) ( )( ) 22 *,,,,)()(, 〉⋅〈=〉⋅〈=⋅∫
Ω

xgTfhxgTzdVzhzxgT mhmfmf  
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( )( )∫
Ω

= )(*,)( zdVzxgTzf mh  

for all ∈f OL2 ( )Ω  and ∈h OL2 ( )Ω . Since, by Fubini’s Theorem: 

( )( )∫
Ω

)()(, zdVzhzxgT mf  = ( ) ( )zdVzhxdVzxDxf m∫∫
ΩΩ

)(),()(  

   = )()(),()()( xdVzdVzxDzhxf m∫ ∫
Ω Ω

⎥
⎦

⎤
⎢
⎣

⎡
 

   = ,)()(),()()( zdVxdVxzDxhzf m∫ ∫
Ω Ω

⎥
⎦

⎤
⎢
⎣

⎡
 

it is immediately verified that 

( )( ) .)(),()(*, ∫
Ω

= xdVxzDxhzxgT mmh  

 

 

The continuity of the generalized Padé-type operator leads to some interesting 

convergence results. 

 

Theorem 3.2.19. If the sequence { ∈νf OL2 ( )Ω : },...2,1,0=ν  converges to the function 

∈f OL2 ( )Ω  in the normL −2 , then 

( ) ( ) ( ) ( )zmGPTAzmGPTA ff //lim =∞→ νν  

in the normL −2 . 

 

 

Corollary 3.2.20. If the series of functions  

( ) ( ∈∑
∞

=
ν

ν
νν czfc

0

C, ∈f OL2 ( ))Ω  
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converges to ( )zf ∈OL2 ( )Ω  in the normL −2 , then 

( ) ( ) ( ) ( )zmGPTAczmGPTA ff ν
ν

ν //
0
∑
∞

=

=  

in the normL −2 . 

 

 

In Section 3.4, we will see that all the above ideas extend to the context of a functional 

Hilbert space. This theoretical approach will permit us to establish more general results having 

useful applications to several concrete examples. 

3.3. The Continuous Case 
3.3.1. Markov’s Inequalities 

Our next purpose is to introduce generalized Padé-type approximation to continuous 

functions of several complex variables. Our theoretical method leads to aspects and results 

extending the analytic −2L case and will require the validity of Markov’s inequalities into a 

compact subset of Cn. We therefore will discuss these first. 

The classical Markov’s inequalities in the closed unit cube [ ] ⊂−=Ι nn 1,1 Rn permit us 

to estimate the growth of successive derivatives of a polynomial by its degree and uniform norm 

in nΙ : 

( ) nn QQQD aa
ΙΙ

⋅≤ 2deg , for any ∈Q P(Rn) and any ( )∈= naaa ,...,1 Nn. 
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Here P(Rn) is the space of all complex polynomials in Rn, nQ
Ι

equals the |)(|sup xQnx Ι∈
 and 

naaa ++= ...|| 1 . The extension of these inequalities to more general families of compact 

subsets of Rn inspired many people. A very detailed survey of this work can be founded in [5], 

[116], [117], [118] and [127]. 

 

In what follows, we will consider Rn as a subspace of Cn. We shall say that the Markov 

inequality ( )∞Μ  is true on a compact subset E  of Cn, if there exists an integer 1≥m  such that 

( )∞Μ           ( )
E

am
aE

a QQMQD ⋅≤ deg  for any ∈Q P (Cn) and any ∈a Nn. 

The constant aM  depends on a , but is independent of Q . Surely, the most far-reaching program 

to extend Markov’s inequality ( )∞Μ  to more general families of compact sets has been 

initialized by Pawlucki and Plésniak in [116]. The single most important contribution to come 

from this program is the discovery of the central role of uniformly polynomially cuspidal subsets 

of Rn or Cn. A subset E  of Kn (K=R or C) is uniformly polynomially cuspidal, if there exist 

positive constants M  and m , and a positive integer d  such that for each point Ex∈ , one may 

choose a polynomial map xh :K→Kn of degree at most d  satisfying the following conditions: 

[ ]( ) Ehx ⊂1,0  and ( ) ,0 xhx =  

and 

( ( ),thdist x Cn ) [ ] .1,0∈∈≥− tallandExallfortME m  

One can verify that every bounded convex with non void interior or bounded Lipschitz domain in 

Kn is uniformly polynomially cuspidal [ ]( )5 . Further, an application of Hironaka’s 

Rectilinearization Theorem and Lojasiewicz’s Inequality shows that every bounded subanalytic 

subset E  of Cn such that the interior Eint  of E  is dense in E , is uniformly polynomially 

cuspidal. Following [116], we have the 
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Theorem 3.3.1. The Markov inequality ( )∞Μ  is true into every uniformly polynomially cuspidal 

compact subset of  Kn. 

 

 

We also give a general definition for a measure on a compact set to satisfy an 

−pL Markov inequality: given a compact set E  in Kn  and a positive measure μ  on E , we say 

that ( )μ,E  satisfies the Markov inequality ( )pΜ  for some 0>p , if for any ∈a Nn there are a 

constant ( )apMM ,=  and two positive integers ,1, >mr  such that 

( )pΜ     ( ) ∈⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤ ∫+ QanyfordQQMQD

p

E

Par
p
m

E

a

1

deg μ P(Kn). 

If E  fulfills ( )∞Μ , then a sufficient condition for ( )μ,E  to satisfy ( )pΜ  is  

( )
p

E

P
p
m

E
dQQMQ

1

deg ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤ ∫ μ ∈Qanyfor P(Kn). 

In [147], Zeriahi proved that if E  is a uniformly polynomially cuspidal compact subset of Cn and 

if μ  is the Lebesgue measure on E , then for any 0>p  there holds 

( )
p

E

P
p
m

E
dQQNMQ

1

deg ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤ ∫ μ ( ∈Q P(Cn)), 

where NM ,  and m  are positive constants independent of Q  and p . 

One consequence of Markov's property ( )2Μ  for ( )μ,E  is that the vector space 

( )EC∞ , of all complex-valued functions defined on a compact set E  in Rn and admitting a 

∞C extension on Rn, has a Schauder basis consisting of orthogonal polynomials. To see this, let 

ν : N→Nn be a bijection with ( ) ( )1+≤ jvjv for any j . If ( )μ,E  satisfies ( )2Μ , the set  
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( ){ },...2,1,0: =jx jν  

is linearly independent in ( )μ,2 EL  and, by the 

izationOrthogonalSchmidtHilbert − Process, one can construct a family 

{ },...2,1,0: =jjϕ  

of orthonormal polynomials in ( )μ,2 EL , such that ( ) ,...2,1,0,deg == jjvjϕ  For each 

( )μ,2 ELu∈ , we then write 

( ) ( ) .,...2,1,0: == ∫ jduuc
E

jj μϕ  

Theorem 3.3.2.([147]). If  ( )ECu ∞∈ , then there holds 

( ) ( ) ( )zuczu j
j

j ϕ∑
∞

=

=
0

uniformly on E . 

Proof. Let ( )ECu ∞∈ . By the orthonormality of the system { },...2,1,0: =jjϕ , we get 

( ) ( ) ,...2,1,0=−= ∫ jdQuuc j
E

j μϕ , 

for any ∈Q P(Cn) with .degdeg jQ ϕ<  Application of inequalitysSchwarzCauchy '−  

shows that 

( ) inf≤uc {
2
1

2

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=− ∫ μdQuQu

E
E

: ∈Q P(Cn) and jQ ϕdegdeg < } 

or alternatively 

( ) ( )( ) 2
1

Euc j μ≤  inf{
E

Qu − : ∈Q P(Cn) and jQ ϕdegdeg < }  ( ,...2,1,0=j ). 

Put  

( ) =:up j inf{
E

Qu − : ∈Q P(Cn) and jQ ϕdegdeg < }. 
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Since, by Jackson’s Theorem, the sequence ( ){ },...2,1,0: =jup j  is rapidly decreasing, the above 

estimate implies that 

( ) ( ) 0deglim =∞→ uc j
k

jj ϕ for any .0≥k  

As ( )μ,E  satisfies Markov’s inequality ( )2Μ , we also have 

( ) arm
jEj

a MD +≤ ϕϕ deg for any 0≥j and ∈a Nn, 

which in particular gives 

( )
Ejj uc ϕ ( ) .0deg|)(| ≥≤ jucM m

jj ϕ  

Since ( ) n
j j

1

~degϕ , the Proof of the Theorem is achieved. 

The results we have obtained generalize to the context of a compact set ⊂E Rn 

satisfying ( )∞Μ : 

( )
E

am
aE

a QQMQD ⋅≤ ⋅deg ( ∈Q P(Cn) and ∈a Nn). 

To prove this, we may first define a nuclear Fréchet topology on P(Rn), by introducing 

seminorms λ,Κq  on ( )EC ∞ : 

( ) inf, =Κ uq λ { :sup
Κ≤ gDa

a λ  ∈g ∞C (Rn), uEg =/ } 

( ( )ECu ∞∈ , ⊂Κ ⊂Rn, ∈λ N). 

By ( )∞Μ , if ∈Q P(Cn) and ,0/ =EQ  then .0≡Q  From Jackson's Theorem, it 
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therefore follows that for any ∈g ∞C (Rn), such that 0/ =Eg , the restriction of any derivative 

of g  to E  is equal to 0 . This means that the injective restriction ( ) ( )ECEC →∞  is 

continuous. Since ( )EC∞  is a nuclear Fréchet space, Mityagin’s Theorem ([106]) guarantees the 

existence of a Hilbert space H  such that the injections  

( ) ( )ECHEC →→∞  

are continuous.  

Let now again ν : N→Nn, be a bijection with ( ) ( )1+≤ jvjv for any j . Since E  

satisfies ( )∞Μ , the set ( ){ },...2,1,0: =jx jν  is linearly independent in H  and hence, by the 

Hilbert-Schmidt Orthogonalization Process, one can find a system  

{ } ,,...2,01: Hjj ⊂=ψ  

consisting of orthonormal polynomials with ( )jvj =ψdeg  for any j . 

From the continuity of the applications ( ) ( )ECHEC →→∞ , we then get the existence 

of a constant 0>B  such that B
Ej ≤ψ  for all j . It follows, from ( )∞Μ , that 

( ) ||deg am
jaEj

a MBD ψψ ≤ for any 0≥j  and ∈a  Nn. 

On the other hand, the continuity of the injection ( ) HEC →∞  shows that if nE Ι⊂ , 

where Ι  is a closed interval of R, then there exists a constant A  and an integer 1≥λ  such that  

( )uqAu nH λ,Ι
≤ , whenever ( )ECu ∞∈ . 

Let u~  be a ∞C extension of a ( )ECu ∞∈  on Rn. For each j , let jQ  be the polynomial 

of P(Rn), with degree jQ j ≤deg  and fulfilling 
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( ) inf:,~ =Ι n
j uρ { nQu

Ι
−~ : ∈Q P(Cn) and jQ j ≤deg }= njQu

Ι
−~ . 

If H⋅〉〈⋅ /  is a notation for the inner product of H  with corresponding norm ,
H

⋅ we put 

( ) ( ) .,...2,1,0/: =〉〈= juuc Hjj ψ  

By the orthogonality property of the basis { }0: ≥jjψ , we can write ( ) Hjsj j
Quuc 〉−〈= ψ/  

for any .1≥j It follows from Cauchy-Schwarz’s Inequality that 

( ) ( ) ( ) .0~sup ≥−≤
Ι≤ jQuDAuc n

a
aj λ  

Set now 

00 : QP = and ( ) .1: 1 ≥−= − jQQP jjj  

Since ( )nCu Ι∈ ∞~ , the sequence { (jρ nu Ι,~ ): },...2,1,0=j  is rapidly decreasing. This implies 

that for any ∈a Nn there holds 

( ) j
j

aa PDuD ∑
∞

=

=
0

~ , in ( )nC Ι∞ , 

and consequently, 

( ) ∑
∞

+=
ΙΙ

≤−
1

.~
jk

k
a

j
a

nPDQuD ν  

But, from Markov’s inequality ( )∞Μ  in the cube nΙ , we have 

(a
ak

a
ak

a kCPkCPD nn

22 ≤≤
ΙΙ

u~ ) .1 nn kk QuQ
Ι−Ι

−+−  

Thus, 

( ) a

jk
aj

a kMQuD n

2

1
.2~ ∑

∞

+=
Ι
≤− ( ) .,~

1
n

k u Ι−ρ  

The rapid decrease of the sequence { (jρ nu Ι,~ ): },...2,1,0=j  now guarantees that, for any 
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0>N , the supremum 

( ){ }n
k

Na
aakN ukMA Ι= −

++
≤≥ ,~2sup 1

22
,0 ρλ  

is a finite number. We infer that 

( ) ( ) ( ) ( )0,0deg 2 >≥≤ ∑
∞

=

− NjkAAuc
jsk

Nj
N

jψ , 

and hence ( ) .00|)(|)(deglim >=∞→ Nuc j
N

jj ψ Since ( ) 2
1

~deg jjψ , we have thus 

proved the following 

 

Theorem 3.3.3.([147]) If  E  satisfies Markov's inequality ( )∞Μ , then there holds 

( ) ( ) ( )zuczu j
j

j ψ∑
∞

=

=
0

, uniformly on E , 

whenever ( )ECu ∞∈ . 

3.3.2. Generalized Padé-type Approximants to Continuous Functions 

Let E  be a compact subset of Rn, ( ≠E ∅ ).Suppose μ  is a positive measure on E  and 

assume that ( )μ,E  satisfies Markov’s inequality ( )2Μ . In this Paragraph, we will define 

generalized Padé-type approximants to continuous functions on E . 

As we have already seen , there is a family { },...2,1,0: =jjϕ  of orthonormal 

polynomials in ( )μ,2 EL , such that ( ),...2,1,0degdeg 1 =≤ + jjj ϕϕ  and every ( )ECu ∞∈  

can be written as 
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( ) ( ) ( )zuczu j
j

j ϕ∑
∞

=

=
0

 

where 

( ) ( ),...2,1,0== ∫ jduuc
E

jj μϕ  

and where the series converges uniformly on E .  

In the sequel, we shall assume that { },...1,0: =jjϕ  is a self-summable family in 

( )μ,2 EL , i.e. for any Ez∈  , the sequence ( ) ( ){ },...2,1,0: =jzz jj ϕϕ  is summable in 

( )μ,2 EL . This means that for every Ez∈  and every positive number ε  there exists a finite set 

( )ε,00 zJJ =  of indices such that 

( ) =∑
∈

:
E

j
Jj

j z ϕϕ ( ) ,
2

1
2

εμϕϕ <⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
∫ ∑

∈E Jj
jj dz  

whenever J  is a finite set of indices disjoint from 0J ([74]). By this summability condition, for 

each Ez∈  fixed, the function 

( ) ( ) →⋅Κ EzE :,2 C { } ( ) ( ) ( ) ( )xzxzx j
j

jE ϕϕ∑
∞

=

=Κ∞
0

2 :,: aU  

is in ( )μ,2 EL . 

Let now ( ).ECu ∞∈  We introduce the linear functional 

( ) )(: n
uT CΦμ →C ( ) ( ) ( )( ) ( )ucxTx jjuj =:: ϕϕ μa , 

where )( nCΦ  is the complex vector space which is spanned by all finite complex combinations 

of jϕ ’s. If 
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( ) ( )∑
=

=
m

xxp
0ν

νν ϕβ ∈ )( nCΦ , 

then 

( ) ( )( ) ( ) ( ) ( ) ( )( )

( )

.
0

00

00

∫∫ ∑

∑ ∫∑

∑∑

=⎟
⎠

⎞
⎜
⎝

⎛
=

==

=⎟
⎠

⎞
⎜
⎝

⎛
=

=

==

==

EE

m

m

E

m

m

u

m

uu

dpudu

duuc

xTxTxpT

μμϕβ

μϕββ

ϕβϕβ

ν
νν

ν
νν

ν
νν

ν
ν

μ
ν

ν
νν

μμ

 

From Hölder’s Ιnequality, it follows that 

( ) ( )
EE

EE
u pudpdupT =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤ ∫∫

2
1

22
1

2
μμμ , 

and, by the ( )μ
uTTheoremBanachHahn ,− extends to a linear continuous functional on 

( )μ,2 EL . For each Ez∈  fixed, one can therefore define the number 

( ) ( ) ( )( )xzKT Eu ,2μ , 

where ( )μ
uT  acts on the variable Ex∈ . Furthermore, by continuity, we get 

( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )( ).,2

000
xzKTzxTzxTzuczu Euj

j
ju

j
jjuj

j
j

μμμ ϕϕϕϕϕ =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=== ∑∑∑

∞

=

∞

=

∞

=

 

Thus, computing ( )zu  for a fixed value of Ez∈  is nothing else than computing  

( ) ( ) ( )( )xzKT Eu ,2μ . 

If only a few Fourier coefficients ( )uc j  of u  are known, then the function ( ) ( )xzK E ,2  

has to be replaced by a simpler expression. 

For any ,...2,1,0=m , let us consider the ( )−+1m dimensional complex vector space 
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1+mF  

spanned by the Tchebycheff system { },10 ,..., mϕϕϕ , and suppose that 1+mF  satisfies the Haar 

condition into a finite set of pair-wise distinct points 

{ } ,,..., ,1,0,1 Emmmmm ⊂=Μ + πππ  

with  

∅=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∩Μ

≤≤
+ j

mj
m KerϕU

0
1  ( jKerϕ: is the zero set of jϕ ). 

In other words, suppose that every function in 1+mF  has at most m  roots in 1+Μm . By Theorem 

3.2.5, for any Ez∈  there is a unique 

( ) ( ) ( ) ( ) 1
0

, +

∞

=

∈= ∑ mj
j

m
jm Fxuzxg ϕσ  

satisfying 

( ) ( ) ( ) ( ) ( ) ( ),,, ,
2

,
0

, kmEkmj
j

m
jkmm zKuxg ππϕσπ == ∑

∞

=

for any .mk ≤  

A necessary and sufficient condition for the existence of a unique solution 
( ) ( ) ( )( ))(),...,(),( 10 zzz m

m
mm σσσ  for this linear system is that the determinant 

( )[ ]
jkkmj ,,det πϕ :=

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )mmmmmmm

mmmm

mmmm

,,1,0

1,1,11,0

0,0,10,0

...
................................................

...

...

πϕπϕπϕ

πϕπϕπϕ
πϕπϕπϕ

 

is different from zero. Notice that this condition is equivalent to the Haar condition for 1+mF  into 

the set 1+Μm . Then, for any ,,...,2,1,0 mj =  there holds 
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( )jQ
( ) ( )
( ) .

,
)(

0 ,

,
2

)( ∑
=

=
m

k kmj

kmEm
j

zK
z

πϕ
π

σ  

Definition 3.3.4. Let ⊂⊂E Cn and let μ  be a positive measure of E , such that ( )μ,E  satisfies 

( )2Μ . Assume that { },...2,1,0: =jjϕ  is a self - summable family, consisting of orthonormal 

polynomials in ( )μ,2 EL  such that 1degdeg +≤ jj ϕϕ  ( ,...,2,1,0=j ). For 0≥m , choose a 

finite set of pair-wise distinct points 

{ } ,,...,
0

,1,0,1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⊂=Μ

≤≤
+ U

mj
jmmmmm KerE ϕπππ  

so that 

( )[ ] 0det
,, ≠
jkkmj πϕ  

and  for any mk ≤  the series  

( ) ( )kmj
j

j ,
0

πϕϕ∑
∞

=

⋅  

converges uniformly on E . Any function ( )( ) )(/ zmGPTA u
μ , defined by 

( ) ( )( ) →⋅ ExgT mu :,μ C az ( )( ) )(/ zmGPTA u
μ ( ) ( )( )zxgT mu ,: μ=  

is called a generalized Padé-type approximant to ( )ECu ∞∈ , with generating system 1+Μm . 

If, moreover, for every ,,...,2,1,0 m=ν  there holds 

( )
( )

( )
( ) ,0

0 ,

,

0
=∑∑

=
≠
=

m

k kmj

km
m

j
j

j uc
πϕ
πϕν

ν

 

then the function ( ) ( )( )⋅,xgT mu
μ is said to be a Padé-type approximant to u, with generating 

system 1+Μm .It is denoted by ( )( ) )(/ zmPTA u
μ . 
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This Definition seems be similar to the corresponding one, listed in Paragraph 3.2.3. The 

only difference consists in the supplementary presupposition about uniform convergence for the 

series  

( ) ( )kmj
j

j ,
0

πϕϕ ⋅∑
∞

=

. 

This presupposition guarantees that ( ) ( ) ( ) ( )mkECK mE ,...,2,1,0, ,
2 =∈⋅ ∞

κπ , and therefore that 

the generalized Padé-type approximant ( ) ( )( )xgT mu ,⋅μ  is a continuous function on E : in fact, by 

( )jQ , there holds 

 

( ) ( )( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( )
( ) ( ).,

,

0 ,

,
2

00

0

EC
zK

uczuc

xzTzxgT

m

j kmj

kmE
m

j
j

m

j

m
jj

m

j
j

m
jumu

∞

===

=

∈==

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

∑∑∑

∑

πϕ
π

σ

ϕσμμ

 

Notice that the computation of a generalized Padé-type approximant ( ) ( )( )zxgT mu ,μ  

to ( )ECu ∞∈  requires only the knowledge of the Fourier coefficients  

( ) ( ) ( )ucucuc m,...,, 10  

of u  and of the functions  

( ) ( ) ( ) ( ) ( ) ( ),,...,, 10 zzz m
m

mm σσσ  

resulting from the equations ( ) ( ) ( )mQQQ ,...,, 10 respectively. 

 

Under the assumptions of Definition 3.3.4, we also have a direct analogous to Theorem 

3.2.8, which justifies the notation Padé-type approximant : 

 

Theorem 3.3.5. If  
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( ) ( )zum
ν

ν
ν ϕβ∑

∞

=0

,  

is the Fourier expansion of a Padé-type approximant ( )( ) ≡)(/ zmPTA u
μ ( ) ( )( )zxgT mu ,μ to 

( ) ( ) ( ) ( ) ,
0

ECzuczu ∞
∞

=

∈= ∑ ν
ν

ν ϕ  

with respect to the family { },...2,1,0: =νϕν , then 

( ) ( )ucum
ννβ =, ,   for every .,...,2,1,0 m=ν  

Proof. Since ( ) ( ) ( )ECK kmE
∞∈⋅ ,

2 ,π  for any mk ≤ , each function 

( ) ( )
( ) ( )
( )∑

=

=
m

k kmj

kmEm
j

zK
z

0 ,

,
2 ,
πϕ
π

σ  

is continuous on ( ).,...,2,1,0 mjE =  From Corollary 3.3.3, it follows that there are Fourier 

coefficients ( )mjt ,
ν , such that 

( ) ( ) ( ) ( ),
0

,∑
∞

=

=
ν

νν ϕσ ztz mjm
j uniformly on .E  

We can therefore write 

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ).,
0 0

,

0

,

00
zuctztuczuczxgT j

m

j

mjmj
m

j
j

m
j

m

j
jmu ν

ν
ν

ν
νν

μ ϕϕσ ∑ ∑∑∑∑
∞

= =

∞

===
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
===  

This implies that  

( ) ( ) ( )uct j

m

j

mjum ∑
=

=
0

,,
ννβ  

and alternatively, 
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( ) ( ) ( ) ( ) ( ) ( )

( ) ( )
( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( ) ( ) .,1

,

,
2

0 0 ,

0 0 ,

,
2

0

,

ucdK

ucd
K

ucd

j
E

kmE

m

j

m

k kmj

j

m

j E

m

k kmj

kmE

j

m

j E

m
j

um

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

∫∑∑

∑ ∫∑

∑ ∫

= =

= =

=

ζμζϕπζ
πϕ

ζμζϕ
πϕ
πζ

ζμζϕζσβ

ν

ν

νν

 

Now observe that the series  

( ) ( )km,
0

πϕζϕ ν
ν

ν∑
∞

=

 

converges to the continuous function ( ) ( )kmEK ,
2 ,πζ  uniformly on E . Hence, by orthonormality, 

we obtain  
( ) ( ) ( ) ( ) ( ) ( ) ., ,,
2 mkdK km

E
kmE ≤=∫ πϕζμζϕπζ νν  

Thus, from the definition of Padé-type approximants, it follows that for any m,...,2,1,0=ν  there 
holds 

( ) ( )
( ) ( ) ( ) ( )

( )
( )

( ) ( ) ,
0 0 ,

,

0 0 ,

,, ucucucuc j

m

j
j

m

k kmj

km
j

m

j

m

k kmj

kmum
ν

ν

ν
ν

ν
ν πϕ

πϕ
πϕ
πϕ

β =+== ∑∑∑∑
≠
= == =

 

which completes the Proof of the Theorem. 
 

 

Repetition of the Proof of Theorem 3.2.9, with only formal changes, gives the error 

formulas. 

 

Theorem  3.3.6. The error of a generalized Padé-type approximation equals  

{ } ( )( ) ( ) ( ) ( )
( )

( )

( ) ;,
0 0 0 ,

, zuczuzxgT
m

j
j

m

k kmj

km
jmu ν

ν
ν

νμ ϕ
πϕ
πϕ

∑ ∑ ∑
∞

=
≠
= = ⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=−  
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the error of a Padé-type approximation is 

{ } ( )( ) ( ) ( ) ( )
( )

( )

( ) .,
1 0 0 ,

, zuczuzxgT
m

m

j
j

m

k kmj

km
jmu ν

ν
ν

νμ ϕ
πϕ
πϕ

∑ ∑ ∑
∞

+=
≠
= = ⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=−  

 

 

Let us give a different approach to the generalized Padé-type approximation on a compact 

subset E  of Rn ( ≠E ∅ ) satisfying Markov's property ( )2Μ  with respect to some positive 

measure μ . 

For ( )ECu ∞∈ , the corresponding linear functional ( )μ
uT extends continuously and 

linearly onto the Hilbert space ( )μ,2 EL . By Riez’s Representation Theorem, there exists a 

unique element ( )μ,2 ELU ∈  satisfying  

( ) ( ) =gTu
μ ∫

E

dUg μ ,   whenever ( )μ,2 ELg ∈ . 

For νϕ=g , we therefore obtain 

( ) ( ) μϕϕ νν
μ dUT

E
u ∫= ( ) ∫==

E

duuc μϕνν  

and, consequently 

[ ] ,0=−∫
E

dUu μϕν for any ,...2,1,0=ν  

 

Theorem  3.3.7. If the family { },...2,1,0: =νϕν is complete in ( )μ,2 EL  (that is, the only 

element ( )μ,2 ELw∈ , verifying  

∫
E

dw μϕν  for all ,...2,1,0=ν , 
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is the zero function), then  

(a). ( ) ( ) =gTu
μ ∫

E

dug μ  ( ( )μ,2 ELg ∈ ); 

(b). each generalized Padé-type approximant ( )( )zxgT mu , to ( )ECu ∞∈  has the integral 

representation 

( ) ( )( ) =zxgT mu ,μ ( ) ( ) ( )∫
E

m xdzxDxu μ, , 

where ( )zxDm ,  is the kernel  

( ) ( ) ( )
( ) .

0 ,0
,

2 ∑∑
==

m

j kmj

j
m

k
kmE

x
K

πϕ

ϕ
π  

 

The Proof of this Theorem is exactly similar to that of Theorem 3.2.18. Since  

( ) =⋅ kmEK ,,π ( )⋅,,kmEK π ∈ ( )μ,2 EL , 

we also have  

( ) ( ) ( )∫ ⋅
E

m xdxDxg μ, ∈ ( )μ,2 EL  

for any ( )μ,2 ELg ∈ . From the Closed Graph Theorem, it follows that the integral operator 

( ) :mSμ ( )μ,2 EL → ( )μ,2 EL : ( ) ( ) ( ) ( )∫ ⋅⋅
E

m xdxDxgg μ,: a  

is continuous. Further, by Fubini’s Theorem, its adjoint operator is given by 

( ) :*mSμ ( )μ,2 EL → ( )μ,2 EL ( ) ( ) ( ) ( ) ( ) ( )∫=⋅
E

m
m xdxDxggSg μμ ,*: .a . 

 

Definition 3.3.8. The restriction of ( )mSμ  to ( )EC ∞  is called a generalized Padé-type operator 
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for ( )EC∞ . We denote  

( ) ( )( ) ( ) ( ) ./:, ECSxgT m
m

∞=⋅ μ
μ  

 

The continuity property for this operator 

( ) ( )( ) :,⋅xgT m
μ ( )EC ∞ → ( )EC ∞ ( )a⋅u: ( ) ( )( )⋅,xgT mu

μ  = ( ) ( ) ( )xdxDxu
E

m μ∫ ⋅⋅ ,,  

is a useful tool for the study of convergence and in this connection we give the: 

Theorem 3.3.9. If the sequence  

( ){ },...2,1,0: =∈ ∞ νν ECu  

converges to ( )ECu ∞∈  with respect to the −2L norm of ( )μ,2 EL , then  

∞→νlim ( ) ( )( )⋅,xgT muv

μ = ( ) ( )( )⋅,xgT mu
μ  

in ( )μ,2 EL . 

 

 

Corollary 3.3.10. If the series of functions  

( ) ( ∈∑
∞

=
νν

ν
ν αα zu

0

C, ( ))ECu ∞∈ν  

converges to ( )ECu ∞∈  with respect to the −2L norm of ( )μ,2 EL , then  

( ) ( )( ) ( ) ( )( )⋅=⋅ ∑
∞

=

,,
0

xgTxgT mumu
μ

ν
ν

μ
ν

α  

in ( )μ,2 EL 2. 

Until now, we have supposed that the compact set E  satisfies Markov's inequality ( )2Μ  
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with respect to some positive measure μ  on E . We will now turn to the case where E  fulfills 

Markov’s property ( )∞Μ . As it is pointed out in Paragraph 3.3.1(Theorem 3.3.3), if ⊂⊂E Rn 

verifies ( )∞Μ , then there is a Hilbert space ( )HH ⋅〉〈⋅ /,  and an orthonormal system 

{ ,...2,1,0,degdeg: 1 =≤ + jjjj ψψψ } in H , such that the injections  

( )→∞ EC ( )HH ⋅〉〈⋅ /,  and ( )HH ⋅〉〈⋅ /, ( )EC→  

are continuous and each function ( )ECu ∞∈  has the Fourier expansion 

( ) ( ) ( )zuczu j
j

j ψ∑
∞

=

=
0

, 

where Hjj uuc 〉〈= ψ/)( and where the series converges uniformly on E . 

As for the ( )−Μ 2 case, we shall assume that  

{ },...2,1,0: =jjψ  

is a self - summable family in ( )HH ⋅〉〈⋅ /, , i.e. for any Ez∈ , the sequence  

{ ( ) },...2,1,0: =jz jj ψψ  

is summable in ( )HH ⋅〉〈⋅ /, , in the sense that for every Ez∈  and every 0>ε  there exists a 

finite set ( )ε,00 zJJ =  of indices with  

( ) =∑
∈

:
H

j
Jj

j z ψψ ( ) ( ) ,/ 2/1 εψψψψ <〉〈 ∑∑
∈∈

H
Jj

jjj
Jj

j zz  

whenever J  is a finite set of indices disjoint from 0J . This summability condition implies that 

for each Ez∈  fixed, the function 

( ) ( ) →⋅∞ EzK E :, C : ax ( ) ( )xzK E ,∞ := ( ) ( )xz j
j

j ψψ∑
∞

=0
 

belongs to H . Note that, by construction ( ) ( )ECHEC ⊂⊂∞  and hence, for any Ez∈  fixed, 
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( ) ( ) ( ) ;, ECzK E
∞∞ ∈⋅  

further, by the continuity of the injective map ( ) ( )ECH H
∞→⋅〉〈⋅ /, , the series 

( ) ( )⋅∑
∞

=
j

j
j z ψψ

0
 

converges uniformly on E  to ( ) ( )⋅∞ ,zK E . 

Let now u  be a −∞C continuous complex-valued function defined on the compact set 

E  satisfying ( )∞Μ . As for the ( )−Μ 2 case, we define the linear functional: 

uT : )( nCΨ →C: ( )axjψ ( )( ) ( ),: ucxT jju =ψ  

where )( nCΨ  is the complex subspace of H , which is generated by all finite combinations of 

jψ ’s. If  

( ) ( )xxp
m

ν
ν

ν ψβ∑
=

=
0

∈ )( nCΨ , 

then 

( )( ) ( ) ( )( )

( )

.//

/

0

00

00

HH

m

m

H

m

m

u

m

uu

puu

uuc

xTxTxpT

〉〈=〉〈=

〉〈==

=⎟
⎠

⎞
⎜
⎝

⎛
=

∑

∑∑

∑∑

=

==

==

ν
νν

ν
νν

ν
νν

ν
νν

ν
νν

ψβ

ψββ

ψβψβ

 

From Schwarz’s Inequality, it follows that 

( )
HHu pupT ≤ , 

and, by the uTTheoremBanachHahn ,−  extends to a continuous linear functional on H . For 

each Ez∈  fixed, one can therefore define the number 
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( ) ( )( )xzKT Eu ,∞ , 

where uT  acts on the variable Ex∈ . Moreover, by continuity, we have 

( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) .,
0

00

xzKTxzT

zxTzuczu

Eu
j

jju

jj
j

uj
j

j

∞
∞

=

∞

=

∞

=

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

==

∑

∑∑

ψψ

ψψψ

 

Thus, computing ( )zu  for a fixed value of z  is nothing else than computing  

( ) ( )( )xzKT Eu ,∞ . 

If only a few Fourier coefficients ( )uc j  of u  are known or if the Fourier series expansion of u  

(with respect to the family { },...2,1,0: =jjψ ) converges too slowly, then the function 

( ) ( )xzK E ,∞ has to be replaced by a simpler expression. 

To do so, for any ,...2,1,0=m  consider the ( )−+1m dimensional complex vector space 

1+Υm , generated by the Tchebycheff system  

{ },10 ,..., mψψψ  

and assume that 1+Υm  satisfies the Haar condition into a finite set of pair-wise distinct points 

{ } ,,...,
0

,1,0,1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⊂=Μ

≤≤
+ U

mj
jmmmmm KerE ψπππ  

that is 

( )[ ]
jkkmj ,,det πψ :=

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
.0

...
................................................

...

...

,,1,0

1,1,11,0

0,0,10,0

≠

mmmmmmm

mmmm

mmmm

πψπψπψ

πψπψπψ
πψπψπψ
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This is equivalent to the fact that for any Ez∈  there is a unique element  

( ) ( ) ( ) ( ) ,,
0

xzzxg j

m

j

m
jm ψσ∑

=

=  

in 1+Υm  fulfilling  

( ) ( ) ( ) ( ) ( ) ( ) ,,, ,,
0

, kmEkmj

m

j

m
jkmm zKzzg ππψσπ ∞

=

== ∑  for mk ≤ . 

Evidently, for ,,...,2,1,0 mj =  we have 

( )jP ( ) ( )
( ) ( )
( ) .

,

0 ,

,∑
=

∞

=
m

k kmj

kmEm
j

zK
z

πψ
π

σ  

 

Definition 3.3.11. Any continuous function ( ) ( )zmGPTA u/ , defined by  

( )( ) →⋅ ExgT mu :, C: ( )( ) ( ) ( ) ( ) ,,
0

zuczxgTz m
j

m

j
jmu σ∑

=

=a  

is called a generalized Padé-type approximant to ( )ECu ∞∈  with generating system .1+Μm   

If, for each ,,...,2,1,0 m=ν  

( )
( )

( )
( ) ,0

0 ,

,

0
=∑∑

=
≠
=

m

k kmj

km
m

j
j

j uc
πψ
πψν

ν

 

then ( )( )⋅,xgT mu  is said to be a Padé-type approximant to u .It is denoted by  

( ) ( )zmPTA u/ . 

Obviously, the computation of a generalized Padé-type approximant ( )( )zxgT mu ,  

requires only the knowledge of the Fourier coefficients  

( ) ( ) ( )ucucuc m,...,, 10  
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and of the functions 
( ) ( ) ( ) ( ) ( ) ( )zuz m

m
mm σσσ ,...,, 10  

resulting from ( ) ( ) ( )mPPP ,...,, 10 , respectively. 

 

Theorem 3.3.12. If  

( ) ( )zum
ν

ν
ν ψβ∑

∞

=0

,  

is the Fourier expansion of a Padé-type approximant ( ) ( )zmPTA u/ = ( )( )zxgT mu ,  to  

( ) ( ) ( ) ( ),
0

ECzuczu ∞
∞

=

∈= ∑ ν
ν

ν ψ  

then for any ,,...,2,1,0 m=ν  there holds  

( ) ( )ucum
ννβ =, . 

Proof. Since ( ) ( ) HK kmE ∈⋅∞
,,π  for any mk ≤ , each function 

( ) ( )
( ) ( )
( )∑

=

∞

=
m

k kmj

kmEm
j

zK
z

0 ,

,,
πψ
π

σ  

belongs to the Hilbert space H , for every .,...,2,1,0 mj =  It follows that there are Fourier 

coefficients  
( ) ( )

H
m

j
mjt 〉〈= νν ψσ /,  

such that 

( ) ( ) ( ) ( )ztz
m

mjm
j ν

ν
ν ψσ ∑

=

=
0

,  

uniformly on E . We can therefore write 
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( )( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) .

,

0 0

,

0

,

0

0

zuct

ztuc

zuczxgT

m

j
j

mj

mj
m

j
j

m
j

m

j
jmu

ν
ν

ν

ν
νν

ψ

ψ

σ

∑ ∑

∑∑

∑

∞

= =

∞

==

=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

=

=

 

This implies that   

( ) ( ) ( )uct j

m

j

mjum ∑
=

=
0

,,
ννβ  

or alternatively that 

( ) ( ) ( )uc jH

m

j

mum 〉〈= ∑
=

ννν ψσβ /
0

,,  

( ) ( )
( ) ( )

( )
( ) ( ) ( ) ./,1

/
,

,
0 0 ,

0 0 ,

,

ucK

uc
K

jHkmE

m

j

m

k kmj

jH

m

j

m

k kmj

kmE

〉⋅〈=

〉
⋅

〈=

∞

= =

= =

∞

∑∑

∑ ∑

ν

ν

ψπ
πψ

ψ
πψ
π

 

Now, since, for any mk ≤ ,  

( ) ( )kmEK ,,π⋅∞ = ( ) ( )⋅∞ ,,kmEK π  

(or since the series  

( ) ( )kmj
j

j ,
0

πψψ ⋅∑
∞

=

 

converges uniformly on E ), observe that the family  

( ) ( ){ }...,2,1,0:, =⋅⋅ jkmjj πψψ  

is summable in H  with sum  
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( ) ( ) ( )ECHK kmE ⊂∈⋅∞
,,π . 

By orthonormality, we obtain 

( ) ( ) HkmEK 〉⋅〈 ∞
νψπ /, , = ( ) ( ) =〉⋅〈∑

∞

=
Hmj

j
j νκ ψπψψ /,

0
 

    = ( ) Hj
j

kmj 〉〈∑
∞

=
νψψπψ /

0
,  

    = ( )km,πψν  ( mk ≤ ). 

Hence, from the definition of the Padé-type approximant ( )( )zxgT mu , , it follows that 

( ) ( )
( ) ( ) ( ) ( ) ( )

( )
( )

( ) ,
0 0 ,

,

0 0 ,

,, ucucucuc
m

j
j

m

k kmj

km
j

m

j

m

k
j

kmj

kmum
ν

ν

ν
ν

ν
ν πψ

πψ
πψ
πψ

β =+== ∑ ∑∑∑
≠
= == =

 

for any .,...,2,1,0 m=ν  This ends the Proof. 

 

 

A criterion for the efficiency of generalized Padé-type approximants to continuous 

functions on E  is , of course, their convergence behavior. This problem, connected with the best 

choices of the orthonormal system  

{ },...2,1,0: =jjψ  

and of the generating system  

{ }mmmmm ,1,0,1 ,..., πππ=Μ + , 

will be discussed below in Theorem 3.3.14. 

First, let us study the errors. It is easily verified that 

Theorem 3.3.13 (a). The error of a generalized Padé-type approximation to 
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( ) ( ) ( ) ( )ECzuczu ∞
∞

=

∈= ∑ ν
ν

ν ψ
0

 

equals  

( )( ) ( ) ( ) ( )
( ) ( ) ( ) .,,

0 0 0 ,

, EzzucuczuzxgT
m

j

m

k kmj

km
jmu ∈

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=− ∑ ∑ ∑

∞

= = =
ν

ν
ν

ν ψ
πψ
πψ

 

(b). The error of a Padé-type approximation to 

( ) ( ) ( ) ( )ECzuczu ∞
∞

=

∈= ∑ ν
ν

ν ψ
0

 

is 

( )( ) ( ) ( ) ( )
( ) ( ) ( ) .,,

1 0 0 ,

, EzzucuczuzxgT
m

m

j

m

k kmj

km
jmu ∈

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=− ∑ ∑ ∑

∞

+= = =
ν

ν
ν

ν ψ
πψ
πψ

 

 

 

We can immediately obtain an answer to the convergence problem of a generalized Padé-

type approximation sequence. 

 

Theorem 3.3.14. Let E be a compact subset of Rn satisfying Markov’s inequality ( )∞Μ  and let 

( )ECu ∞∈ .  

Consider the intermediate Hilbert space ( )HH ⋅〉〈⋅ /, , for which the natural  

injections ( ) ( )ECHEC →→∞  are continuous. Suppose  

{ },...2,1,0: =jjψ  

is a self-summable family consisting of orthonormal polynomials in H , such that  
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1degdeg +≤ jj ψψ    ( ),...2,1,0=j  

and assume that the function  

( ) ( ) →⋅⋅∞ EK E :, C: az ( ) ( )zzK E ,∞ := ( )
2

0
∑
∞

=ν
νψ z  

is continuous on E . Let also  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

be an infinite triangular matrix, with elements Ω∈km,π , such that for any 0≥m  

',, kmkm ππ ≠  (if 'kk ≠ ), ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∉

≤≤
U

mj
jkm Ker

0
, ψπ  ( mk ≤ ) and ( )[ ] .0det

,, ≠
jkkmj πψ  

If  

( )
( ) ,0lim

0

2

0 0 ,

, =
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
∑ ∑ ∑
∞

= = =
∞→

ν
ν

ν ψ
πψ
πψ

ψ
H

m

j

m

k kmj

km
jm  

then, the corresponding generalized Padé-type approximation sequence to ( )zu  

( )( ){ },...2,1,0:, =mzxgT mu  

converges to ( )zu  uniformly on E . 

Proof. By Theorem 3.3.9 and by InequalitysSchwarzCauchy '− , we have 

( )( ) ( ) ( )
( ) ( )∑ ∑ ∑

∞

= = =
∈∈ 〉⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−〈=−

0 0 0 ,

,/sup,sup
ν

νν
ν ψψ
πψ
πψ

ψ zuzuzxgT H

m

j

m

k kmj

km
jEzmuEz  

( ) ( )
( ) .sup

2
1

0

2

0 ,

,
2
1

2

0 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

≤ ∑ ∑∑
∞

= =

∞

=
∈

ν
ν

ν

ν
ν ψ

πψ
πψ

ψ
H

m

j kmj

km
HEz uz  

Since, by the continuity of ( ) ( )zzK E ,∞ , 
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( ) ( ) ( ) ( ) ( ){ } ( ) ,:,supsupsup 2
1

2
2
1

0

2
1

0

2 EzzKzzz EEzEzEz σψψψ
ν

νν
ν

ν ==
⎭
⎬
⎫

⎩
⎨
⎧

=
⎭
⎬
⎫

⎩
⎨
⎧

∈

∞

=
∈

∞

=
∈ ∑∑  

and ∞<)(Eσ , the Proof is complete. 

 

 

 

3.4 The Hilbert Space Case 
3.4.1. Generalized Padé-type Αpproximation in Functional Hilbert 

Spaces 
It is readily seen that the methods of Paragraph 3.3.2 can be extended into a functional 

Hilbert space. 

Let { }0≠H be any Hilbert space, consisting of functions defined into an arbitrary 

topological space X and with values into the extended complex plane C C= { }.∞∪ Let H⋅〉〈⋅ /  

be the inner product of H  and let 
H

⋅ be the corresponding norm. Assume that H  is enough 

large, so that if Hf ∈  then Hf ∈ .  

Suppose  

{ },...2,1: ==Ν je j  

is a countable complete orthonormal set in H . The condition that Ν  is complete means that the 

only vector orthogonal to every je  is the zero vector. Then, each Hu∈  has the Fourier 

expansion 

( ) ( ) ( )./
0

Χ∈〉〈=∑
∞

=

zzeeuxu jH
j

j  
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Further, assume that Ν  is a self-summable family in H , in the sense that for any Χ∈z  the 

sequence  

( ){ },...2,1,0: =jeze jj  

is summable in H  ([74]). This summability condition guarantees that, for each Χ∈z  fixed, the 

function  

( ) →Χ⋅Χ :,zK C: ( ) ( ) ( )∑
∞

=
Χ =

0
,

j
jj xezexzKx a  

belongs to H . 
 

First, consider any element Hu∈  and introduce the linear functional →ETu : C 

defined by  

( )( ) Hjju euxeT 〉〈= /: , 

where E  is the complex vector subspace of H  which is generated by all finite complex 

combinations of je ’s. If  

( ) ( ) ,
0

Exexp
m

∈=∑
=

ν
ν

νβ  

then 

( )( ) ( )

HH

m

m

H

m

uu

pueu

euxeTxpT

〉〈=〉〈=

〉〈=⎟
⎠

⎞
⎜
⎝

⎛
=

∑

∑∑

=

==

//

/

0

00

ν
νν

ν
νν

ν
νν

β

ββ

 

and by InequalitySchwarz' , 

( )( ) .
HHu puxpT ≤  
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It follows, from the TheoremBanachHahn − , that uT  extends to a linear continuous 

functional on H . For every Χ∈z  fixed, one can therefore define the number 

( )( ) ,, xzKTu Χ  

where uT  acts on the variable Χ∈x . Moreover, by continuity, there holds 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) .,/
000

xzKTxezeTzexeTzeeuzu uj
j

jujj
j

uj
j

Hj Χ

∞

=

∞

=

∞

=

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
==〉〈= ∑∑∑  

Thus, computing ( )zu  for a fixed value of Χ∈z  is nothing else than computing 

( )( )xzKTu ,Χ . 

It arises in practice that only a few Fourier coefficients Hjeu >< /  of u  are known or that the 

Fourier expansion of u with respect to the basis { },...2,1: =je j  converges too slowly. Thus, the 

function ( )xzK ,Χ  has to be replaced by a simpler expression. Our method will therefore follow 

the ideas of Paragraphs 3.2.3 and 3.3.2. 

For any ,...2,1,0=m , let us consider the ( ) −+1m dimensional complex vector space 

1+mE , spanned by the Tchebycheff system  
{ }meee ,...,, 10  

and assume that 1+mE  satisfies Haar's condition in a finite set of pair-wise distinct points. 

{ } ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⊂=Μ

≤≤
+ j

mj
mmmmm eKerX U

0
,1,0,1 ,...,, πππ  

( jeKer  is the kernel of je ), that is 

( )[ ]
jkkmje

,,det π =

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

0
..............................................

,,1,0

1,1,11,0

0,0,10,0

≠

mmmmmmm

mmmm

mmmm

eee

eee

eee

πππ

πππ

πππ

K

K

K

. 

By Theorem 3.2.5, this is equivalent to the fact that for any Χ∈z  there exists a unique element 
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in 1+mE : 

( ) ( ) ( ) ( ),,
0

xezzxG j

m

j

m
jm ∑

=

= σ  

fulfilling 

( ) ( )kmm zKzxG ,,, πΧ= for any mk ≤ . 

 

Definition 3.4.1. Any function ( ) ( ),/ zmGPTA u  defined by 

( )( ) C→⋅ XxGT mm :, : ( )( ) ( ) ( )zeuzxGTz m
j

m

j
Hjmu σ∑

=

〉〈=
0

/,a , 

is an element of H  and is called a generalized Padé-type approximant of Hu∈  with generating 

system 1+Μ m .  

If 

( )

( )
( ) ,,...,2,1,00/

0 ,

,

0
manyfor

e

e
eu

m

k kmj

km
m

j
j

Hj ==〉〈 ∑∑
=

≠
=

ν
π

πν

ν

 

then ( )( )⋅,xGT mu is said to be a Padé-type approximant to u ; it is denoted by ( ) ( )./ zmPTA u  

 

 

Obviously, the computation of a generalized Padé-type approximant 

( ) ( )=zmGPTA u/ ( )( )⋅,xGT mu  to Hu∈  requires only the knowledge of the Fourier coefficients 

HmHH eueueu ><><>< /,...,/,/ 10  

and the functional quantities 
( ) ( ) ( ) ( ) ( ) ( )⋅⋅⋅ m

m
mm σσσ ,...,, 10  

resulting from the equations 
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( ) ( ) ( ) ( )
( ) .,...,2,1,0,
,

0 ,

, mj
e

K
H

m

k kmj

kmm
jj =

⋅
=⋅ ∑

=

Χ

π

π
σ  

 

The following result justifies the notation "Padé-type approximant to u ": 

 

Theorem 3.4.2. If  

( ) ( )=zmPTA u/ ( )( )⋅,xGT mu  

is a Padé-type approximant to Hu∈ , then there holds 

( )( ) ,//, HHmu euexGT >=<>⋅< νν for any .,...,1,0 m=ν  

Proof. Since ( ) ( ),, , mkHK mX ≤∈⋅ κπ it is immediately seen that 

( ) ( ) ( )
( ) ,,...,2,1,0,
,

0 ,

, mjH
e

Km

k kmj

kmm
j =∈

⋅
=⋅ ∑

=

Χ

π

π
σ  

and consequently 

( ) ( ) ( ) ( ) ( ) .,...,2,1,0/
0

mjee H
m

j
m

j =⋅〉〈=⋅ ∑
∞

=
ν

ν
νσσ  

One can therefore write 

( )( ) ( ) ( )

( ) ( )

( ) ( ) ,//

//

/,

0 0

00

0

⋅⎥
⎦

⎤
⎢
⎣

⎡
〉〈〉〈=

⋅〉〈〉〈=

⋅〉〈=⋅

∑ ∑

∑∑

∑

∞

= =

∞

=

∞

=

=

ν
ν

ν

νν
ν

σ

σ

σ

eeue

eeeu

euxGT

HjH

m

j

m
j

H
m

jH
j

j

m
j

m

j
Hjmu

 

which implies that, for any ,...,2,1,0=ν  there holds 
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( )( ) ( )

( )
( )

( ) ( ) .//,1

//
,

///,

,
0 0 ,

0 0 ,

,

0

HjHkm

m

j

m

k kmj

HjH

m

j

m

k kmj

km

Hj

m

j
H

m
jHmu

eueK
e

eue
e

K

eueexGT

〉〈〉⋅〈=

〉〈〉
⋅

〈=

〉〈〉〈=>⋅<

Χ
= =

= =

Χ

=

∑∑

∑ ∑

∑

ν

ν

νν

π
π

π

π

σ

 

Observe that, for any ,mk ≤ the family 

( ) ( ){ },...2,1,0:, =⋅ jee kmjj π  

is summable in H  with sum ( ) HK km ∈⋅Χ ,,π  (because of the symmetry property 

( ) ( )⋅=⋅ ΧΧ ,, ,, kmkm KK ππ ). 

By orthonormality, we obtain 

( ) ( ) ( )

( )

( )km

Hj
j

kmj

Hkmj
j

jkm

e

eee

eeeeK

,

0
,

,
0

,

/

//,

π

π

ππ

ν

ν

νν

=

〉〈=

〉⋅〈=〉⋅〈

∑

∑
∞

=

∞

=
Χ

 

( )mk ≤ . From the definition of the Padé-type approximant ( )( )⋅,xGT mu , it follows that 

                      ( )( ) ( )
( ) Hj

m

j

m

k kmj

km
Hmu eu

e

e
exGT 〉〈=>⋅< ∑∑

= =

//,
0 0 ,

,

π

πν
ν  

                      
( )

( )
( )

,/

//
0 ,

,

0

H

m

k kmj

km
H

m

j
j

jH

eu

e

e
eueu

〉〈=

〉〈+〉〈= ∑∑
=

≠
=

ν

ν

ν

ν π

π

 

for any ,,...,2,1,0 m=ν  which completes the Proof. 
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Theorem 3.4.3. (a). The error of a generalized Padé-type approximation is  

( ) ( ) ( ) ( )
( )

( )

( ) .//
0 0 0 ,

, ⋅
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
〉〈=⋅−⋅ ∑ ∑ ∑

∞

=
≠
= =

ν
ν

ν

ν

π

π
e

e

e
euumGPTA

m

j
j

m

k kmj

km
Hju  

(b). The error of a Padé-type approximation equals 

( ) ( ) ( ) ( )
( )

( )

( ) .//
1 0 0 ,

, ⋅
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
〉〈=⋅−⋅ ∑ ∑ ∑

∞

+=
≠
= =

ν
ν

ν

ν

π
π

e
e
e

euumPTA
m

m

j
j

m

k kmj

km
Hju  

Proof. (a). If ( )( )⋅,xGT mu  is a generalized Padé-type approximant to ( ) Hu ∈⋅ , then 

( )( ) ( ) ( )( )[ ] ( )⋅〉〈−〉⋅〈=⋅−⋅ ∑
∞

=
ν

ν
νν eeuexGTuxGT HHmumu

0
//,,  

                       

( ) ( )

( ) ( ) ( )

( )
( ) ( )

( )

( )
( ) ( ) ./

//

///,1

///

0 0 ,

,

0

0 0 0 ,

,

0 0 0
,

,

0 0

⋅
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
〉〈=

⋅
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
〉〈−〉〈=

⋅
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
〉〈−〉〈〉⋅〈=

⋅⎥
⎦

⎤
⎢
⎣

⎡
〉〈−〉〈〉〈=

∑ ∑∑

∑ ∑∑

∑ ∑∑

∑ ∑

∞

= =
≠
=

∞

= = =

∞

= = =
Χ

∞
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ν

ν

ν
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ν
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m
j

 

(b). If ( )( )⋅,xGT mu  is a Padé-type approximant to ( ) Hu ∈⋅ , then repetition of the Proof of (a) 

shows that 

( )( ) ( ) ( )
( )

( )

( ) ./,
1 0 0 ,

, ⋅
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
〉〈=⋅−⋅ ∑ ∑ ∑

∞

+=
≠
= =

ν
ν

ν

ν

π

π
e

e

e
euuxGT

m

m

j
j

m

k kmj

km
Hjmu  



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

363 

 

By Schwarz’ s Inequality, we directly get the following: 

 

Corollary 3.4.4. Let ( ) Hu ∈⋅ . Let also 

( )
mkmkmM

≤≤≥
=

0,0,π  

be an infinite triangular matrix, with elements Ω∈km,π , such that for any 0≥m  

( ) ,'',, kkifkmkm ≠≠ ππ  

( ) ( )mkifeKer j
mj

km ≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅∉

≤≤
U

0
,π  

and 

( )[ ] 0det
,, ≠
jkkmje π . 

Assume that 

( ) ( )
( )

( )

.0lim
0

2

0 0 ,

, =
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⋅∑ ∑ ∑

∞

=
≠
= =

∞→
ν

ν

ν

π
π

H

m

j
j

m

k kmj

km
jm e

e
e  

If 

( ) ∞<Χ∈
2
1

,sup zzKEz  

for some subset E  of Χ , then the restriction to E  of the corresponding generalized Padé-type 

approximation sequence  

( ) ( ) ( )( ){ },...2,1,0:/,/ =⋅= mxGTzmGPTA Emuu  

converges the restriction ( )⋅u to E , uniformly on E . 

 

The Proof of Corollary 3.4.4 is similar to that of Theorem 3.3.14, but in general the 

assumption that 
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( ) ∞<Χ∈
2
1

,sup zzKEz  

is strong and constitutes a serious obstacle to obtain global converges answers. We can however 

obtain particular results, which may lead to interesting and satisfactory applications. The first 

such result is easy and in a sense automatic. 

In the sequel, if Hw∈ , Hu∈  and if ,0/ =〉〈 Huw then w  is said to be orthogonal to 

u  and the notation uw ⊥ is used. Obviously, the relation ⊥  is symmetric. If HE ⊂  and 

HS ⊂ , the notation SE ⊥  means that uw ⊥ whenever Hw∈  and Hu∈ . Also, ⊥S is the set 

of all Hw∈  that are orthogonal to every Su∈ . 

 

Theorem 3.4.5. Let Hu∈ . Let also mmmm ,1,0, ,...,, πππ be a finite set of pair-wise distinct points 

of Χ  such that  

( ) ( ) andmkifeKer j
mj

km ≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅∉

≤≤
U

0
,π ( )[ ] 0det

,, ≠
jkkmje π . 

If 

( )

( ) ( )
( )∑∑

=
≠
=

⋅
m

k kmj

km
m

j
j

j e

e
e

0 ,

,

0 π

πν

ν

( )⋅⊥ u for all ,...,2,1,0=ν  

then there holds 

( )( ) ( )⋅=⋅∞→ uxGT
imui ,lim  

(where all limits were taken with respect to the −⋅
H

norm). 

 

 

Αs another almost such automatic result, we also mention the following: 
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Theorem 3.4.6. Let S  be a subset of H . Let also  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

be a infinite triangular matrix, with elements Χ∈km,π  such that for any 0≥m  

( ) ,'',, kkifkmkm ≠≠ ππ  

( ) ( )mkifeKer j
mj

km ≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅∉

≤≤
U

0
,π  

and 

( )[ ] 0det
,, ≠
jkkmje π . 

If 

[
( )

( ) ( )
( ) ]∈⋅ ∑∑

=
≠
=

∞→

m

k kmj

km
m

j
j

jm e

e
e

0 ,

,

0
lim

π

πν

ν

⊥S for every ,...,2,1,0=ν  

then for any Su∈  there exists a subsequence { },...2,1,0: =imi  of { }0≥m  such that 

( )( ) ( )⋅=⋅∞→ uxGT
imui ,lim  

(where all limits were taken with respect to the −⋅
H

norm). 

Proof. Fix any Su∈ . Since the function 

→Λ H: R { }U −∞ : ( ) ( ) ( )
( )

( ) H

m

j
j

m

k kmj

km
jm e

e
efff ∑ ∑ ∑

∞

=
≠
= =

∞→

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⋅−−=Λ

0 0 0 ,

,lim:
ν

ν

ν

π
π

a  

is upper semi-continuous (i.e. Λ is the point-wise limit of the decreasing sequence of continuous 

functions 
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→Λ HN : R: ( ) ( ) ( )
( )

( )

,lim:
0 0 0 ,

,

H

N m

j
j

m

k kmj

km
jmN e

e
efff ∑ ∑ ∑

=
≠
= =

∞→

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⋅−−=Λ

ν
ν

ν

π
π

a  

we have 

( ) ( )
( ) ( )

( )

( )
( )

( )

( ) 0limlim
0 0 0 0 ,

,

0,

, =
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

⋅
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
⋅−⋅∑ ∑ ∑ ∑∑

∞

=
≠
= = =

≠
=

∞→∞→

ν
ν

ν

ν

ν

ν

π
π

π
π

H

H

m

j
j

m

k

m

k kmj

km
m

j
j

jm
kmj

km
jm e

e
e

e
e
e

e  

      ⇒

( )

( )
( )

( )

( )
( ) ( ) 0lim/lim

0 ,

,

00 ,

,

0 0
=

⎪
⎭

⎪
⎬

⎫
⋅〉

⎥
⎥
⎦

⎤
−

⎪
⎩

⎪
⎨

⎧

⎢
⎢
⎢

⎣
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≠
=

∞→
=

∞

=
≠
=
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k kmj
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j
j
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e

e
e
e
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ν
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π

π
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( )
( )

( )

( )⋅〉
⎪
⎩

⎪
⎨

⎧

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
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∞

=
≠
= =
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ν
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e
e
e
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m
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j

m

k kmj
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0 0 0 ,

,/lim  
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( )

( )
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0 0 ,
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⎪
⎭

⎪
⎬

⎫

⋅〉
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
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≠
= =

∞→

H
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k kmj

km
jm e

e
e

eu ν
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( ) ( )⋅〉

⎪
⎩

⎪
⎨

⎧

⎥
⎥
⎥

⎦

⎤
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≠
=
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0
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⎪
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⎪
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⎫
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⎥
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( )
( )

( )

( )

( )
( )

( )

( ) ,/lim

/lim

0 0 ,

,

0

0 0 0 ,

,

⋅〉
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
〈=

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧
⋅〉

⎥
⎥
⎥

⎦

⎤
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⎢
⎢

⎣

⎡
〈⇔

∑ ∑∑
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≠
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=
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∞
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e
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e
e
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j
j
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j
j

m

k kmj
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ji

i

i

i

 

for some subsequence { },...2,1,0: =imi  of { }0≥m . It follows, from Riesz’s Representation 

Theorem and from Theorem 3.4.3.(a), that 

( )( ) ( )[ ]⋅−⋅∞→ uxGT
imui ,lim

( )
( )

( )

( ) ./lim
0 0 ,

,

0
⋅〉

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
〈= ∑ ∑∑

≠
= =

∞

=
∞→ ν

ν

ν

ν π
π

e
e
e

eu H

m

j
j

m

k kmj

km
jm  

Our hypothesis that 

[
( )

( ) ( )
( ) ]∈⋅ ∑∑

=
≠
=

∞→

m

k kmj

km
m

j
j

jm e

e
e

0 ,

,

0
lim

π

πν

ν

⊥S  

now shows that 

( )( ) ( )[ ] 0,lim =⋅−⋅∞→ uxGT
imui , 

which completes the Proof. 

 

 

Our next objective is to propose a representation for generalized Padé-type approximants 

to elements of H . As it is pointed out, the functional uT  extends continuously and linearly on 

H , whenever Hu∈ . By the Riesz Representation Theorem, there exists a unique element 

HU ∈ satisfying  

( ) Hu UggT >=< / for all Hg ∈ . 
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If, in particular, ( ) ( )ζζ νeg = , ( )Χ∈ζ , then 

( ) ( ) .,...2,1,0/ =>=< ννν Hu UeeT  

Since, by definition, we also have 

( ) HHu ueeueT ><=>=< // ννν ( ) .,...2,1,0=ν  

we conclude that 

HHHH ueueueUe ><−><=><−>< //// νννν , 

or equivalently 

,/// HHH ueueuUe ><−><=>−< ννν for all ,...2,1,0=ν  

 

 

Theorem 3.4.7. Suppose the inner product of any two real-valued functions in H  is real. Then 

(a). ( ) Hu uggT >=< / , whenever Hg∈ ; 

(b). every generalized Padé-type approximant ( )( )⋅,xGT mu to ( ) Hu ∈⋅ , is written in the 

following form : 

( )( ) ( ) Hmmu zDuzxGT >⋅=< ,/, ( Χ∈z ) 

with 

( ) ( ) ( )
( ) .,,

0 ,
,

0
∑∑
==

Χ=
m

j kmj

j
km

m

k
m e

xe
zKzxD

π
π  

Proof. Let ( )( ) Hiuuu ∈+= )2(1  and ( )( ) Hiwww ∈+= )2(1 . It is readily seen that 

( ) ( )
HH iuuiwwuw >−−=<>< )2(1)2(1 // = ( ) ( )[ ]HH uwuw >>< <+

)2()2(11 //  

+ ( ) ( )[ ]HH uwuwi >−>< <
)1()2(21 //  

and 
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( ) ( )
HH iuuiwwuw >++=<>< )2(1)2(1 //  

= ( ) ( )[ ] ( ) ( )[ ]HHHH uwuwiuwuw >−><−>>< <<+
)1()2(21)2()2(11 //// . 

From our assumption, it follows that:  

.// HH uwuw ><=><  

Hence 

HH uUeuUe >−<=>−< // νν = HH ueue ><−>< // νν =0, 

whenever ,...2,1,0=ν  By completeness of the system { },...2,1,0: =ννe , we therefore obtain 

uU = , which ends the Proof of Part (a), since 

( ) HHu ugUggT >=<>=< //     for all Hg ∈ . 

In particular, for ( ) ( )zGg m ,⋅=⋅ , we have 

( )( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )
( ) ( )

( ) ( ) ( )
( )

( ) ( ) ( )
( )

( ) ( ) ,,/

,/

,/

/
,

//,,

0 ,0
,

0 0 ,
,

0 ,

,

0

0

Hm

H

m

j kmj

j
m

k
km

H

m

k

m

k kmj

j
km

H

m

k kmj

km
m

j
j

Hj

m

j

m
jHmmu

zDu

e

e
zKu

e

e
zKu

u
e

zK
e

uezuzGzxGT

〉⋅⋅〈=

〉
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛ ⋅
⋅〈=

〉
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛ ⋅
⋅〈=

〉⋅
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⋅〈=

〉⋅⋅〈=〉⋅⋅〈=

∑∑

∑ ∑

∑∑

∑

==
Χ

= =
Χ

=

Χ

=

=

π
π

π
π

π

π

σ

 

where we have used the notation 
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( ) ( ) ( )
( ) .,,

0 ,
,

0
∑∑
==

Χ=
m

j kmj

j
km

m

k
m e

xe
zKzxD

π
π  

The Proof is now complete. 

 

 

Since ( )( ) HxGT mu ∈⋅,  whenever Hu∈ , an application of the Closed Graph Theorem 

shows that the operator 

( )( ) ::, HHxGT m →⋅  ( ) ( )( )zxGTzu mu ,a = ( ) ( ) Hm zDu >⋅⋅< ,/  

is continuous. This operator is called the generalized Padé-type operator for H . The continuity 

property of the generalized Padé-type operator gives us interesting convergence results: 

 

Theorem 3.4.8. Under the assumptions of Theorem 3.4.7 and if the sequence 

{ },...2,1,0: =∈ νHu  converges to u with respect to the −⋅
H

norm, we have 

( )( ) ( )( ),,,lim ⋅=⋅∞→ xGTxGT mumuνν  

in the −⋅
H

norm. 

 

 

Corollary 3.4.9. Under the assumptions of Theorem 3.4.7 and if the series of functions 

∑
∞

=

=
0ν

νν uau  ( ∈νa C, Hu ∈ν ) 

converges with respect to the −⋅
H

norm, 
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( )( ) =⋅,xGT mu ( )( ),.
0

xGTa mu∑
∞

=ν
ν ν

 

in the 
H

⋅ -norm. 

 

 

One may also define generalized Padé-type approximation to any linear operator 

(bounded or not) 

HHF a: . 

To do so, observe that the operator 

( ) ( )( ) ( ) ( )( )xKTuHHxKT uFF ,::, ⋅→⋅ ΧΧ∗ a  

coincides with F , in the sense that 

( ) ( )( ) ( )[ ]( )zuFxzKT uF =Χ , ,     for all Hu∈ and all Xz∈ . 

 

Definition 3.4.10. The linear operator 

( ) ( )( ) HHxGT mF →⋅∗ :, : ( ) ( )( ) ( ) ( ) ( )⋅〉〈=⋅ ∑
=

m
jHj

m

j
muF euFxGTu σ/,

0
a  

is called a generalized a Padé-type approximant to the operator F , with generating system 

.1+Μ m  

 

 

In analogy to the preceding cases, the computation of a generalized Padé-type 

approximant ( ) ( )( )⋅∗ ,xGT mF  to F  requires the knowledge of the functions  

( ) ( ) ( ) ( ) ( ) ( )⋅⋅⋅ m
m

mm σσσ ,...,, 10  

resulting from the equations 
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( ) ( ) ( ) ( )
( ) ( ) ,,...,2,1,0
,

0 ,

, mj
e

K
H

m

k kmj

kmm
jj =

⋅
=⋅ ∑

=

Χ

π

π
σ  

and of the linear bounded functionals ( ) ( ) HmH eFeF >∗<>∗< /,...,/ 0 : 

( )jF ( ) →>∗< HeF Hj :/ C: ( ) ( )mjegFg Hj ,...,2,1,0/ =><a  

 

Remark 3.4.11. There are many cases where the functionals ( ) HjeF >∗< /  can be handled by 

means of the spectral theorem. If, for example, F  is in a closed normal subalgebra A of the 

Banach algebra of all bounded linear operators on H  containing the identity operator, then there 

exists a unique resolution of the identity μ  on the Borel subsets of the maximal ideal space Δ  

for Α  satisfying 

( ) ∫
Δ

=>< HjegF / $F ( )jegd .μ ( ),...2,1,0, =∈ jHg  

where $F  is the Gelfand Transform of F ; if F  is self-adjoint, then there exists a unique 

resolution of the identity ρ  on the Borel subsets of the real line, such that 

( ) ( )( )∫
∞

∞−

=>< tdtegF
jegHj ,/ ρ ( ) .,...2,1,0, =∈ jHg  

 

From Theorem 3.4.3.(a), it follows that the error of a generalized Padé-type 

approximation to F  is the operator 

( ) ( )( ) ( ) ( ) ( )
( )

( )

( ) ./*,
0 0 0 ,

, ⋅
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
〉〈=∗−⋅ ∑ ∑ ∑

∞

=
≠
= =

∗ ν
ν

ν

ν

π

π
e

e

e
eFFxGT

m

j
j

m

k kmj

km
HjmF  
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A natural question which now arises is the following. Suppose we are given a sequence of 

generalized Padé-type approximants to the operator F . How can we tell whether this sequence 

converges to F  ? 

A reasonable and satisfactory answer to our question results directly from Theorem 3.4.6: 

 

 

Theorem 3.4.12. Let S  be a subset of H . Let also  

( )
mkmkmM

≤≤≥
=

0,0,π  

be an infinite triangular matrix, with elements Χ∈km,π  such that for any 0≥m  

( ) ,'',, kkifkmkm ≠≠ ππ  

( ) ( )mkifeKer j
mj

km ≤⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⋅∉

≤≤
U

0
,π  

and 

( )[ ] 0det
,, ≠
jkkmje π . 

Suppose F  is bounded. If 

[
( )

( ) ( )
( ) ]∈⋅ ∑∑

=
≠
=

∞→

m

k kmj

km
m

j
j

jm e

e
e

0 ,

,

0
lim

π

πν

ν

⊥)(SF for every ,...,2,1,0=ν  

then there exists a subsequence { },...2,1,0: =imi of { }0≥m  such that 

( ) ( )( ) ( )∗=⋅∗∞→ FxGT
imFi ,lim in S , 

where all the limits are considered with respect to the −⋅
H

norm. 
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3.5. Applications 
3.5.1 On Painlevé’ s Theorem in Several Variables 
           The mapping properties of the Bergman kernel function have a central role in the study of 

bianalytic maps. It is well known that the statement of a Riemann Mapping Theorem in several 

complex variables must be quite different than in one variable. Chern and Moser built on the 

pioneering work of Poincaré and E. Cartan to produce a complete set of differential-geometric 

boundary invariants which must be preserved under a bianalytic map between smooth strictly 

pseudoconvex domains in Cn ([32]). In order to see that the Chern-Moser invariants are preserved 

under a bianalytic mapping, it is important to know that a bianalytic map between smooth strictly 

pseudoconvex domains must extend smoothly to the boundary. A fundamental result dealing with 

the ∞C extension to the boundary of bianalytic maps between smooth strictly pseudoconvex 

domains was proved in 1974 by Fefferman ([59]). This result is classical in one complex variable, 

but in several variables it had been a major outstanding conjecture for many years. The first Proof 

in the one variable setting seems to be due to Painlevé ([115]). Other proofs were given by 

Kellogg and Warschawski (see [87] and [124]). One would like to adapt the proof of this result to 

more general situations, however many obstacles present themselves. The main purpose of this 

section is to propose an extension of Painlevé’s Theorem in the case of arbitrary open subsets of 

Cn, by using generalized Padé-type approximants. 

Let ∅≠Ω be a bounded open subset of Cn. The subspace OL2(Ω ) =: O(Ω )∩ L2(Ω ) is 

closed in the Hilbert space L2(Ω ) and hence is itself a Hilbert space. The evaluation map 

OL2(Ω )→ C: ( )wff a  is a continuous C-linear functional, whenever Ω∈w . By the Riesz 

Representation Theorem, there exists a unique element ( )∈⋅Ω wK , OL2(Ω ) such that 

( ) ( ) ( ) ( ) ( )〉⋅〈== Ω
Ω

Ω∫ wKfdVwKfwf ,,:, ζζζ  
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for all ∈f OL2(Ω ). Here, ⋅〉〈⋅,  denotes the inner product in L2(Ω ) and 
2
⋅ the corresponding 

norm. Remind that ( )wzK ,Ω  is called the Bergman kernel function in Ω  as a function of z . The 

Bergman kernel function is analytic in z , conjugate analytic in w  and satisfies 

( ) ( )zwKwzK ,, ΩΩ = (cf. Paragraph 3.2.1). There is a bounded orthogonal projection, of norm 

1, ΩP :L2(Ω )→ OL2(Ω ) called the Bergman projection of Ω , satisfying 

( )( ) ( ) ( ) ( ) ∈⋅=⋅ ∫
Ω

ΩΩ fwdVwfwKfP , L2(Ω ). 

The property that the Bergman projection operator preserves differentiability up to the 

boundary can be used in the study of boundary regularity of bianalytic maps. The open set Ω  is 

said to satisfy condition ( )dR , for some ∈d N, if there is an integer s  with 0>+ sd  such that 

the Bergman projection operator is a bounded map from ( )Ω+sdC into ( )ΩdC , that is 

( ) ( ) ( ) ( ) ∑∫∑
+≤

Ν∈
Ω∈

Ω
Ω

≤
Ν∈

Ω∈
≤

sda
a

zd
a

z

da
a

z
nn

cwdVwfwzKD
00

sup,sup ( ) ( ) ,zfD a
z  

( ( )Ω∈ +sdCf ) for some constant ∞<dc . The open set Ω  is said to satisfy condition ( )R , if it 

satisfies ( )dR  for any ∈d N. One of Bell’s Τheorems says that a bianalytic map between 

bounded pseudoconvex domains in Cn with ∞C  smooth boundary extends smoothly to the 

boundary as soon as at least one of the domains satisfies condition ( )R  ([9]). Another important 

program in this direction has been initiated by Ligocka in [97]. The single most general 

contribution to come from this program is the discovery of the following: 

 

Theorem 3.5.1. If 1Ω  and 2Ω  are bounded pseudoconvex domains in Cn with boundaries of 

class dC  which satisfy condition ( )dR , then every bianalytic mapping of 1Ω  to 2Ω  is in 

( )1ΩdC . 
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Condition ( )R  holds for many domains of Cn (for example, every smoothly bounded 

complete Reinhardt domain satisfies condition ( )R  ([124])). But on the other hand, Barrett found 

a smoothly bounded not-pseudoconvex domain in C2 which does not have property ( )dR  for any 

∈d N([7]). It should be mentioned that, since the Bergman projection ΩP  and the ϑ -Neumann 

operator N  are related via Kohn’s Formula : ϑϑ NIP *−=Ω (,where *ϑ  is the formal adjoint 

of the operator ϑ ), whenever the −ϑ Neumann operator associated to a domain satisfies global 

regularity estimates that domain satisfies condition ( )R . Kohn has shown in his paper [85] that 

the −ϑ Neumann operator N  satisfies these estimates in a variety of domains. Among these 

domains are smoothly bounded strictly pseudoconvex domains ([69]) and bounded pseudoconvex 

domains with real-analytic boundary ([86], [124]). Below, we shall give sufficient conditions for 

the extension of Painlevé’s classical Theorem in Cn. These considerations seem to be theoretical, 

but they succeed in eliminating both differential-geometry and subelliptic estimates for the 

−ϑ Neumann problem and, on the other hand, they connect bianalytic extension problems with 

approximation and interpolation theory. 

Let Ω  be any bounded, non empty, open subset of Cn and let { },...2,1,0: =jjϕ  be an 

orthonormal basis for OL2(Ω ). Choose an infinite triangular matrix  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

such that for any 0≥m  there holds 

Ω∈km,π ( mk ≤ ), 

',, kmkm ππ ≠ ( 'kk ≠ ), 

U
mj

jkm Ker
≤≤

∉
0

, ϕπ ( mk ≤ ), 

and 
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( )[ ] .0det
,, ≠
jkkmj πϕ  

Consider the associated generalized Padé-type approximation sequence to Bergman’s projection 

ΩP : 

( )( ){ }.,...2,1,0:,)( =⋅⋅Ω
mxGT mP  

In what follows, we shall assume that, whenever Ω∈w  is fixed, the series 

( ) ( ) ( ) toconvergeswCd ν
ν

ν ϕϕ ⋅∑
∞

=0

to ( )wK ,⋅Ω in ( )ΩdC ; 

then, it is immediately seen that ( )∈⋅Ω wK , ( )ΩdC  and therefore 

( )( ) ( )( ) ( )Ω⊂⋅ΩΩ

d
mCP CxGT d , . 

In other words, the subspace ( )ΩdC  is an invariant subspace of the generalized Padé-type 

approximation operators. 

Under the general presupposition ( )dC , the restriction operators 

( ) ( )( ) ( )Ω∗ ⋅
Ω

dCmP xGT /, are continuous with respect to the topology induced by the norm ( )Ω
⋅

dC
of 

( )ΩdC . In fact, for every ∈f ( )ΩdC , there holds 

( ) ( )( ) ( ) ( ) ( ) ( ) ( )ΩΩ
==

ΩΩ
⋅〉〈≤⋅ ∑∑Ω dd Ckm

m

k kmj

m

j
jCmfP KfPxGT ,

0 ,0
,1,, π

πϕ
ϕ  

( ) ( ) ( ) ( )ΩΩ
==

Ω ⋅≤ ∑∑ dCkm

m

k kmj
j

m

j
KfP ,

0 ,
2

0
2

,1 π
πϕ

ϕ (by Schwarz’s Inequality) 

( ) ( ) ( )ΩΩ
==

⋅≤ ∑∑ dCkm

m

k kmj

m

j
Kf ,

0 ,0
2

,1 π
πϕ

(since 1=ΩP and 1
2
=jϕ ) 

( ) ( ) ( ) 2
0 0

,
,

,1 fK
m

j

m

k
Ckm

kmj
d ⋅

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⋅≤ ∑∑
= =

ΩΩ π
πϕ

 



PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES  N.J.DARAS 

 

378 
HELLENIC ARMS CONTROL CENTER PUBLISHING 

published on line as an e‐book in 2007 

www.armscontrol.info 

 

( ) ( ) ( )⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⋅≤
ΩΩ

= =
Ω ∑∑ dCm

m

j

m

k kmj

Kc κπ
πϕ ,

0 0 ,

,1
( )ΩdC

f , 

for some positive constant ∞<Ωc  depending only on Ω . Further, we have the 

 

Theorem 3.5.2. Let ∈d N0=N { }U 0 . Assume that Ω  verifies Property ( )dC  and that there is a 

complete orthonormal basis ( ){ },...2,1,0: =Ω∈ νϕν
dC  for OL2(Ω ) and an infinite triangular 

matrix ( )
mkmkm ≤≤≥

=Μ
0,0,π consisting of points km,π  in Ω  such that 

',, kmkm ππ ≠ ( 'kk ≠ ), U
mj

jkm Ker
≤≤

∉
0

, ϕπ ( mk ≤ ), ( )[ ] ,0det
,, ≠
jkkmj πϕ  

and 

( ) ( )
( ) ( )xx

m

k kmj

km
m

j
jm ν

ν ϕ
πϕ
πϕ

ϕ =
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∑∑
==

∞→
0 ,

,

0
lim  

for every  Ω∈x  and every ,...2,1,0=ν  Then, Ω  satisfies condition ( )dC . 

Proof. Let ∈f ( )ΩdC . As it is pointed out in Paragraph 3.2.3,  

( )( ) ( ) ( )( )xzKTzfP fP ,ΩΩ Ω
= . 

Since ( )⋅Ω ,zK ( ) ( )Ω∈⋅= Ω
dCzK , , we see that 

( ) ( )Ω∈Ω
dCfP  

and therefore 

( )( ) ( ) ( )( ) ( )ΩΩ ⋅−⋅
Ω dCmfP xGTfP , ( ) ( ) ( )( ) ( )ΩΩ ⋅−⋅=

Ω dCmfP xGxKT ,, . 

By the integral representation of ( )fPT
Ω

, it holds 



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

379 

 

( )( ) ( ) ( )( ) ( )ΩΩ ⋅−⋅
Ω dCmfP xGTfP , = ( )( ) ( ) ( )[ ] ( )

( )Ω

Ω
Ω

Ω ⋅−⋅∫
dC

m xdVxGxKxfP ,,  

( ) ( )( ) ( ) ( )[ ] ( )xdVzxGxzKxfPD m
a

z

da
a

z
n

,,sup
2
0

−= Ω
Ω

Ω

≤
Ν∈

Ω∈ ∫∑  

         ( ) ( ) ( ) ( )[ ]
22

,,sup
2
0

zGzKDfP m
a

zz

da
a n

⋅−⋅≤ ΩΩ∈

≤
Ν∈

Ω∑  

         ( ) ( ) ( ) ( )[ ]
22

,,sup
2
0

zGzKDfP m
a

z

da
a

z
n

⋅−⋅= Ω

≤
Ν∈

Ω∈Ω ∑ . 

Now, observe that 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )zDxxzDxzKD a
z

a
z

a
z ν

ν
νν

ν
ν ϕϕϕϕ ∑∑

∞

=

∞

=
Ω ==

00
,  

and 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )km

m

j

m

k kmj

ja
zj

m

j

m

k kmj

kma
zm

a
z z

x
Dx

zK
DxzGD ,

00 0 ,0 0 ,

,,
, πϕϕ

πϕ

ϕ
ϕ

πϕ

π
ν

ν
ν∑∑∑∑∑

∞

== == =

Ω ==  

( ) ( )
( )

( ) ( ) .
0 0 0 ,

, zD
x a

z

m

j

m

k kmj

kmj
ν

ν

ν ϕ
πϕ

πϕϕ
∑ ∑∑
∞

= = = ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=  

It follows that 

( )( ) ( ) ( )( ) ( )ΩΩ ⋅−⋅
Ω dCmfP xGTfP ,  

( ) ( ) ( ) ( ) ( ) .
)(

)()(
sup

2
1

2

0 0 0 ,

,
2

2
0 ⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−≤ ∫ ∑ ∑∑∑
Ω

∞

= = =
≤
Ν∈

Ω∈Ω xVdzD
x

xfP a
z

m

j

m

k kmj

kmj

da
a

z
n ν

ν
ν

ν ϕ
πϕ

πϕϕ
ϕ  

Setting      
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( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ,:,
0 0 0 ,

, zDxxzxH a
z

m

j

m

k kmj

km
j

a
m ν

ν

ν
ν ϕ

πϕ
πϕ

ϕϕ∑ ∑ ∑
∞

= = = ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−=  

it is enough to show, that, for any ∈a n2
0N with da ≤ and any 0>ε , there exists a ( )ε,aMM =  

such that  

( ) ( ) ε<zxH a
m , , 

for any ,0≥m  every Ω∈z  and almost all Ω∈x . Since 

( ) ( )
( ) ( )xx

m

k kmj

km
m

j
jm ν

ν ϕ
πϕ
πϕ

ϕ =∑∑
==

∞→
0 ,

,

0
lim for almost all Ω∈x , 

it suffices to obtain the uniform convergence on Ω  of the series ( ) ( )⋅,xH a
m , whenever Ω∈x , 0≥m  

and ∈a n2
0N  with da ≤ . But, this is true because of Property ( )dC . In fact, for each Ω∈x  fixed, 

each 0≥m and each ∈a n2
0N  fixed ( da ≤ ), we have 

( ) ( ) ( )
( )

( ) ( )⋅
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−∑ ∑ ∑
∞

= = =
ν

ν

ν
ν ϕ

πϕ
πϕ

ϕϕ a
z

m

j

m

k kmj

km
j Dxx

0 0 0 ,

,  

                              ( ) ( ) ( ) ( ) ( )
( )

( ) ( )⋅−⋅= ∑∑∑∑
=

∞

= =

∞

=
ν

ν

ν
ν

ν
ν ϕ

πϕ

πϕ
ϕϕϕ a

z

m

k kmj

km
m

j
j

a
z DxDx

0 ,

,

0 00
 

 = ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )⋅−⎟
⎠

⎞
⎜
⎝

⎛
⋅ ∑∑∑∑

∞

===

∞

=
ν

ν
ν

ν
νν ϕπϕ

πϕ
ϕϕϕ a

zkm

m

k kmj

m

j
j

a
z DxxD

0
,

0 ,00

1
 

 = ( ) ( ) ( ) ( )
( ) ( ) ( )⎟

⎠

⎞
⎜
⎝

⎛
⋅−⋅ ∑∑∑

∞

===
Ω

0
,

0 ,0

1,
ν

νν πϕϕ
πϕ

ϕ km
a

z

m

k kmj

m

j
j

a
z DxxKD  

 = ( ) ( ) ( ) ( )
( ) ( ) ,,1, ,

0 ,0
km

a
z

m

k kmj

m

j
j

a
z KDxxKD π

πϕ
ϕ ⋅−⋅ Ω

==
Ω ∑∑  
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with uniform convergence on Ω  of any series participating in the above equalities. This proves the 

Theorem. 

 

 

 

3.5.2. Numerical Examples 
Example 3.5.3. It is well known that the function 

( ) ta
a etf = ( ππ <<− t and )0≠a , 

has the following Fourier series representation 

Fa(t)= ( ) ( )
⎥
⎦

⎤
⎢
⎣

⎡
−

+
−

+
−

= ∑
∞

=

−

))sin()cos((1
2
1

1
22 vtvvta

aa
eetF

aa

a
ν

νππ

νπ
 

on the interval ππ <<− t . It holds 

( ) ( )tFtf aa = for any ( ) .,ππ−∈t  

(However,  

( ) ( ) ( )πππ π ±=≠=± ±
a

a
a feaF cosh  

and therefore we must consider the following −π2 periodic extension of af  on [ ]ππ ,− : 

π
ππ

π ±=
<<−

⎪⎩

⎪
⎨
⎧

=
t

t
if
if

a
e

tf
ta

a ),cosh(
,

)(~
 

and then approximate )(~ tf a in the Padé-type sense.) Evidently, for every ( )ππ ,−∈t , we have 

( ) ( ) ( )
⎥
⎦

⎤
⎢
⎣

⎡
−

+
−

+
−

=== ∑
∞

=

−

))sin()cos((1
2
1

1
22 vtvvta

aa
eetFetf

aa

a
ta

a
ν

νππ

νπ
 

( ) ( )
( )

( ) ( )
( )

ivt
aa

ivt
aaaa

eiva
a
eeeiva

a
ee

a
ee −

∞

=

−∞

=

−−

−
+
−−

++
+
−−−

= ∑∑ )(
2
1)(

2
1

2 1
22

1
22

ν

ππν

ν

ππνππ

νπνππ
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( ) ( )( )
( )

ivt
aa

e
a

iaee∑
∞

−∞=

−

+
+−−

=
ν

ππν

νπ
ν

222
1 ( or 

( ) ( )
( ) ) .

2
1 ti

aa

e
ia
ee ν

ν

ππν

νπ∑
∞

−∞=

−

−
−−

=  

Define the C-linear functional 
afT :P(C)→C associated with f  by 

( ) .,...2,1,0
)(2

)()()1(:)( 22
)( =

+
+−−

==
−

ν
π

ππ

av
ivaeecxT

aav
a

v
v

fa
 

Given any matrix 

( )
mkmkm ≤≤≥

=Μ
0,0,π  

with complex entries Dkm ∈,π (⇔ 1, <kmπ ), then, for any 0≥m , a Padé-type approximant to 

( )tf a  is a function 

         ( ) ( )( ) ( )ati
mff cexQTtmm

aa 0,Re2)1/Re −=+  

)(
0

1

11

)(

)()(
.

Re.2 a
it

m

it
m

it
m

f
it

c
eV

xe
xVeV

Te
a

−

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

= −
+

−
+

−
+−

 

where ( )ti
m exQ ,  is the unique interpolation polynomial of ( ) 11 −

− tixe  at 

( ) ( ) ( )ti
mm

ti
m

ti
m eee ,,...,,,, ,1,0, πππ  and where  

( ) ( )∏
=

+ −=
m

k
kmm xxV

0
,1 : πγ  

is the generating polynomial of this approximation ( ∈γ C { }0− ). For information about Padé-
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type approximation to a −π2 periodic −2L function, one may consult [43]. 

 

We will consider several different cases. 
(a). Choose 4=m  and ;04,43,42,41,40,4 ===== πππππ  then 

• ( ) ,5
5 xxV =  

• 
( ) ( ) ( )titititi

f
ti

it

ti

f
ti exeexexxTe

xe
xVeV

Te
aa

43223455 −−−−−
−

−
− ++++=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−
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( ))(
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a
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3
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)( 4
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, 
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5

titi eeV −− =  
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Since 

( ){ } ( ) ( ) ( ){ } ( ) ( ),3sin33cos3Re,4sin44cos4Re 34 ttaeiattaeia titi −=+−=+  

and 

( ){ } ( ) ( ) ( ){ } ,sincosRe,2sin22cos2Re 2 ttaeiattaeia titi −=+−=+  

it follows that 
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In other words, if 4=m  and 04,43,42,41,40,4 ===== πππππ , then the  

Padé-type approximant ( ) ( )t
af5/4Re  is nothing else than the trigonometric polynomial formed 

by summing exactly the first five terms in the Fourier series ( )tFa  of ( )tf a . Unfortunately, this 

choice is not very successful because of the failure of the corresponding approximation in some 

trivial (but characteristic) cases. If, for example, 0=t , then 
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and for 1=a  we obtain  

( ) ( ) 0116.505/4Re
1

≈f  (while in such a case ( ) 101 =f ). 

Similarly, for 1−=a ,  
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and,for 1=a , we have 

( ) ( ) [ ]
756617.3

5.01830127.04464101.01.01743589.03521621.715/4Re
1

=

++−+≈f (while in 

such a case ( ) 7182818.211 ≈= ef ). 

(b). Choose 3=m  and .
2

,0 3,32,31,30,3
i

−==== ππππ  Then 

• ( ) ,
2

3
4

4
xixxV +=  

• ⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
++⎥⎦

⎤
⎢⎣
⎡ ++=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−
− −

−−−
−

−
− xeiexiexTe

xe
xVeV

Te
it

itit
f

it
it

it

f
ti

aa 22
)()( 22344  

⎟⎟
⎠

⎞
⎥
⎦

⎤
⎢
⎣

⎡
++

−
−

2

2
3

ti
it eie  

⎟⎟
⎠

⎞
⎥
⎦

⎤
⎢
⎣

⎡
++⎥

⎦

⎤
⎢
⎣

⎡
++⎜⎜

⎝

⎛
⎥⎦
⎤

⎢⎣
⎡ ++=

−
−

−
−−− )(

0

2
3)(

1
2)(

2
)(

3 222
a

it
ita

it
itaitati CeieCeieCieCe  

ititit
aa

e
a
ai

a
iae

a
ia

a
i

a
eee

⎥⎦
⎤

⎢⎣
⎡

+
−

+
+
+

+⎥⎦
⎤

⎢⎣
⎡

+
+

−⎜⎜
⎝

⎛
+⎥⎦

⎤
⎢⎣
⎡−

= −
−

222
4

22
1

4
2

12
1

2π

ππ

 

,
28

2
9

3 3
22 ⎟⎟

⎠

⎞
⎥⎦
⎤

⎢⎣
⎡

+
+−

+⎥⎦
⎤

⎢⎣
⎡

+
−−

+ ite
a
ai

a
ia

 

• ( ) .
2

14
4 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+= −−

ti
titi eieeV  

Therefore, 

( ) ( )
π

ππ aa

f
eet

a

−−
=4/3Re

⎪
⎪
⎩

⎪⎪
⎨

⎧

⎜
⎜
⎜
⎜

⎝

⎛

+

⎥⎦
⎤

⎢⎣
⎡

+
−

+
+
+

+⎥⎦
⎤

⎢⎣
⎡

+
+

−+⎥⎦
⎤

⎢⎣
⎡

2
1

22
1

4
2

12
1

Re

2
222

it

itit

ei

e
a
ai

a
iae

a
ia

a
i

a
 



PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES  N.J.DARAS 

 

386 
HELLENIC ARMS CONTROL CENTER PUBLISHING 

published on line as an e‐book in 2007 

www.armscontrol.info 

 

.
2
1

2
1

28
2

9
3 3

22

⎪
⎪
⎭

⎪⎪
⎬

⎫

−
⎟
⎟
⎟
⎟

⎠

⎞

+

⎥⎦
⎤

⎢⎣
⎡

+
+−

+
+
−−

+
aei

e
a
ai

a
ia

ti

ti

 

Let us give a more explicit form for ( ) ( ).4/3Re t
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⎠
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In particular, for 1=a  there holds 
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π

ππ
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1

−−
−
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t
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{ } ,4sin63cos123sin82cos142sin8cos17sin915 ttttttt −−++−−+  

and if 0=t , then  

( ) ( ) 004/3Re
1

=f  (while ( ) 101 =f ). 

If 1=t , then  
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( ) ( ) 4068037.814/3Re
1

≈f  (while ( ) 7182818.211 ≈= ef ). 

As in the preceding case, these disappoint approximate results attest the failure of the choice  
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(c). Let 3=m . We choose the zeros of the Tchebycheff polynomials 

( ) ( )XArcmXC m coscos=ΗΤ  

divided by π  as interpolation nodes, i.e. ⎥⎦
⎤

⎢⎣
⎡ +

= π
π

π
7

12cos1
,3

k
k : 

,
7

cos1
0,3

π
π

π = ,
7

3cos1
1,3

π
π

π = ,
7

5cos1
2,3

π
π

π = .cos1
3,3 π

π
π =  

Then, 

• ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−≈

ππππ
16234898.012225209.019009688.01

4 xxxxxV  

,012.0067.0318.0282.0 234 +−−+= xxxx  

• ( ) ( )titititititi eeeeeeV 4324
4 012.0067.0318.0282.01 +−−+≈ −−  

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

= −

−

−

−

xe
xVeV

T
eV

e
it

it

fit

it

a

)()(
)(

44

4

( 23

4

]282.0[
)(

xexT
eV

e it
fit

it

++ −
−

−

 

])037.0318.0282.0[]318.0282.0[ 232 −−++−++ −−−−− tititititi eeexee  

itititit

itit

eeee
eccceccc

432

2
012010

012.0067.0318.0282.01
]318.0282.0[]282.0[

+−−+
−++++

=  

titititi

ti

eeee
ecccc

432

3
0123

012.0067.0318.0282.01
]067.0318.0282.0[

+−−+
−−+

+  

=
π

ππ

2

aa ee −−
 



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

389 

 

⎪
⎪
⎩

⎪⎪
⎨

⎧

+−−+

⎥⎦
⎤

⎢⎣
⎡ −

+
−

−
+
+

+⎥⎦
⎤

⎢⎣
⎡ +

+
+

−+

titititi

titi

eeee

e
aa

ia
a

iae
aa

ia
a

432

2
222

012.0067.0318.0282.01

1318.0
1

282.0
4

21282.0
1

1

 

.
012.0067.0318.0282.01

1067.0
1

318.0
4

2282.0
9

3

432

3
222

⎪
⎪
⎭

⎪⎪
⎬

⎫

+−−+

⎥⎦
⎤

⎢⎣
⎡ −

+
+

+
+
−

+
+
+

−
+ titititi

ti

eeee

e
aa

ia
a

ia
a

ia

 

It follows that 
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In particular, for 1=a , there holds 
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Thus, 

 if 0=t , 

then 

( ) ( ) 9455091.004/3Re
1

≈f (, while ( ) 10 0
1 == ef ); 

 if 1=t , 

then 

( ) ( ) 8227598.214/3Re
1

≈f (, while ( ) 7182818.211 ≈= ef ); 

 if et = , 

then 
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( ) ( ) 968062.154/3Re
1

≈ef (, while ( ) 154261.151 ≈= eeef ). 

(However, if 3=t , then 

( ) ( ) ,6652958.734/3Re
1

≈f while ( ) ,6522335.53 3
1 == ef  

and if 
2
π

=t , then  

( ) ,7613728.5
2

4/3Re
1

≈⎟
⎠
⎞

⎜
⎝
⎛π

f while .810477.4
21 =⎟
⎠
⎞

⎜
⎝
⎛ πf ) 

 

(d). The above choice of the interpolation nodes (i.e.,  

3,2,1,0,
7

12cos1
,3 =⎥⎦

⎤
⎢⎣
⎡ +

= kk
k π

π
π ) 

seems to be satisfactory at least for the case .1=a  However, if ,1−=a  then  

( ) ( ) 4191897.804/3Re
11

≈
−f

 (while ( ) 10 10
1 ≈= −
− ef ) 

and if 2=a  then  

( ) ( ) 407038.6004/3Re
2

≈f  (while ( ) 102 =f ). 

On the other hand, for relative choices of the interpolation nodes, the corre- 

sponding approximations are not very successful.  

If, for example, 3=m  and k,3π  are simply the zeros of the Tchebycheff  

polynomials ( ) ( )XArcXC cos3cos3 =ΗΤ  on ],[ ππ− , i.e.  

( )3,2,1,0
7

12cos,3 =⎥⎦
⎤

⎢⎣
⎡ +

= kk
k ππ , 

then 

( ) ( ) 2760657.104/3Re
1

−≈f  (while ( ) 101 =f ). 
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Ιf 2=m , and  

00,2 =π , ππ
5
3

1,2 =  and ππ
5
3

2,2 = , 

then  

( ) ( ) 1242233.403/2Re
1

=f  (while ( ) 101 =f ). 

Ιf 4=m  and ( )4,3,2,1,0,4 =kkπ  are the zeros of the Legendre polynomial  

( ) xxxxGL 4325
5 105

311
9
38 ππ −+=Ε  

on [ ]ππ ,− , then  

( ) ( )t
af5/4Re

22 )4sin5165.2882sin6716.41()4cos5165.2882cos6716.411(
1

tttt
ee aa

−+−+
−

=
−

π

ππ

     

⎩
⎨
⎧

⎥⎦
⎤

⎢⎣
⎡

+
−

+
− 22 16

516.288
4

288.119811256.84979
a

a
a

a
a

 

t
aa

t
aa

cos
9

1845.246
1

176.10243sin
9

1564.990
1

1815.13718 2222 ⎥⎦
⎤

⎢⎣
⎡

+
+

+
+⎥⎦

⎤
⎢⎣
⎡

+
+

+
+  

⎢⎣
⎡

+
+−+⎥⎦

⎤
⎢⎣
⎡

+
−

+
−+ 222 4

011.14491576.239622sin
16

1686.166
4

14052088
a

a
a

t
aa

t
a

a 2cos
16

671.41 2 ⎥⎦
⎤

+
+  

t
a

a
a

at
aa

3cos
91

85.2463sin
9

13
1

118.330 2222 ⎥⎦
⎤

⎢⎣
⎡

+
−

+
+⎥⎦

⎤
⎢⎣
⎡

+
+

+
+  

⎭
⎬
⎫

⎥⎦
⎤

+
+⎢⎣

⎡
+

+−+⎥⎦
⎤

⎢⎣
⎡

+
−

+
−+ t

a
a

aa
t

aa
4cos

164
16716.411033.5774sin

4
1343.83

16
14 2222
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a
ee aa

π

ππ

2

−−
−  

(see [43]). So for 1=a  and 0=t  we have  

( ) ( ) 0601491.405/4Re
1

=f (while ( ) 101 =f  ). 

For 1−=a  and 0=t  we have  

( ) ( ) 0601421.405/4Re
1

=
−f

 (while ( ) 101 =−f ). 

But, for 2=a  and 0=t  there holds  

( ) ( ) 084848.4705/4Re
2

=f (while ( ) 102 =f ). 

 

(e). After these comments, it is obvious that the existence of the real parameter 0≠a  may cause 

various perturbations in the behavior of our approximants and, for this reason, the investigation of 

a more efficacious and general conception is legitimate. 

Without loss of generality, we will assume that  

.∞<< Aa  

Since ,π<t  our starting point will be the consideration of the analytic function 

( ) ( )→Δ×Δ π,0,0: 11 Af C: ( ) ( ) .:,, 21
2121

zzezzfzz =a  

Obviously,  

( ) ( )tfetaf a
ta ==, for every ( )AAa ,−∈  and for every ( )ππ ,−∈t  

and hence, the approximation in the generalized Padé-type sense of the complex-valued function 

f gives several particular results for every real-valued function :af Since 

∈f OL2( ( ) ( )π,0,0 11 Δ×Δ A ), we can also write 

( ) ( )21
),0(),0(

21 ,,
11

ζζ
π

fzzf
A
∫
Δ×Δ

= )),(),,(( 2121),0(),0( 11 zzK A ζζ
πΔ×Δ

( )21 ,ζζdV  
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for any ( ) ( ) ( )π,0,0, 11
21 Δ×Δ∈ Azz , where 

),0(),0( 11 πΔ×Δ AK  is the Bergman kernel function on 

( ) ( )π,0,0 11 Δ×Δ A , i.e. 

)),(),,(( 2121),0(),0( 11 zzK A ζζ
πΔ×Δ 2

22
22

11
22 ).()(

1
zzA

A
ζπζ

π
π −−

=  

(see Theorem 3.2.2), and where ( )21 ,ζζdV  is the volume form of C2, that is 

( ) 1

2

21 2
1, ζζζ ddV ⎟
⎠
⎞

⎜
⎝
⎛= ∧ 1ζd ∧ 2ζd ∧ .2ζd  

As it is well known an orthonormal basis for OL2( ( ) ( )π,0,0 11 Δ×Δ A ) is the set of monomials 

( ) ( )
( ) .,...2,1,0,...,2,1,0:, 21212121

,0,0

2121

11 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

==
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∫
Δ×Δ

jjdV jjjj

A

ζζζζζζ
π

 

If 111 yix +=ζ  and ,222 yix +=ζ  then 

                 ( ) 1

2

21 2
1, ζζζ ddV ⎟
⎠
⎞

⎜
⎝
⎛= ∧ 1ζd ∧ 2ζd ∧ 2ζd  

                     =
4
1 [ ] [ ] [ ] [ ]( )22221111 idydxidydxidydxdyidx −∧+∧−∧+  

                     = [ ] [ ]( )222211114
1 dxidydyidxdxidydyidx ∧+∧−∧∧+∧−  

                    = [ ] [ ]( )2211 22
4
1 dydxidydxi ∧−∧∧−  

                    = ,2211 dydxdydx ∧∧∧  

and therefore 

[ ] [ ] 22
2
2

2
211

2
1

2
121

2
21

),0(),0(

2

22
2

2
2

1

22
1

2
1

21

11

),(|| dydxyxdydxyxdV j

yx

j

Ayx

jj

A

∧+∧+= ∫∫∫
<+<+Δ×Δ ππ

ζζζζ
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[ ] [ ]
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−= ∫∫∫

<+
1

22
1

22
1

1

0
11

22
1

22
1

1

0
1

11

22
2

2
2

dydttytxtxdxdttytxtyd jj

Ayx

 

[ ] [ ]
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+− ∫∫∫

<+
2

22
2

22
2

1

0
22

22
2

22
2

1

0
2

22

22
2

2
2

dydttytxtxdxdttytxtyd jj

yx π

 

(by the Proof of Poincaré’s Lemma) 

[ ] [ ]
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
+

+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
+

−= ∫
<+

1
1

2
1

2
1

11
1

2
1

2
1

1 2222

11

22
1

2
1

dy
j

yx
xdx

j
yx

yd
jj

Ayx

 

[ ] [ ]
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
+

+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
+

−∫
<+

2
2

2
2

2
2

22
2

2
2

2
2

2 2222

21

22
2

2
2

dy
j

yx
xdx

j
yx

yd
jj

yx π

 

[ ] [ ]
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
+++−

= ∫
=+

22 1

1
2
1

2
111

2
1

2
11

11

22
1

2
1

j
dyyxxdxyxy jj

Ayx

 

[ ] [ ]
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
+++−

∫
=+

22 2

2
2
2

2
222

2
2

2
22

22

22
2

2
2

j
dyyxxdxyxy jj

yx π

 

(by Stokes’ Formula) 

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
+−

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+
+−

++
= ∫∫

=+=+

++

2
2

2
2

2222
2
1

2
1

1111

21

2222

22
2

2
2

22
1

2
1

21

)22()22( yx
dyxdxy

yx
dyxdxy

jj
A

yxAyx

jj

π

π
 

.
)1()1( 21

5232 21

++
=

++

jj
A jj π  

It follows that an orthonormal basis for OL2( ( ) ( )π,0,0 11 Δ×Δ A ) is the set of monomials 

( ) .,...2,1,0,...,2,1,0:
11

, 212121
21

21,
21

2121 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

==
++

=
++

jjzz
AA

jj
zz jj

jjjj ππ
ϕ  
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The Fourier series expansion of ( ) 21
21 , zzezzf =  with respect to this basis is  

given by 

( ) ( ) ( )∑
∞

=

==
0,

21,,21
21

2121

21 ,,
jj

jj
f

jj
zz zzaezzf ϕ  

with 

=)(
, 21

f
jja ),( 21

),0(),0( 11

ζζ
π

f
A
∫
Δ×Δ

).,(),( 2121, 21
ζζζζϕ dVjj  

From the uniqueness of the Taylor series expansion for ( ) 21
21 , zzezzf = , it follows that 

=)(
, 21

f
jja ( ) .0,0

!!11 21
2121

21 21

≥≥
++

++

jj
jjjj

AA jj ππ
 

Thus, an orthonormal basis for OL2( ( ) ( )π,0,0 11 Δ×Δ A ) is the set 

( ) ,,...2,1,0,...,2,1,0:
11

, 212121
21

21,
21

2121 ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

==
++

=
++

jjzz
AA

jj
zz jj

jjjj ππ
ϕ  

and the sequence of Fourier coefficients of f  with respect to this basis is the set 

{ =)(
, 21

f
jja

!!11 2121

21 21

jjjj
AA jj

++

++ ππ
; },...2,1,0,...,2,1,0 21 == jj . 

Consider now the infinite array: 

.........................................
...
...
...
...

3,32,31,30,3

3,22,21,20,2

3,12,11,10,1

3,02,01,00,0

ϕϕϕϕ
ϕϕϕϕ
ϕϕϕϕ
ϕϕϕϕ

 

The array contains all the elements of the basis. As indicated by the arrows, these elements can be 

arranged in a sequence: 



N.J.DARAS  PADÉ‐TYPE APPROXIMATION TO FOURIER SERIES 

 

HELLENIC ARMS CONTROL CENTER PUBLISHING 
published on line as an e‐book in 2007 

www.armscontrol.info 

397 

 

,...:,:,:,:,:,:,:,: 1,270,362,051,140,231,020,110,00 ϕϕϕϕϕϕϕϕϕϕϕϕϕϕϕϕ ========  

Indicatively, we observe that the first ten elements of this sequence are 

( ) ,, 2
5

2
3

210

−−
= πϕ Azz  

( ) ,2, 1
2
5

2
5

211 zAzz
−−

= πϕ  

( ) ,2, 2
2
7

2
3

212 zAzz
−−

= πϕ  

( ) ,3, 2
1

2
5

2
7

213 zAzz
−−

= πϕ  

( ) ,2, 21
2
7

2
5

214 zzAzz
−−

= πϕ  

( ) ,3, 2
2

2
9

2
3

215 zAzz
−−

= πϕ  

( ) ,2, 3
1

2
5

2
9

216 zAzz
−−

= πϕ  

( ) ,6, 2
2
1

2
7

2
7

217 zzAzz
−−

= πϕ  

( ) ,6, 2
21

2
9

2
5

218 zzAzz
−−

= πϕ  

( ) .2, 3
2

2
11

2
3

219 zAzz
−−

= πϕ  

Similarly, the Fourier coefficients )(
, 21

f
jja of f  can be arranged in a sequence: 

)(
0,0

)(
0 : ff aa = , )(

0,1
)(

1 : ff aa = , )(
1,0

)(
2 : ff aa = , )(

0,2
)(

3 : ff aa = , )(
1,1

)(
4 : ff aa = , )(

2,0
)(

5 : ff aa = , 

)(
0,3

)(
6 : ff aa = ... 

Indicatively, the first ten elements of this sequence are 

,2
5

2
3

)(
0 πAa f =  
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2

2
5

2
5

)(
1

πAa f = , 

2

2
7

2
3

)(
2

πAa f = , 

32

2
5

2
7

)(
3

πAa f = , 

2

2
7

2
5

)(
4

πAa f = , 

32

2
9

2
3

)(
5

πAa f = , 

12

2
5

2
9

)(
6

πAa f = , 

62

2
7

2
7

)(
7

πAa f = , 

62

2
9

2
5

)(
8

πAa f = , 

12

2
11

2
3

)(
9

πAa f = . 

For any 0≥m , choose a finite set of pair-wise distinct points 

( ) ( ) ( ){ }⊂=== )2(
,

)1(
,,

)2(
1,

)1(
1,1,

)2(
0,

)1(
0,0, ,,...,,,, mmmmmmmmmmmm πππππππππ ( ) ( )π,0,0 11 Δ×Δ A , 

in such a way that the determinant 
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( )[ ]
jkkmj ,,det πϕ =

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )mmmmmmm

mmmm

mmmm

,,1,0

1,1,11,0

0,0,10,0

...
................................................

...

...

πϕπϕπϕ

πϕπϕπϕ
πϕπϕπϕ

 

is different from zero.  

If mj ≤ , we set 

)(

)),(),,((
:),(

,

)2(
,

)1(
,21)(0, A)(0,

0
21

)( 11

kmj

kmkmm

k

m
j

zzK
zzc

πϕ

ππ
πΔ×Δ

=
∑=  

( ) ( ) ( )
.

,

2
)2(

,2
2

2
)1(
,1

20
kmjkmkm

m

k zzA

A

πϕππππ −−
= ∑

=

 

The sum 

( ) ( ) ( ) ),(:,/ 21
)(

0
21 zzcazzmGPTA m

j

m

j

f
jf ∑

=

=  

  = ( )

( ) ( ) ( )kmjkmkm

m

k

m

j

f
j

zzA
aA

,

2
)2(

,2
2

2
)1(
,1

200 ..

1

πϕππππ −−
∑∑
==

 

is then a generalized Padé-type approximant to the complex-valued function  

( ) 21
21 , zzezzf =  

into the bounced open ( ) ( )π,0,0 11 Δ×Δ A ⊂C2. 

If, for example, 5=m , then there holds 

( ) ( )21 ,5/ zzGPTA f  

( ) ( ) ( ) ( ) ⎪⎭
⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−−
++

−−
= 2

)2(
5,52

2
2

)1(
5,51

2
2

)2(
0,52

2
2

)1(
0,51

2

44 1...1

ππππππ
π

zzAzzA
A  
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( ) ( ) ( ) ( ) ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−−
++

−−
+

)1(
5,5

2
)2(

5,52
2

2
)1(
5,51

2)1(
0,5

2
)2(

0,52
2

2
)1(
0,51

2

46 1...
.

1
2 ππππππππ

π

zzAzzA

A
 

( ) ( ) ( ) ( ) ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−−
++

−−
+

)2(
5,5

2
)2(

5,52
2

2
)1(
5,51

2)2(
0,5

2
)2(

0,52
2

2
)1(
0,51

2

64 1...1
2 ππππππππ

π

zzAzzA

A

( ) ( ) ( ) ( ) ( ) ( ) ⎪⎭
⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−−
++

−−
+ 2

)1(
5,5

2
)2(

5,52
2

2
)1(
5,51

2
2

)1(
0,5

2
)2(

0,52
2

2
)1(
0,51

2

48 1...1
6 ππππππππ

π

zzAzzA

A

( ) ( ) ( ) ( ) ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−−
++

−−
+

)2(
5,5

)1(
5,5

2
)2(

5,52
2

2
)1(
5,51

2)2(
0,5

)1(
0,5

2
)2(

0,52
2

2
)1(
0,51

2

66 1...1
4 ππππππππππ

π

zzAzzA

A

( ) ( ) ( ) ( ) ( ) ( ) ,1...1
6 2

)2(
5,5

2
)2(

5,52
2

2
)1(
5,51

2
2

)2(
0,5

2
)2(

0,52
2

2
)1(
0,51

2

84

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−−
++

−−
+

ππππππππ

π
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As it pointed out in Paragraph 3.2.3, the best choice of the interpolation points  
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∈5,54,53,52,51,50,5 ,,,,, ππππππ ( ) ( )π,0,0 11 Δ×Δ A  

is an open and difficult optimization problem of several complex variables. However, in order to 

appreciate the effectiveness of the generalized Padé-type method, let us give a typical result about 

the approximation of the real function  

( ) ( ) .0≠= aetf ta
a  

Of course ( ) ( )taftf a ,=  and in practice we can always take  

.aA =  

If 0,0 >> ζε and 0>δ  are very small, then, by choosing 

0)1(
,5 ≈kπ  and ( )5,4,3,2,1,0)2(

,5 =≈ kk ππ  

such that 
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we have 

( ) ( ) 2
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for any 0≠a , which implies that 

( ) ( ) ( ) ,00,5/ af faGPTA ≈ for any .0>a  

(Here, the function :Log C ] )→∞− 0, C denotes the principal branch of the logarithm, that is  

,arglog: zizLogz +=  with .arg ππ <<− z ) 

Furthermore, under the same constraint and if 
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or explicitly if 
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[ ][ ] } ,06 2)2(
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then the Fourier series expansion of ( ) ( )21,5/ zzGPTA f  with respect to the basis  

( ) ( ){ },...,,, 211210 zzzz ϕϕ  

matches the Fourier series expansion of ( )21 , zzf  (with respect to the same basis) up to the 

( )thm 1+ term. In such a case, the function ( ) ( )21 ,5/ zzGPTA f  is a Padé-type approximant to 

the Fourier series of ( )21 , zzf  with generating system  
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{ },,,,,, 5,54,53,52,51,50,5 ππππππ  

or simply a Padé-type approximant to ( )21 , zzf . 

Example 3.5.4. For any ∈a R, let af  be the real-valued function 

( ) ( )attf a sinh= ( ∈t R). 

The Fourier series ( )tFa  of af  into ( )ππ ,−  is given by 
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Consider the C-linear functional 
af

T  associated with af : 
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T :P(C)→C ( ) ( )

⎪
⎩

⎪
⎨

⎧

=
+

−

=
==

,...2,1,
)(

)sinh()1(
0,0

:
22 vif

av
avi

vif
cxTx va

fa

π
πν

νν a  

If  

( )
mkmkm ≤≤≥

=Μ
0,0,π  

is a complex infinite triangular matrix, then, for any 0≥m , a Padé-type approximant to ( )tf a  is 

a function 
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where  
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,1 πγ  
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is the generating polynomial of this approximation ( ∈γ R { }0− ) (see[43]). 

(a). If 3=m  and ,03,32,31,30,3 ==== ππππ  then 

• ( ) 4
4 xxV =  

and 
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Hence, 

 

a  21  2  

t  ( )tf 21  ( ) ( )tf 21
4/3Re  ( )tf 2  ( ) ( )tf2

4/3Re  

0  0  0  0  0  

6
π

−  -0.2648002 -0.2954575 -1.249367 -19.476309 

5
π

 0.3193525 0.308832 1.614488 16.920309 

4
π

 0.4028703 0.3025888 2.3012989 9.3066229 

3
π

 0.5478534 0.2660742 3.9986913 -7.3807882 

2
π

 0.8686709 0.4436537 11.548739 -5.2446673 
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At first glance, the numerical results in the above table show the insufficiency of our choice (at 

least for 2=a ). However, for m  enough large and  

,0... ,0, === mmm ππ  

the corresponding Padé-type approximation coincides with the partial sum of the first m  terms of 

( )tFa  and therefore his effectiveness is given and encouraging. 
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3
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It follows that (see[43]) 

 

a  21  2  

t  ( )tf 21  ( ) ( )tf 21
4/3Re   ( )tf 2  ( ) ( )tf2

4/3Re  

0  0  0  0  0  

6
π

−  -0.2648002 -0.2773082 -1.249367 -2.0063189 

5
π

 0.3193525 0.3317165 1.614488 2.1108546 

4
π

 0.4028703 0.4127542 2.3012989 2.0641907 

3
π

 0.5478534 0.7364422 3.9986913 1.6883143 

2
π

 0.8686709 0.8430904 11.548739 3.4292061 

 

 

These results seem to be enough successful (at least for the case 
2
1

=a ). But, on the other hand, 

some unexpected difficulties appear: if, for example, 3−=a  then 
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( ) 194418.25
4

4/3Re
3

=⎟
⎠
⎞

⎜
⎝
⎛

−

π
f  while ,2279719.5

43 −=⎟
⎠
⎞

⎜
⎝
⎛

−
πf  

( ) 0744719.2
3

4/3Re
3

=⎟
⎠
⎞

⎜
⎝
⎛

−

π
f  while ,548739.11

33 −=⎟
⎠
⎞

⎜
⎝
⎛

−
πf  

etc.  

Obviously, the variation of the real parameter a may cause spectacular pertur- 

bations in the behavior of our approximants and, therefore, we must seek for a more satisfactory 

approximation in the generalized Padé-type sense. 

(c). Assume that ∞<< Aa  and consider the analytic function 

( ) ( )→Δ×Δ π,0,0: 11 Af C: ( ) ( ) ( ) .,sinh:, 212121 zzzzfzz =a  

It is clear that ∈f OL2( ( ) ( )π,0,0 11 Δ×Δ A ) and ( ) ( )tftaf a=,  for every ( )AAa ,−∈  and 

( ) .,ππ−∈t  

As it showed in Example 3.5.3.(e), an orthonormal basis for OL2( ( ) ( )π,0,0 11 Δ×Δ A ) is 

the set of monomials 

( ) .,...2,1,0,...,2,1,0:
11

, 212121
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21,
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⎪
⎬
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⎨
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==
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=
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jjzz
AA

jj
zz jj

jjjj ππ
ϕ  

The elements of this basis can be easily arranged in a sequence as follows: 

,...:,:,:,:,:,:,:,: 1,270,362,051,140,231,020,110,00 ϕϕϕϕϕϕϕϕϕϕϕϕϕϕϕϕ ========  

With this arrangement, the first six elements of this sequence are 

( ) ,, 2
5

2
3

210

−−
= πϕ Azz  

( ) ,2, 1
2
5

2
5

211 zAzz
−−

= πϕ  
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( ) ,2, 2
2
7

2
3

212 zAzz
−−

= πϕ  

( ) ,3, 2
1

2
5

2
7

213 zAzz
−−

= πϕ  

( ) ,2, 21
2
7

2
5

214 zzAzz
−−

= πϕ  

( ) .3, 2
2

2
9

2
3

215 zAzz
−−

= πϕ  

Further, the Fourier coefficients of f  with respect to this basis are the successive 

elements of the set 

( ) ( ) .,...2,1,0,...,2,1,0:
11!!2
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a
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These coefficients can be arranged in a sequence 

)(
0,0

)(
0 : ff aa = , )(

0,1
)(

1 : ff aa = , )(
1,0

)(
2 : ff aa = , )(

0,2
)(

3 : ff aa = , )(
1,1

)(
4 : ff aa = , )(

2,0
)(

5 : ff aa = , 

)(
0,3

)(
6 : ff aa = ... 

The first six elements of this sequence are the numbers 

,0)(
0 =fa  

2

2
5

2
5

)(
1

πAa f = , 

0)(
2 =fa , 

0)(
3 =fa , 
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2

2
7

2
5

)(
4

πAa f = , 

.0)(
5 =fa  
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is then a generalized Padé-type approximant to the complex-valued function 
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and indicatively we have 
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However and in spite of these promising results, the best choice for the inter- 

polation points  
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remains a central, open and difficult optimization problem of several complex variables. 
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Open Questions 
 The Theory of Padé and Padé-type approximation to Fourier series has developed in 

various directions and presently is far from complete. In this Section, I have included a collection 

of general open problems in the hope that this may be one way to get them solved. Some of these 

look simple. The fact that they are unsolved shows quite clearly that we have barely begun to 

understand what really goes on this area of Approximation Theory, in spite of progress that has 

been made. 

 In the one variable setting, the algebraic properties of the approximants remain to be 

studied, as well as the existence and determination of (feasible) best interpolation points.  

 The algorithmic part should be similarly used. Some generalizations are also of interest, 

the most important of which seems to be the non-periodic case.  

 The development of powerhouse techniques like integral representations managed to cut us 

off from the roots of rational approximation. However, consideration of (composed) Padé-type 

operators may lead to considerable functional analytic questions. For example, given any 

operator  

( ) ( ),: 22 CLCL →Λ  

does there exist an infinite triangular interpolation matrix such that the corresponding sequence 

of (composed) Padé-type operators converges to Λ  with respect to some topology? (see Chapter 

2, Section 2.2.) We also emphasize to the theoretical and practical importance of the Padé-type 

approximation to the study of integral equations, by means of Padé-type approximate equations 

(see Introduction of Chapter 2, page 165). 

In the multidimensional case, there are several open theoretical problems. 
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 First, a complete knowledge of the Bergman kernel  for  an  open  bounded  set ⊂Ω Cn is 

indispensable for a detailed description of generalized Padé-type approximants to analytic 

−2L functions in Ω . The best choice of the orthonormal basis for OL2 ( )Ω  and of the generating 

systems in Ω  is also a general and difficult problem. Further, in analogy to the one variable case, 

a fundamental functional analytic question is to know if, for every operator  

:Λ OL2 ( )Ω →OL2 ( )Ω , 

one can find an orthonormal basis for OL2 ( )Ω  and generating systems in Ω  such that the 

corresponding sequence of generalized Padé-type operators for OL2 ( )Ω  converges to Λ  with 

respect to some topology. 

 Second, the extension and study of classical or −pL Markov’s inequalities into more 

general families of compact subsets of Cn is the component key for a comprehensive universal 

discussion of generalized Padé-type approximation to continuous functions on compact sets 

⊂E Cn. Moreover, the choice of a polynomial self-summable orthonormal basis for ( )μ,2 EL  

and of generating systems may lead to better approximations: their best choice is an important 

and difficult question. 

 On the other hand,  the  introduction  of  generalized  Padé-type  operators  for ( )EC ∞  

would probably be a useful tool in the approximate study of some special operators  

( ) ( ) .ECEC ∞∞ →  

 Finally, the algebraic properties of these approximants and operators and their 

algorithmic aspects should be studied. 

 As it is pointed out,  all these ideas and methods  can be extended  into  abstract functional 

Hilbert spaces (Section 3.4). The existence of a self-summable countable orthonormal basis in a 

functional Hilbert space H and of generating systems leading to the best generalized Padé-type 
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approximation to elements to H is the main general question. The standard functional problem of 

finding convenient and efficient generalized Padé-type approximants to a given operator  

HHF →:  

is another interesting problem. 

 The application of the above Theory to other branches of Mathematics is also an open 

question and probably the most fascinating, since the close interplay between the abstract and the 

concrete is the most useful aspect and the main criterion for obtaining new and research 

problems. 
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